_SKCMEPHMENTARGHOM Hl TEOPETECHON 


ONSHHK 


AK A. ESM HW SA H A Y XK CEG P< 


SOVIET PHYSICS 
JETP 


VOLUME 1 NUMBER 1 


A Translation 


“asf the 


~ Journal of Experimental and Theoretical Physics _ 
| of the 


Academy of Sciences of the USSR 


ee eS JULY, 1955 


Published by the 


“AMERICAN INSTITUTE OF PHYSICS 
INCORPORATED 


U oF | 


TIRDAD 
@ise_ ts @ 


SOVIET PHYSICS 


JEEP 


A translation of the Journal of Experimental and Theoretical Physics of the USSR. 


A publication of the 


AMERICAN INSTITUTE 


OF PHYSICS 


Governing Board 


FREDERICK SEITZ, Chairman 


ALLEN V, ASTIN 
ROBERT F. BACHER 
H. A. BETHE 

J. W. BUCHTA 

S. A. GOUDSMIT 
DEANE B. JupDD 
HuGH S. KNOWLES 
W.H. MarKWwoob, Jr. 
WILLIAM F, MEGGERS 
Puitip M. MorsE 
BRIAN O'BRIEN 
Harry F. OLSON 

R. F. PATON 

ERIC RODGERS 

RALPH A. SAWYER 
WILLIAM SHOCKLEY 
H. D. SmMyTH 

J. H. VAN VLECK 
Mark W. ZEMANSKY 


Administrative Staff 


HENRY A. BARTON, 
Director 


GrorGE B, PEGRAM, 
Treasurer 


WALLACE WATERFALL, 
Executive Secretary 


THEODORE VORBURGER, 


Advertising Manager 
RuTH F. BRYANS, 
Publication Manager 
EDITH J. NEFTEL, 
Circulation Manager 
KATHRYN SETZE, 
Assistant Treasurer 


MELVIN Loos, 


Consultant on Printing 


se 


American Institute of Physics Advisory Board on Russian Translations — 


ELMER HUTCHISSON, Chain 


DwicGHt Gray, MORTON HAMERMESH, VLADIMIR ROJANSKY; 
VICTOR WEISSKOPF 


Editor of SovieT PHYSICS 


ROBERT T. BEYER, DEPT. OF PHYSICS, BROWN UNEVERSIFY, 
Providence, R.I. 


SOVIET PHYSICS is a bi-monthly journal published by the 


American Institute of Physics for the purpose of making avail- 


able in English reports of current Soviet research in physics as — 
contained in the Journal of Experimental and Theoretical 
Physics of the Academy of Sciences of the USSR. All issues 
of the Soviet journal after January 1, 1955, will be translated. 
The page size of SoviEr PHysiIcs will be og x 104”, the 
same as other Institute journals. : 

Transliteration of the names of Russian gudiaks follows the 
system employed by the Library of Congress. = = = 

This translating and publishing project was undertaken by 
the Institute in the conviction that dissemination of the results _ 
of researches everywhere in the world is invaluable to the 
advancement of science. The National Science Foundation of 
the United States encouraged the project initially and is 
supporting it in large part by a grant. 3 

One volume is published annually. Volume 1 (1955) will 
contain three issues. Subsequent volumes, beginning with 
January 1956, will contain six issues. 


: Subscription Prices: 
Per year (6 issues) 


United States and Canada. = ear $30.00 
Elsewhere) ei RR. Oe 42.00 


Be we cs ee 


Ist Volume (3 iseuts) 


United States and Canada........$15.00 

Elstwhere 2o wen ¥ AA oe 16.00 
Back Numbers 

Single copies ...... foe e$<600= => 


Subscriptions should be addressed to the American Institute 
of Physics, 57 East 55 Street, New York 22, New York. 


SOVIET PHYSICS 
JETP 


A translation of the Journal of Experimental and Theoretical Physics of the USSR. 


Vox. 1, No. 1, pp. 1-196 Jury, 1955 


Editorial 


T Hi American Institute of Physics is establishing Soviet Physics JETP as a translation 

j journal with the purpose of bringing before American physicists the chief record of the 
scientific activities of Soviet physicists. It is hoped that this journal will provide an accurate 
basis of judgement of the caliber of the work done in the Soviet Union, as well as further insight 
into the problems of physics. 

Prior to the creation of this journal there has been widespread discussion on the part of The 
Institute, the Committee on Russian Translations of the American Physical Society, and 
officials of the National Science Foundation, as to what scheme of translation would be most 
advantageous. A single journal was chosen, in preference to selected translations from all 
Soviet journals, because of the greater speed and economy with which a single journal could be 
prepared. A selection journal would have required the advance consideration of an editorial 
board, and several months delay would have been introduced. In addition, one man’s treasure 
is often another man’s junk, so that considerable disagreement over the relative merits of the 
selections would have been almost inevitable. 

Once having decided on a single journal, The Institute selected the Journal of Experimental 
and Theoretical Physics of the Academy of Sciences of the USSR because it most nearly 
qualified as the Soviet equivalent of the Physical Review. The question of further translation 
journals has been left unanswered. 

Soviet Physics JETP will carry, in translation, all scientific articles and letters appearing 
in the Journal of Experimental and Theoretical Physics, commencing with the January, 1955, 


issue, The articles will not necessarily appear in the same order as in the Russian journal, but 
all articles will eventually appear. Publication of the translated version in Soviet Physics can 
be expected within nine months of the appearance of the Russian original. 

It will also be the policy of Soviet Physics to print translations of the Tables of Contents of 
the Journal of Technical Physics (Zh. Tekhn. Fiz. ) and of the physics and related portions of 
the Tables of Contents of the Proceedings of the Academy of Sciences of the USSR (Doklady 
Akad. Nauk SSSR ). 

Soviet Physics represents a new departure in the publications of The Institute, and the editor 
and his associates ask for patience and understanding on the part of its readers regarding the 
imperfections and false steps that will almost certainly accompany the development of the 
publication. 

Comments, criticisms and suggestions for improvement will be weloomed by the editor. 
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The Theory of Nuclear Reactions with Production 
of Slow Particles* = 


A. B. MIGDAL 
(Submitted to JETP editor February 23, 1954) 
J. Exper.. Theoret. Phys. USSR 28, 3-9 (January, 1955) 


Energy and angular distribution of slow nucleons which result from nuclear reactions 
are obtained. An estimate is given of the probability of production of nucleons in a 
bound state. 


l IF as aresult of nuclear reactions particles 
e 


with low kinetic energy are produced, the mu- WY = 0 (rs; 11,2) 9 (fF), 

tual interaction of these particles may substantially ; 
influence their distribution in energy. The case where Wis the function of the incident particle in 
will be considered in which two or more nucleons the field of fixed particles of the deuteron, d is a 
are obtained as reaction products, each with kine- function of the slow nucleons. 
tic energy which is small compared to the interac- If the scattering function of the incident parti- 
tion energy. cle with neutron and proton as scatterers is known, 

In this paper we obtain the distribution in energy _ then neglecting the influence of the neutron on the 
of the nucleons which result from collisions of a function describing the scattering on the proton, 
nucleon with a deuteron and a deuteron with nuclei. _ and vice versa (this is legitimate for-high energies 
In order to obtain the distribution in energy of the of the incident particle, when \/o «rg, where o is 
slow nucleons which are produced, it is sufficient the scattering cross-section and rg is the radius of 
to make use of quite general properties of their the deuteron), we obtain the asymptotic form of the 
v- functions, and hence it is also possible to make _— function 


some inferences concerning the distribution in 
energy for more complicated nuclear reactions. , ; 
Below we give an estimate of the ratio of the (p) pee elena f, (elie ts) ell tears 
cross-section for deuteron formation (or the di- 
neutron, if it exists) to the cross-section for 
production of free nucleons. We also obtain the ‘ 
e oe 5 = ikor. ik |r,—r, 

angular correlation between exit directions of the P Ja (ent sh bs) e 
two nucleons which results from their interaction. 

2. Let a nucleon be incident on a deuteron, and 
let the velocity of the nucleon be much greater 
than the velocities of the neutron and proton in the = efkers  (fretat: + f.e'4s) (et*rs | rs) 
deuteron. In order to obtain the cross-section for 
this process we shall use a method analogous to 
the one used in molecular theory, where one makes 
use of the smallness of the velocities of the nuclei 


as compared with the velocities of the electrons. where q=k,-k, k =/x,/r _,and f, and f, are 

In analogy with the molecular case, it is necessary, Scattering amplitudes of the incident particle on 
in order to find zero order functions, to solve first the nucleons 1 and 2. 

the problem of the scattering of the incident The wave function of the system of all three- 


particle by the fixed nucleons of the deuteron. The particles will be determined by the condition that 
zero order functions will have the form when k r, —+»~o, the wave function must have 
* Read before the theoretical seminar at the Institute th iene cea teas Peat) ee ane 
PP AeRD Gh iaasin Ootcber of 1080, wave function of the deuteron. The asymptotic 
Note added in proof: Since completion of this work form of the wave function of the entire system in 


veral papers dealing with this problem have appeare zero approximation is gi b 1 
es e.g., K. M. Watson, Phys. Rev. 88, 1163 Eh a : Sete as a as 


NUCLEAR REACTIONS 


Poco ~ ef Kors %o (11,12) + (freian 


+ foe's) $9 (11,02) (e!*" / rg). 


Expanding the expression 
(fie =f freit) © (1,82) 


in terms of the eigenfunctions of the two slow 
nucleons produced as a result of the collision, 

and squaring the expansion coefficients, we obtain 
the cross-section for scattering with production of 
nucleons in various states. Introducing coordi- 
nates f =fj- [9; R= (r] + rg) /2, we obtain, 
after integration with respect to IX 


ds =|\ ) 9% (r) wm (fret? 
(1) 


+ frei ¥?} Oo (F) Yodr |*dox dP / (2xh)?, 


where dw, is the element of solid angle contain- 
ing the vector k; X, and x are functions of the 
charge and spin coordinates of the two nucleons. 
The functions Pp (r) are normalized to unit volume, 
function ¢, to unity. The summation is with 
respect to the spin and charge variables of the two 
nucleons; P is the momentum of particles 1 and 2 
in their center of mass system. 

The cross-section for production of two nucleons 
in a bound state has the form 


ds, = | | > o.%4 frei? (2) 


+ fre?) ooyodr |? dox, 


with functions normalized to unity. In the case 

_of collisions without exchange the function ¢} 
coincides with @, . Scattering amplitudes fj 
fg contain, in general, exchange terms in spin and 
charge variables. Hence during the scattering 

_ process changes may take place in the spin and 
charge states of the nucleons. 

3. The integrals in the expressions (1) and (2) 

cannot be calculated for large g since in this 
case values of r~l1/q are important while the 
functions ¢, and gare known only fors>r 5; 
where r, is the range of the interaction forces. For 
what follows only the dependence of Eq. (1) on the 
interaction energy of the nucleons is essential. 
This dependence may be easily found for the case 

_ that fig is large compared to the momentum of the 
particles in the deuteron and compared to the mo- 


and 


3 


mentum P. In this case in the integrals of Eq. (1) 
the region of small r(r~1 /q) is essential, and the 
probability of finding the nucleons with relative 
wave vector F which lies in the interval dP, is 


dw, = C,| op (r,)|2 dP; r~1/g¢. (3) 


4. Let us consider the case of a non-exchange 
collision. Then one has in the final state (besides 
the fast nucleon) a slow neutron and a proton. As 


is easy to obtain from the theory of scattering of 
neutrons by protons*, 


| ep (ry) |? 


oa 


A IPG 
me {] +0(S2)} P? <= Pi», 


where A does not depend on the energy, E is the 
energy of relative motion of the nucleons, « = Eo 
2.2 MeV for parallel spins and « = €,= 0.07 MeV 
for antiparallel spins of neutron and proton. Subs- 
tituting this expression into (3), it is easy to 
obtain 


il 


The quantity a determines the amount of admix- 
ture of the component depending on the spin in the 


non-exchange scattering amplitude. The angular 
distribution of the nucleons in their center-of-mass 
system is spherically symmetrical. 

Formula (4) shows that the energy distribution 
of the nucleons has a maximum at energies of the 
order of e. 

5. When, as a result of the exchange interac- 
tion with the incident fast particle two slow 
neutrons are formed, it can be seen from (3) that 
they must be in an S-state (functions with non-zero 
orbital momentum are small for small distances ry). 
Then, according to the exclusion principle, their 
spins are anti-parallel, and during the collision a 
change of spin must occur ( in the deuteron the 
spins of the nucleons are parallel). 

The distribution in relative energies is given by 
the expression 


dwy = CrdP / (E +). (5) 


Slt ty the dependence of Py (oe on the energy 
is determined by the dependence on the energy of the 
expression by( 9)” since when r < Ty one can neglect 


the energy E compared to depth of potential well. 
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i is i i known. 
The quantity ¢€ is in this case un vn. 
6. ne the case of an exchange collision with 


formation of two slow protons the function (71) 
may be obtained from the theory of proton-proton 


scattering!>2 ; 


M 
iw 1 Rie esa e 
B[-t— te rely. 
where 
2n7 Paes 
F (9) = orn Ps 7 ae hy’ 
e 
I’ (—i 
h (1) = Re way — le 
h2 Ee as 7 10" 
R= ye —2.9-1072 cm, a=—/7.7-10° cM, 


1 =3.4-10 MeV> cw. 


Substituting this expression into (3), we obtain 
dw? 

F (1) dP (6) 

2 Ww > 

[ee] 
As in the case of two neutrons, the spins of the 
protons are antiparallel, and the distribution does 
not depend on the angle of the vector RP: 

7. Formula (3) is also applicable in the case 
when a high energy deuteron is incident on a 
nucleus. The distribution of the two nucleons 
according to energies of relative motion is given 
by the expression (4) if the charge of the nucleons 
does not change, and by expression (5) or (6) if 
there is a change in the charge of one of the nu- 
cleons. 

It is possible to calculate the angular correlation 
of the emergent nucleons. For this , it is neces- 
sary to integrate the expression dw with respect 
to the component of the vector P parallel to the 
vector Jee (Ps is the momentum of the center of 
mass of the two nucleons in the laboratory coordi- 
nate system. ) 

Introducing the longitudinal (P 1) and transverse 
(P,) components of the relative momentum of the 


aa Cop 
F? (yn) E + 


i L.D. Landau and Ia. Smorodinskii, J. Exper. 
Theoret. Phys. 14, 269(1944) 


“ J.D. Jackson and J. M. Blatt, Rev. Mod. Phys. 
22, 77 (1950) 


nucleons, we obtain 


dP = dP, dP, 2«P,, 


Chi fe 


f (9) d9 = 2nP,\ wp dP, Fe 


Here 0 is the angle between the exit directions of 
the nucleons. It is easy to see that when P<< P, 


9 = 4P,/P,, 


hence the angular distribution is given by the 
expression 


2rP,? 


16 


-+o0 
f (9) dd = | wp dP,9d9. 


For neutron and proton we obtain from (4) 


Seer 8 4 
FAS) eats Cur S| [(P2 + P2)/ M] +e, 
| ort Doo 
a ae ice 


4 ay 
— ee ————— § 4, 
as \ I (4¢9/ Eo) + # . V (4ey [ £9) + ah 


where FE. is the energy of the center of mass of 

the two nucleons and is given by E = P2/ 4M. 

The quantity a’ gives the fraction of the collisions 

which are accompanied by change of spin of the 

system neutron-proton in traversing the nucleus. 
For two neutrons we obtain 


3 dd 


Fun (9) dd = Ann Tet Ey 


(8) 


In the case of two protons emerging after the 
collision Eq. (6) must be integrated with respect 
to the longitudinal momentum P}. Upon numerical 
integration of Eq. (6), we obtain 


Feop(%) dd = App ®(E,) 3 d9; (9) 


here As is a constant, and the “transverse ” 
energy E is related to the angle 6 by the relation 
E, =E,0°/ 4, where E, is the energy of the 
incident deuteron. The function ® which occurs 
in (9) may be presented in tabular form as follows: 


E, (MeV) 


NUCLEAR REACTIONS D 


Equations (3)-(9) hold under the condition that 
0<< 0, where @,is the angle of deflection of the 
momentum of the center of mass. jin traversing 
the nucleus. (This condition is equivalent to the 
condition used in deriving formula (3): P << hq). 

& In deriving the distributions according to 
the energy of the relative motion and the formulas 
of angular correlation, we used only the fact that 
the probability of the process (for large ) is pro- 
portional to the square of the function of two 
nucleons at small distances. It may be assumed, 
therefore, that formulas (4){9) will apply not only 
in the case when nucleons with small interaction 
energy have been formed as a result of a collision 
of a deuteron with a nucleon or nucleus, but also 
in other cases (e.g., collisions of «-particles with 
nuclei). 

9. Expressions (5) and (8) which give energy and. 
angular correlations of two slow neutrons formed 
as a result of a neutron-deuteron collision, may be 
used for the measurement of the very important 
quantity e, which characterizes the interaction of 
two neutrons with antiparallel! spins. 

For this purpose it may be more convenient to 
study the energy of distribution of fast protons 
which result from an exchange collision. 

The energy distribution of the protons can be 
easily obtained from the distribution (5), if we 
restrict ourselves to the region of proton energy 
where the energy of relative motion of the two neu- 
trons is sufficiently small. From the laws of 
conservation of energy and momentum one has 


2 


iy 3 
Ey =E>p a se + Enna = ) Ep Enny (10) 


where FE and P 
respectively, of the proton, and Eis the energy 
of the two neutrons in their center of mass system. 
Let us denote the maximum energy of the protons 


by E™= a then 


are the energy and the momentum, 


Epa —— "fe Enns (11) 


The energy distribution of the protons near Eb" will 
be determined by the fact that the cross-section 
for the process is proportional to Eq. (5) and to the 
statistical weight of the final state, 


Fe (Ep) dEp 
ft dP V enn 
a Mere ere Cre Fe Ee 


Using (11), we obtain 


TE,)aee 
(12) 
SCV bs — Ede, — Fp 4s Nee 


The distribution (12) has a maximum at E7- Be 2/38 
If there exists a di-neutron, then along with dis- 


tribution (12) there are monochromatic protons with 
energy given by bk ’= E™+ 273¢L as is seen from 
(10) J. eck 

The cross-section 0, for formation of the di-mneu- 
tron can be connected quantitatively with the cross- 
section for formation of two neutrons in the free 
state. In fact, the ratio of the cross-sections of 
these two processes is given by the ratio 


Pp (7) 2/ g(r) 2 where do is the function of the 


di-neutron. 

The di-neutron function and the function @, 
must be expressed in the same form as for the 
system neutron-proton (replacing €, by e ). 

The ratio of these expressions, as is easily seen 
from the theory of neutron-proton scattering and 
from deuteron theory, is given ( for small r)) by 


lop (rn) |* Gale 21 1 ( 
eS ee ae ee ee 13) 
| @y (1) |? M els LE agt & 


with the functions @, normalized to unit volume 
and the function @, normalized to unity. It is 
easily seen that with this normalization of the functions 
¢, the ratio of the cross-sections will include the 


expression 
ar 9 dP : Ep 
amy Gein Vo wee Ae ee 


which arises from the ratio of the statistical 
weights of the free and bound states. 


Using (14) and (13), we obtain 


3 VE ne E» 
do = 3, an BE dhG Ere dE, 


[EY BE, 


Oo 
= on 


Expression (15) holds only for energies ES 
which are close to Ev. For a rough estimate of 
the total cross-section for formation of free parti- 


A Pr foc ae ° 
ie pee ae ao 
ue erp are 
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cles and the cross-section for formation of the 
bound state, let us assume that the expression (15) 
is valid in the entire range of energies E .. Then, 
integrating (15) with respect to E, from zero to 

E m 


p> we obtain 


a, /\ds=4V s'/ EF 


10. Formulas (10), (15) and (16) will also hold 
for the case of the energy distribution «-particles 
in the reaction: 


Ely Egat t-te: 


The energy distribution of «-particles will have the 
same form as the distribution of protons in the 
reaction considered above: n+Hy=n+ntp. The 
quantity ¢«’ in the case of «-particles is ev I 3 €. 
The chief difficulty in experiments of this kind is 

the necessity of resolving two maxima in the dis- 
tribution curve (of the «-particles or protons). One 
maximum ( at energy EF =E™-2/3€ or E,=E™— 1,6) 
corresponds to free neutrons while the other ( at ie 
energy E = | Nae eA a) aw May Ope 36) corres- 
ponds to the bound state of the two neutrons (if it 
exists). 

Since the quantity € is apparently very small (for 
two protons and for proton and neutron with anti- 
parallel spins « 100 keV), it follows that for a 
proof of the existence of a di-neutron an extremely 
precise determination of the energies of the «-parti-- 
cles (or protons) is necessary. This circumstance 
has not been taken into account in the experimen- 


(16) 


Pouce by A. V. Bushkovitch 


tal attempts to detect the di-neutron. 

11. Expressions (15) and (16), obtained for the 
case of two neutrons, are, of course, valid also for 
the neutron-proton case, if by 0 one understands 
the cross-section for formation of the deuteron, and 
by do the cross-section for formation of a free neu- 
tron and a free proton with parallel spins. It can 
be assumed that these expressions remain valid al- 
so for collisions of deuterons and of more complex 
particles with a nucleus. Equation (16) then gives 
an estimate of the ratio of the probability of 
formation of free nucleons to the probability of 
formation of the same nucleons in a bound state as 
a result of the nuclear reaction. The energy E™ is 
to be regarded as the maximum energy which is 
transferred to the nucleons in the given reaction. 

It is to be noted that an estimate of this ratio with- 
out taking into account of the nucleon interaction 
would be given by the ratio of the volume in the 
momentum space in the deuteron‘to that in the free 
state, i.e. it would have the form 

Fo / \ ds ~ (35 eer. 

Taking into account the nucleon interaction, 
leads, as has been shown, to a much great probabi- 
lity of formation of the deuteron. Because of the 
resonance denominator in Eq. (4), one. obtains the 
estimate given by (16). This formula explains the 
frequent appearance of deuterons in nuclear reac- 
tions. 

The author expresses his gratitude to B. T. Gei- 


likman, I.la. Pomeranchuk, and Ia.A. Smorodinskii 
for interesting discussions. 
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Meson Production at Energies Close to Threshold* 


A. B. MIGDAL 
(Submitted to JETP editor February 23, 1955) 
J. Exper. Theoret. Phys. USSR 28, 10-12 (January, 1955) 


The energy spectrum of mesons produced in the collisions of two nucleons is determined. 
The most probable events are those in which the nucleons are produced with very small 
relative energy. Consequently, the most probable energy of the mesons occurs close to the 
maximum energy permitted by conservation laws. The ratio between the cross section for 


the production of deuterons (in the reactions p+ p=n+m7+*; n+ P 


=pt+n+n7°; nt+n=n 


+p-+m_) and the cross section for the production of free neutrons and protons with 


parallel spin is obtained. 


iis THE cross section for the production of me- 
sons with momentum # in the interval dP, 

when the relative momentum of the nucleons, Pp. 

lies in the interval of solid angle dw, , is equal 


to 


do = dP, P2(dP_/dEq) deon| Sou H'o de. 


Here ¢, and ¢, are the exact wave functions for 
the relative motion of the two nucleons in the ini- 
tial and final states. Because the form of the 
operator 1‘ will not be used, the expression (1) 
contains no hypothesis on the strength of the 
interaction between nucleon and meson field. The 
function ¢, describes the state of larger relative 
momentum of the nucleons and changes sign in a 
distance of order of magnitude %/P° <r, where 
rois the interaction radius. Therefore, in the inte- 
gration over the relative coordinates of the 
nucleons, distances less than r, play a role and 


_ the integral depends essentially on the behavior of 


the potential at short distances. This behavior is 
unknown at present. It is easily seen that the 
dependence of the cross section on the relative 
kinetic energy of the nucleons in the final state 
can be found without hypotheses on the form of 
interaction between the nucleons and the operator 
H'. In fact, if the functions ¢in (1) are normal- 
ized per unit volume, then considered as functions 
of the complex variable P| , they must have a pole 
for imaginary P, corresponding to real or virtual 
binding of the system of two nucleons! . Therefore, 
the dependence of the integral in (1) on the re- 
lative energy of the nucleons in the final state, 


*Presented at the Theoretical Seminar of the Institute 
of Physical Problems , Academy of Sciences, USSR in 
October 1950. 

Note in Proof: After this work was completed several 


apers appeared treating the same questions [see e.g., 
KM. Watson, Phys. Rev. 88, 1163 (1952)]. 


1 L. D. Landau and E. M. Lifshitz, Quantum Mecha- 


nics. 


E_, » is given by the expression 


U (P,, es Pad 
L +e 


IS ous Hegde P 2) 


where P° is the initial relative momentum of the 
nucleons, and € is the absolute value of the 
binding energy. From the theory of neutron- 
proton scattering one easily derives that 


U (Pa, Pa, Ey) = U (0, Pr, Ey) [1 + O(En/ Vo), 


where VY, is the depth of the potential well. The 


resonance denominator in Eq. (2) coincides with 
that which is found in the theory of neutron- 
proton scattering, and the cross section does not 
depend on the direction of the vector P_ . (The 
case of two neutrons and two protons is considered 
below.) The quantity € = €, = 2.2 MeV for paral- 
lel spin and € = €, = 0.07 MeV for anti-parallel 
spin of the neutron and proton. 

Using the laws of conservation of energy and 


momentum and integrating (1) over dw, dw, , we 
get 
do =C (Ep, E,) (3) 


(Ey. ay! E,) E, 


a 77 r // ! 
Ey aly t¢ 


EO a Ere? A 
a oo ea 


' € 


= T+ (uM)? 


m : 
where Eis the maximum energy of the mesons. 
For energies Ey , close to the maximum (E,, — 
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8 
E « E™) we can set C(E® , E )=C (EY, Ei). 


As is seen from (3), the spectrum of mesons has a 
maximum at the energy E,, ~E,7— e'. 

2. We can get the ratio between the cross sec- 
tion (3) for parallel spin of the nucleons and the 
cross section corresponding to the production of a 
deuteron in the final state. Inside the range of 
nuclear forces (r < i) the functions ¢ for free and 
bound states of the neutron and proton differ only 
in a constant factor which is determined by the 
value of the functions at r=r. (if the energy of the 
nucleons can be neglected compared to the depth 
of the potential well Y, ). Outside the range of 
forces the functions are known from the theory of 
the deuteron and the theory of neutron-proton scat- 
tering”. . It can be shown that 


Po (Fo) ji 


PP» (To) 


Using (4), it is easy to obtain 


er) 


2nV [1 + (u/ 2M) 6, 


ds = 


, V (ETE ie, VIF Ep] 2c) 
ere ae Eas 
(5) 
bA(E/ le) CELE) 


vA 7 
7 mde : 
Deke, vey OEE) Gens 
Be ee Pe a ee a ae 5 
= Tes Fuss +203 


Here o, is the cross section for the production of 

deuterons per unit solid angle of the mesons. Near 

the upper end of the spectrum of mesons 

oO ° 

C( Er E )/C(E* E‘)x1. The experimental 

spectrum of mesons represents the superposition 

of two curves: the distribution (5) and the analo- 

gous distribution for anti-parallel spin of neutron 

and proton. Integrating (5) over dE, and dw, and 

assuming C(E° E_ )to be an i 8; ti 
ee n increasing function 


2 : 
Ia. A. Smorodinskii, J. Exper. Theoret. Ph 
17, 941 (1947); Doklady Akad. Nauk SSSR 60, 317 oe 


of Ee we get the ratio 
(onde, wh JedodE,>4Ve/EZ- (6) 


Equality in (6) corresponds to H' being indepen- 
dent of meson energy (under the restriction 


pee) ’ 
E., < ye He lfH~ VE, then 


\ sda | \ odw,dE, == 16/3 VgiEe (6’) 


3. When two neutrons appear in the final state 
(the reactions are then ptn=n+n+m~* ornt+n= 
n+n+7°), then only the case of anti-parallel 
spin occurs with appreciable probability. Neu- 
trons with parallel spin cannot, consistent with 
selection rules, appear in S states and, conse- 
quently, do not interact at low energy. Therefore, 
the cross section for the production of mesons 
with neutrons having parallel spin in the final 
state does not have a resonance factor (2) and is 
considerably smaller than the cross section for 
neutrons with anti-parallel spin. For the same 
reason as before this latter cross section does not 
depend on the direction of the vector Pe The 
distribution of mesons in energy is given by the 
expression (3). However, the quantity € is un- 
known in this case. 


4. In the case with two protons in the final 
state (the reactions are then p+n=p+p+m ~or 
p+p=p+ptm-), finding the energy dependence 
of the wave function at r=r, and using the re 
results of the theory of proton scattering ?’* it 
is easy to prove that : 


ds — Ci (Ene) (7) 


Fon MERE) Ey Ana (+E, /yo?) dé 
Fen) Us wry ee eee) a % 2 
Be Me yay a) (oe 


arn e 
F (4) = ee 4 > ome 
I ein) 
h (7) whee “Verne w In 5 
h2 


R= Me — 2-9:10-? cm; a = —7.7-1073 cm; 


y= 3.4-104 MeV™ cmt. 


3 aD Landau and Ja. Smorodinskii, J. Exper. 
Theoret. Phys. 14, 269 (1944). 


4 
22, 77 (1980). son and J. M. Blatt, Revs. Mod. Phys. 
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The Coulomb repulsion of the protons, as van 
be seen from (7), significantly diminishes the 
spectrum of mesons near the upper limit as com- 
pared with the cases considered above. As in 
the case of two neutrons the spins of the protons 
are anti-parallel and the cross section is indepen- 
dent of the direction of the vector Ps 


5. The differential cross section o, in the 
center of the mass system for the absorption of 
mesons by the deuteron is easily connected with 
the cross section 9, , using the principle of 


0 
detailed balance. A simple calculation gives 
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2 


E° 
54 = oy (£2) on M+ (u2)] 
Ba uth ae sre (8) 


Vit+(E/uct) [+ 2E9/ wo?) 
Vit, me) +E fue? 


I express my thanks to N.M. Polievtov- 
Nikoladze and L.M. Soroke for interesting discus- 
sions. 
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Remarks on the Theory of Fusion 
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A generalization of De Broglie’s theory of fusion is given, which holds for infinite-dimen- 


sional as wel] as finite-dimensional wave equations. 


I N de Broglie’s theory of fusion, which general- 
izes the idea of the neutrino theory of light “, a 
method of constructing particles with higher spin 
from particles with spin 1/2 was indicated ~. 

In the present work, a point of view somewhat 
more general than the theory of fusion is proposed. 
The problem is formulated as follows: Consider 
two relativistically invariant equations, infinite- 
dimensional in general, 


(1) ay 
oy =e x’ YQ) — US rey a a. 2) sie 0, (1) 


1) 
5S Ox OX,, 


uw 


They will generate two reducible representations 
of the Lorentz group 7‘) and r'2). Tt is required 
to find the invariant equation corresponding to the 
Kronecker product (7 x 7). In our arguments, 
we will use the results and notation of the work of 


Gel’fand and Jaglom 3 


1A. A. Sokolov, J. Exper. Theoret. Phys. USSR 7, 
1055 (1937) 

21. De Broglie, Théorie générale des particules a 
spin (méthode de fusion), Paris, 1943 

3 1. Gel’fand and A. laglom, J. Exper. Theoret. Phys. 
USSR 18, 703 (1948) 


1. For the following, we need the reduction 
formula for the direct product of two irreducible 
representations of the Lorentz group. ‘The infini- 
tesimal representation of the group is determined 
by the operators | Dae Soy amen | Paces Oe H®. Their 
form for irreducible representations is given by 
numbers ky, /y 3. if ky, ky are simultaneously in- 
tegral or half integral real numbers, and k, <kj, 
then the representations are finite-dimensional. 

The space of the representation is given by ba- 
sis vectors &*, where the total momentum &, 
appearing as the weight of the sub-group of rota- 
tions Ht, H~, H®, runs through the series of num- 
bers (& = lee edges Pe ome ). In the finite- 
dimensional case, the sequence & breaks off at 
k=k,-1 (p =k tk= 1... —k). It is not diffi- 
cult to prove that the infinitesimal representations 
of the group,7,, have two scalar operators A, and 
A, which commute with every operator of the 
representation and have the form 


A, = FtF- + F® — HtH- — H® — 95-10, 
Ay = 2F°H® + FtH- 4 F-H*. (2) 


These operators are given by the formulas 


10 


Ate = (RR+ Ri — 1) 8, Oy 
okt = 24 (Rok) Ep. 
The vectors EDA, Eko , written in lexico- 
‘ Pat P9 
graphic order 


-(2)Bs eee 
(omer. a2 ea if 


ki<l or k=h, ky <A). 


form a basis for the space of the product repre- 
sentation. 

As is easily proved, the commutators among the 
operators Ay, Ag, given in (2), and the known 
scalar operator of the sub-group of rotations 
[H24+k(k+1)] eve 0, written in the basis 


E(Dky Eko are simultaneously reduced to 
Plpce.2 
diagonal form by a matrix 7. In the general 


case, 7 has the form: T = AC where C is a matrix 
whose elements are finite-dimensional matrices 


k kyg—All; 
I oe i 2-All indexed by the parameters kj, ko. 
Col i ky-A denotes a Clebsch-Gordon coeffi- 

2 

paar A is a matrix commuting with H?. ( The 
particular form of A has to be determined for each 
separate case.) Hence, we have Aj = eee and 
Ag = faeNa Te where Aj and Aj are diagonal 
matrices. 

From the proper values Aj and Ao, we get, 
using formula (2), the weights (* hy x hk) Sas 


of the representations into which (741) x ee re- 
duces. The reduction works also for the infinite- 
dimensional case, but may be written especially 
simply in the case of finite-dimensional represen- 
tations: 


[(Roks) X (Roki)] = (ko + ko, Rit ki—1) ©) 
+ (kot kot 1, Rit ki —2) + (ho + bo —1, 
pe he ka ee, a) 
+ (Ro + ko, Ri + ki — 3) 

+-(ho + ko—2, ki +k —3)+... 


In the particular case in which (ko #1) and (ko ky) 
are half integers, (3) coincides with a formula of 
Cartan». Finally, it is impossible, using the spi- 


4 van der Waerden, Die Gruppen Theoretische Methode 
in der Quanten Mechanik, erlin, 1932 


5 
ees Legons sur la Theorie des Spineurs, Paris, 
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nor formalism, to generalize the development of 
Cartan to the infinite-dimensional cases. 

2. With the use of this formula, we can solve 
the problem posed above of constructing general- 
ized equations for the product functions 
(py) wp (?)), The representations TD and 7) 


are reduced into irreducible components 7) ~ 


Te Ue Te) in, Ge) hed okies fe 
Taking the product (7) x £2) and using the 


above mentioned reduction into irreducible repre- 
sentations, we get a direct sum of irreducible 
components 7, We use a matrix 1’, whose elements 
are the matrices || 7’ 7, i ||, given in the preceding 


paragraph, where ( 7; 7) are, as before, in lexico- 


sraphic order. 
graphic o (AD x 7), war Pale 


As basis for the space of 
the vectors g" connected with the vectors 


Ek, &(2) 2_ by the formula: 
PIN” Pam 
die eo k; Ry Ree ki ¢ ky 
Ep = > T pt; pitas Petar 


(35) : 


“ti Te 
-bPs= p/ 


If, in the expression for the matrix 7, we let 
A =I, where / is the unit matrix, we get from (4) 
the ordinary Clebsch-Gordon reduction. The ex- 
pansion obtained in (4) determines the fundamental 


‘matrix yj, giving the generalized equation for the 


product functions: 
k 
19 = || Cee 8pp/Srn ||; (5) 


the form of oles is found in Gel’fand and 
Iaglom?. The quantity y® can be computed im- 
mediately in the basis é(1) ae eine oe from the 
known condition of Lorentz iW Ananee 


grea RUE (5°) 
To do this, we represent y? in the form 
ore(A)Ri ¢(2)Ry hike ¢(1)R (2)k 
E = = 
Maio ee 8 ua 


TT, 


and use (5). Then we get 12 homogeneous equa- 
tions relating the coefficients: 


chitlhs ch Rat Chtvat (7) 
T1T,T Tq? TyTsT Ts” TT, T,T, 2 ; 
htthyt ghey 
AEP a Citytv 


A somewhat tedious calculation shows that this 
system of equations has non-trivial solutions only 
when (7, Ty) and(74, 73) are connected by one of 
the following neeeible correspondences: 


THEORY OF FUSION 


GON en an’ u 1 
Ry rR e. ’ ko? = Rp, ky 


a FAeY) "9 
; SR tl, ky? = e+ 1, 
18) 


7a ' : 
ko =k +1, BO = R41, 


"(1) 1 ‘i 9 
ky hom Ri " ky = RY 


) 
or 


Tel P 
ké ) = RD + ies Ro pet Re), 


(1) ’ 
Ry = RO, ki) sp 4-1, 
or 
(1) ( ’ 
ko ——4 ko”, ho — b+ 1, 


i ! 
bY? — BD + if ki — ee: 


that is when (Ty To) and ee) T 9) are “‘linked’’ in 
pairs. 

3. We now note the connection between the 
generalized equations for product functions, given 
by the formulas (5) and (5’) and the equations of 


the theory of De Broglie *. We consider the par- 
ticular case of the fusion of two identical finite 


dimensional equations, whose matrices y°? are in 
diagonal form. Then the matrix B° determined by 
(5) and (5'), can be expressed in the form 


B= *a(yl! + 2); 


y? and y® are labeled with different sets of in- 
dices; / and /“ are the corresponding unit matrices. 
In this case, the proper values p; of the matrix 

B° are subject to the condition pw, = 1/2(A, + A,) 
((A,, A; are the proper values of the matrix y°); 
distinct pj; correspond to distinct pairs A,,, A,. The 
condition (8) gives the well known representation 
of the theory of De Broglie 2. 

Thus it is proved that the equations of De Brog- 
lie’s theory of fusion are obtained from our gener- 
alized equations for product functions, while the 
fusion condition, introduced in (2) is not used in 
this derivation. As is proved in (2), De Broglie 
equations consisting of different spins are reduc- 
ible in the absence of external fields. 

As an example, we consider the fusion of two 
spinor equations, appearing in the basic theory of 
De Broglie. As is proved in reference 3, the Dirac 
equation is given by the representation (1/2, 
3/2) =(1/2, 3/2) where y? has the form: 


Os Ge ee 
000 
001 


(8) 


1 
O 

T=I19 

0010 


Multiplying the representations and using the 


ll 


reduction formula (3), we get the following irre- 
ducible representations (0 1), (0 1), (0 2), (0 2), 
(—1 2), (1 2). In order that the matrix y® corre- 
sponding to this representation be reduced to 
diagonal form while the energy remains positive in 
agreement with the theorem of Pauli © it is neces- 
sary to represent the irreducible components in the 
form 


(==1'2) == (072) 2 (eo) oes 
(0.1) = (09) > 
(Oil) 4. 


Thus, the equation for the product functions splits 
into two equations: a ten dimensional equation giv- 
ing representations 1, and a five-dimensional giv- 
ing representations 2. ‘The representation 3 yields 
the trivial one-dimensional equation. 

It is easily shown that the resulting equations 
coincide with the equations of Duffin®, Ag is well 
known, those equations describe particles with 
spin | or 0, and their matrices satisfy the relation 
(8). It is easy to see that the possibility of more 
general schemes of “‘coupled”’ irreducible repre- 
sentations gives irreducible equations. Here the 
energy will be positive definite only if suppl e- 
mentary conditions are imposed. [n that case the 
equations also describe particles with spin 1 and 
0. 

We note that in the corresponding generalized 
equations for product functions consisting of dif- 
ferent spins, in general, no reduction takes place, 
even in the absence of external fields; this follows 
from (3). This mixing of components can be in- 
terpreted as the existence of internal interaction in 
the “‘product’’ particles. 

The new type of interaction proposed in the 
present work differs from ordinary interactions in 
that internal interaction connects the component 
irreducible representations of the Lorentz group, 
but not, as in the usual case, the components of 
the w-functions. Thus, there appears to be a pos- 
sibility of giving the structure of elementary par- 
ticles on the basis of representations of the 
Lorentz group, infinite dimensional ones in gen- 
eral. The connection between internal interaction 
and positive definiteness conditions has been con- 
sidered in the same way in the work of Gurevitch 8 
It is necessary to remark, that in the theory of 
De Broglie, particles of higher spin are described 
by reducible equations, which are represented some- 


©W. Pauli, Revs. Mod. Phys. 13, 203 (1941) 


8a, Gurevitch, J. Exper. Theoret. Phys. 24, 149 
(1953) 


12 CA SOKOUUK 


what artificially from the point of view of Gel’- 
fand and Iaglom’s theory of particles of higher 
spin. It is proposed that the consideration of the 
problem in the infinite-dimensional case can be 
connected with the general theory of non-local 
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fields, giving vectors in hilbert space’. 

In conclusion, | want to express my thanks to 
Professor D. D. Tvanenko for a series of re- 
marks and numerous discussions of the results 
of this work. 


7D. Ivanenko and A. Sokolov, Klassische Feld. 
Theorie, Berlin (1953) 
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On Longitudinal Vibrations of Plasma, I. 


A. A. LUCHINA 
Moscow State University 
(Submitted to JETP editor February 17, 1954) 
J. Exper. Theoret. Phys. USSR 28, 18-27 ( January, 1955) 


The problem of propogation of longitudinal waves in a plasma under given boundary condi- 


tions is solved. A gu 


ispersion 
obtained. 


1, INTROPUCTION 


ie studying the processes discovered by Lang- 
muir, of vibrations in a plasma which arise be- 
cause of the Coulomb interaction of charged part- 
icles, one usually considers only the motion of the 
electrons. The method proposed by Vlasov! for 
investigating specific electrical properties of 
plasma--the self-consistent field method--basically 
is applied only to them. Because of their large mass, 
the ions are considered as a positive background 
having no effect on the vibration of the electrons. 


It is true that recently the necessity for consid- 
ering ionic vibrations has been pointed out in 
several papers ?~4 However, no detailed investi- 


gations like those for electrons®’® exist in the 


LAA, Vlasov, J. Exper. Theoret. Phys. USSR 8, 291 
(1938); Scientific Reports, Moscow State University 75, 
Book II, part I (1945); Theory of Many Particles, State 
Publishing House, (1950) 


2G. Ia. Miakishev, 
(1952) 


3M. E. Gertzenshtein, J. Exper. Theoret. Phys. USSR 23, 
669 (1952) 


4V. P. Silin, J. Exper. Theoret. Phys. USSR 23, 649 
(1952) 


Dissertation, Moscow State University, 


i; 
D. Bohm and E. P. Gross, Phys. Rev. 75, 1851, 1864 
(1949) : eee! 


OV Ls: Klimontovich, Dissertation, Moscow State 


University (1951); J. Exper. Theoret. Phys. USSR 2 
1284, 1292 (1951) y R 21, 


equation which takes into account motion of the ions is 


‘literature*. 

fons can play a significantrole in the vibrational 
properties of a plasma. In fact, since the mean free 
paths of electrons and ions are comparable, the 
squares of their transitional velocities are inversely 
proportional to their masses M/m. Therefore, during 
the passage of electrons and ions through aregion 
of varying potential (an oscillating electrical double 
layer,etc.) the amplitude of vibration of the ions may 
turn out to be comparable to that of the electrons or 
even to exceed it, if the time for traversal of the 
region is smaller than the period of the variable po- 
tential. This behavior is clear, since the time for 
traversal of the region by the ions is M/m greater 
than for the electrons, although the acceleration 
given to the ion is a factor m/M smaller than that 
of an electron. 

The ions play a special role when we consider 
the peculiar auto-oscillation process in plasma which 
leads to the possibility for occurrence of practically 
undamped waves, despite the occurrence of colli- 
sions3, The presence of two streams of charged 


particles (electrons and ions) with different veloci- 
ties results in the appearance of undamped oscilla- 
tions if the losses of energy from the wave due to 
collisions are compensated by a transfer of energy 
from the directed motion to the wave via the 
Coulomb interaction of the two particle streams. 

A rigorous solution of the problem of longitudinal 
plasma oscillations (not considering the ions or col- 
lisions) was given in a paper of Landau® for the case 
where the initial deviation of the distribu- 


* We consider the paper of Bazarov [e.g., see 
I. P. Bazarov, J. Exper. Theoret. Phys. USSR 21, 711 
(1951) ], which investigates the effect of the ions on the 
propagation of longitudinal waves in a plasma, to be 


‘unsatisfactory . In particular, in deriving the initial 


dispersion equation which is the basis of the investi- 
gation, an algebraic error is made as a result of which 
electronic and ionic terms which are proportional to the 
Square of the charge have different signs in Bazarov’s 
€quation. 


8 
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tion function from equilibrium is given (initial 
value problem). Up to the present time there has 
been no formulation and rigorous solution of the 
problem of plasma oscillatior under assigned 
boundary conditions. This is precisely the problem 
which occurs when we consider plasma oscilla- 
tions (e. g. in discharge tubes) which have station- 
ary character. 

The purpose of the present paper is to investi- 
gate stationary plasma oscillations caused by 
Coulomb forces, for given conditions at the bound- 
ary, and to analyze the part which ions play in the 
propagation of longitudinal waves in a plasma. 

Keeping in mind that there are observed in 
plasmas sinusoidal oscillations with amplitudes not 
related to the magnitude of the ionization po- 
tential, an attempt is made in paper Hl. (wv. the 
following paper ) to identify the longitudinal 
density waves considered here with the experi- 
mentally observed striations, and to compare the 
theory with experiment. 


2. FORMULATION OF THE PROBLEM 


The basis of all our later considerations is the 
set, of kinetic equations for electrons and ions 
which takes into account the interaction of the 
charged particles by using the method of the 
self-consistent field in the form proposed by 
Vlasov! | Elastic collisions of charged particles 
with neutrals are included by means of a Boltzmann 
integral term. 

The initial system of equations has the follow- 


ing form: 


of oh. e Of ‘ 
ap tS — Gerad (9+ Gear.) ay (1) 

=\\(Aif — fifa) Vids (dv,), 
a Ofs - 
ze woe i 47 grad (p+ 9...) ee (2) 


= \\ Uefa — Sofa) Vadoa(dv.), 


| a 
Ao = — 4ne( | fi(dv) — 


Me? (dv)) ne) 


‘ 
—oo ~—-cO 


where f) =f) (ts ¥, F), fo =folt Y, t )and 
a=f,(% V, t) are the distribution functions for 
electrons, ions and atoms in the spatial coordinate 
t. and velocity v, depending on the time t; V, is the 
relative velocity of electron and atom, V, the 
relative velocity of ion and atom; do, and do» are 
the differential cross sections for collision of 
electrons and ions with atoms; e is the algebraic 
value of the electron charge; m and M are the 


electron and ion masses; $ext is the potential of 
the external electric field in the interior of the 
plasma, which is responsible for the drift of elec- 
trons and ions; ¢ is the total potential of the 
self-consistent field. 

An arbitrary disturbance in some portion of the 
plasma will be taken care of by assigning a cor- 
responding boundary condition ( concerning this, 
more later). In the absence of perturbations, the 
system of equations (1) to (3) determines a distri- 
bution of electrons f,,, and of ions fog» which 
are time-independent. We shall consider a quasi- 
neutral plasma for which, in the absence of pertur- 
bations, the mean densities of ions and electrons 
are equal, i.e. 

+ co +90 
\ F (dv) = \ S20 (dv). 


—p0 —0o 


For the case of a uniform distribution of particles 
in space in the absence of perturbing forces, the 
system of equations (1) to (3) splits up into two 
independent equations: 


(4) 
— £ grad gexoZ = |\ (fto fa — fio fa) Vide, (da), 
(5) 


i grad pete = \\ CONE — fro fa) V2 doo (dva). 


Equations like Eq. (4) have been solved by many 
authors. Far weak constant currents, under the 
assumption that the cross section for elastic col- 
lision of electrons with gas atoms is inversely pro- 
portional to their velocity, the distribution fj, .as 
shown in papers (6, 9) is Maxwellian around the 
drift speed of the electrons. Under the condition 
that the electrons, in moving through a free path, 


receive energy far in excess of the thermal energy 
of the gas atoms, the distribution has the form: 


*/e = 2 
fo = N (555-) exp pe ee oa \ 73.6) 


where JV is the electron concentration, o, Sila. 
kisthe Boltzmann constant, 7’, is the absolute 
temperature of the electrons, Vj) is the mean 
velocity of-their directed motion. 


TT. P. Bazarov, J. Exper. Theoret. Phys. USSR 21, 711 
(1951) 


°Taro Kihara, Revs. Mod. Phys. 24, 45 (1952) 
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The applicability of such a distribution to the 
case of high currents (| Vol Iz %e= 20, /m) 
has not been established theoretically. 

The distribution function fgg of the ions is 
much more difficult to find than the distribution 
function for the electrons. Investigations in this 
direction have been carried out either for very spe- 
cial cases or under crude physical assumptions 
(Kihara’, Fok 10 and others). Still, the use of a 
Maxwell] distribution for the ions does not lead to 
any clear discrepancy with experiment, and is 
used by many authors (for example, Vlasov 1 and 
Klimontovich ©). In our calculations, we shall 
also use as a zeroth approximation (no perturbation) 
a.Maxwell distribution for the ions: 


-_ M \*ls M (Vv — Voo)* 
fa= N (i) exp {— MOS re 


where 0, =kT,, T, is the absolute temperature of 
the ions, Yoo is the drift velocity of the ions. 

We carry through a linearization of the initial 
equations (1)-(3), assuming that the redistribution 
of the plasma particles due to a given perturbation 
in some part of the plasma is small. Thus, we set:. 


Ai=fho thus Fa = foo + far, (8) 


noting that f), « fio for K foo PK Pext- 
Then we obtain for f,, and f,, (in the case of 


small currents, determined by the potential ¢,,,> 
the following system of equations: 


UN EC a Cho Le 

Bae wee te al 

Ofer Of Of 20 4 

fe 4 vila + grad 9 fe = — + f,,, 00) 
+0 +20 

Ae = —4ne( | fu (dv) — \ fax (dv)) (11) 


The right side of Eq. (9) is the usual approxima- 
tion of the Boltzmann term for the electrons, which 
has been used in many papers concerning plasmas 
(1/7; is the electron-atom collision frequency ). 
In just this same way the right side of Eq. (10) is 
the first approximation to the Boltzmann term for 
the ions in the case of small perturbations ( Ty is 
the mean free time for the ions). 

Over the plane x = 0, we preassign a perturba- 
tion which is periodic in time with frequency w (it 
is sufficient to consider a periodic perturbation, 
since, by virtue of the linearity of the system of 
equations, the solution in the case of an arbitrary 
perturbation can be represented in the form of a 
Fourier series or integral with known harmonics ), 
Then the solution of the system of Eqs. (9)-(11) 
describes the process of propagation of the given 


Verse bok: 1s Exner) Theotet 
ode (194n) p eoret. Phys. USSR 18, 


E. Hopf, Mathematical problems of radiative 


disturbance into the plasma. Since we are 
considering a plane problem, 


low =f 0% v, t), 
fo1 = foi(x, v, t) and ¢ = (x, t). 
For convenience we integrate the system of equa- 


tions over the y and z components of the velocity. 
Once more designating the functions 


i fy,¢nd¢ and i fo,¢7d¢ thus obtained 


by fy and foy we obtain 


Ofna ela CN OPC eee 12 

GE a; emcee ee 

D fa ove fal” ONG oot oe aCe) 

ites ae M 0x" 0& = 

Ao = —4re({ fudi—| fadt), (14) 
where 


fm Nis m (E— &n)* 
Eu —eee)) exp {— Soe ae: (15) 


“EM ti M(E— Epa)? 
F 2,0 =( say) exp{— rr 2 \. 


The problem we have formulated--the propagation 
in a plasma of longitudinal waves arising from a 
perturbation at the boundary x = 0 which varies 
periodically with frequency w (a boundary value 
problem) which is analogous to the problem of 
Landau ® in which he investigated the time behav- 
ior of a perturbation in a plasma (initial value 
problem). Therefore, generally speaking, we can 
also apply to our problem the method of solution of 
Landau, which makes use of one-sided Laplace 
transformations applied to the initial equations 
(the problem for the half-space [x = 0, x = ]). 

In our case this method requires that at x = 0 the 
functions 


fy 09, & ys fo, (9, 5 ve 
(0; t), (OG/ ox) (0, t). 


shall be given. 
However, in specifying our boundary value 
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problem * we can assign arbitraily only the magni- 
tude of the current of particles entering the medium 
through its boundary, so that we can assign the 
functions listed above only for positive values of 
_E(we take the + € axis along +x). The form of 
these functions for negative values of is already 
determined by their form for €> 0, since the cur- 
rent of particles emerging from the medium across 
its boundary is automatically regulated by proces- 
ses going on in its interior (collisions, Coulomb 
interactions, etc. ). In our case the decisive role 
in this respect is played by the elastic collisions 
of the charged particles with neutrals; this is made 
clear by the fact that the solution of our linearized 
system of equations, in which we neglect collisions 
GL ao /T, =0) and use the method of Landau, 
does not lead to any auxiliary conditions of 
consistency which must be satisfied by the func- 
‘tions £1109, Cth). fo, (0, & t). At the same time, 
if we include collisions, this same method leads to 
an auxiliary condition for consistency, which must 
be satisfied by the functions fy 00, & t) and 


fo, (0, & t) because of the dependence of the 
form of these functions for € <0 on their values 
for €>0. It is therefore natural to choose a meth- 
od of solution of the problem which goes with the 
direct assignment of the distribution function for 
the particles only for €>0. Such a method of solu- 
tion was suggested to us by N. N. Bogoliubov, and 
is carried through in the the following section. 
First we simplify the equation system (12) - (14) 
by making use of the fact that a perturbation on the 
boundary which varies periodically with frequency 
®, results in propagation in the plasma of a per- 
turbation which varies in time with this same fre- 


quency. Setting 


fe (x = t) = Yay (x5 6) Tad 
Fal, 5-1) = %2,(x, Se, (16) 
o(x,; th=9,(x)e™, 


we obtain for the functions Wp Py: the follow- 
ing system of equations: 


dyn NAF, 0 1, CY) 
— ied +8 or — moe Of 


*The specification of the boundary value problem was 
ointed mit to us by A. N. Tikhonov and N. N. 
ogoliubov. 


he Ova , eNdq OF, 4 18): 

Oo cea ed aE =o 
+00 -+00 

Ae, = —4ne( { 44,4? | Yadé). (19) 


3. SOLUTION OF THE PROBLEM 


We shall solve the system of equations (17) (19), 
subjecting the functions ¥, and Yo, to the follow- 
ing boundary conditions: 


91(0, )=f, (8), &>0; (20) 
Yai (0, &) = f2(&), & > 0; (21) 
Yi (co, §)=0, (22, 
He, (90, &) = 0. (23) 


The last two conditions correspond to absorp- 
tion at infinity. We could also consider similarly 
the case of a totally reflecting wall at one of the 
boundaries, or other cases. 

We also want to point out the close connection 
between the formulation of our present problem of 
propagation of longitudinal waves in a plasma and 
that of the well known problem of Milne 11-13 
concerning the scattering and absorption of light in 
the atmosphere. 

A solution of Eqs. (17) and (18) for the functions 


oy 1(% ah Eo (% €) satisfying the boundary 


conditions (20) - (23), can-be given in the form 


u(x, )= 7, @exp(—+(——io)\ (24) 


+ Silewp(—4=(G —¥)} 


0 


der (x’) OF 1,0 (8) 


x Ox’ 0& 


ax: 230, 


co 


tates = 24 exo *52(2— 1s} 


x 


12 - 
E. Titchmarsh, /ntroduction to the Theory of Fourier 
Integrals (1948) 


13V. A. Fok, Matem. Sbornik 14, 3 (1944) 
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der (2!) Fi.0 (5) 


Mag ge AX, 5 <0; 


So, (x, 6) = &f2(é) exp (oe = (= — ie) 


ees) 3 ee , 


; 00, (<a) OF 2 4 (2) d , 


Ox’ 0& F<. 


We introduce the following notation: 


(ef, @)exp {— +(5 £2 ico) dé = 1, (x); (26) 
0 
G,¢ det (eet ne, 97) 
@—leo(-FE—w} 
x OF 9 (5) Gee 0: 


( ‘fa(®) exp{— (= —i0)\dt =u, oe 


at) \ ( exp {— al — ic) (29) 


ae 


as «0, 


; fie al Sapa 
aben siren") 
OF, 9(&) 
x oe Aan here TAS 
Then 
+00 . 
\ 60, (x, &) dé = u, (x) (30) 
N C , te) T\- 4 t 
+o-\ Gi Kaa) Sn dx ; 
0 
( Ee, (x, &) dé = u2(x) (31) 


foo) A 
— FN Ge— x) ee 
0 


In addition we make use of the equation of con- 
tinuity associated with the system of equations 


(17)- (19) : 


Oj (x) { Ojx (x) 4 = 39 
°F: iw — (1/71) 1) 0x iw— (1/t2) o(x){ ) 

where oo 
(33) 


in(x) =e \ &bulx, 9d, 
--oo 
—e | tar (x, 8) dé, 


Jor (x) = 
-+eo --co 


e(x)=e |) dx, \di—e | bale, 8)db. 


Equations (32) and (19) lead to the relation 


Ju (*) Ja (x) ay Ad 4 ee 
STUN iw — (1/72) 4x - (34) 


Setting BD Pres 


> Cf) ain ee 


(1/7) —io 
we obtain from the relations (30); (31), and (34) 


i) 
SH) — dre (x) (36) 
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So 
4nNe? 1) 091 (x’) ax’ 
or \ Cae hn) aa (1/+,) — io 

0 

4 Ne? C , 
= “TT \ G, (x es x’) 

0 
x 091 (x’) dx’ 
Ox’ (1/72) —io ‘ 
We define 


4nNe® Gy (x) 


m (1/71) —iw 


09, (x) /0x = f(x), 


4nNe2 Gp (x) 
Ss my) 


4reO (x)= 2 {x). 


(37) 
= k (x), (38) 


(39) 


From (36), we obtain for f(x) an integral equa- 


tion of the form: 


f(x)=e(x) + | k(x —x') f(x) dx(4o) 


with the kernel 


eo) =o{ exp(—E(L—i0)} an 


OF, 9 (E) dé 
x 0& (1/7) — to 


+03,( exp{—2(4 —io}} 


x 


k(x) = — ot, | exp{—+( 


x 


OF, (6) dé 
0& = (A/t2) — iw’ 


0 


Xx 


0 


—oo 


OF, 9 (5) dé 
0& (1/71) — i 
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0 


~4, | o0(-z(L- 1} 


—oo 


OF 2 9 (8) dé 
a 0€ (1/t2) —ia’ x<0, 


where @,, = V 4Ne?/ ‘m and Oo. = V 4nNe?/ M 


are the Langmuir oscillation frequencies of the 
electrons and ions, respectively. The free term 
has the form 


oo 


g (x) = dre tf, @exp {—-F (= — io) (42) 


0 


ag 
x (1/71) —ia’ 


(oe) 


es 4ne | ifs (@) exp {— aac = ico)\ 


0 


hae 
* Waa 


Equations like (40) come up in many problems of 
mathematical physics **. For example, the pre- 
viously mentioned Milne problem concerning the 
scattering and absorption of light in the atmosphere 
coincides with ours in its formulation and leads to 
an equation of this same type. An equation of this 
type was investigated in detail by Fok Ao ho 
gives the method of solution, and proves the ex- 
istence and uniqueness of a solution falling off at 
infinity (x > 0), under the following assumptions 
concerning the kernel &(x) and the function g(x)*: 
the kernel itself and the functions g(x), k(x) = 
e°V%; (x), for some c > 0, shall be absolutely in- 
tegrable and have bounded variation o(K infinite 


interval. If the equation 1 — K (w) =0{ K (w) 
FS 


(i (x) ede bas real roots in addition to com- 
oo 
* Fok considered an equation with a symmetric ker- 
nel; but one can show that, without changing his argu- 


ment essentially, the basic results remain valid also for 
an unsymmetric kernel. 
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plex roots, one must add to the previous condi- 
tions the requirement that these Bails condivone be 
satisfied by the function (In g(x)) x~S—* g(x) (where 


s is the maximum multiplicity of the root) and the 
one] 


orthogonality condition: few y, (x) dx = 0(where 
0 
the y, () are any linearly independent solutions of 
the homogeneous equation ). 
The asymptotic behavior of the solution is de- 
termined by the equation 


{—K(w) =0 (43) 
or, defining 
+00 ea 
—iw=p, \ e-P*k(x)dx = K(p),\44) 
by the equation 


where K (p) is analytic in the strip —c <Rep <c: 
in fact for x > « the solution has the form 


SF (x) ~ exp {p,x}, (46) 


where pj, is that root of Eq. (45) with Rep <0 
which is closest to the imaginary axis. 

In order to apply Fok’s method to the solution 
of our Eq. (40), we must first verify that the kernel 
k(x) defined by (41) satisfies the required condi- 
tions. 

Keeping in mind that particles with infinicely 
large velocities do not affect processes in the plas- 
ma, we shall, for convenience in applying the a- 
bove mentioned method of solution, set 


Fiat) = Fie), (§|<a, 


= M exp {— No, (&)} 
Fy,0 (5) = AF x0 (6) ap meh EO , 


(47) 


IS | = a: 


Foo(@) = Fro), |E1<, 


A — Noe (&)} 
Fao (t) = BFK () RE CELE 


(48) 


where 


Nor (6) = exp {|& — |" (mm / 20,)*} 
Noa (€) = exp {|§ — Foe |? (M1 / 202)", 


FY 9 (2), F509 (8) are Maxwellian velocity dis- 
tributions for the electrons and ions, as given by 
Eq. (15); a, 6, «, 6 are arbitrary constants satis- 
fying the conditions: a > 2| €),|, 6 > 2| &o . 
0<«<1,0<£B <1, the constants A and B are 
determined from the condition of continuity of the 


functions Fy 9(é) and Fy 9 (6): 


exp {— m (a—Eo1)* / 203} 

A = 7 inexpg—— (os Nou (a)} 4 > (49) 
B a OP {= M (b — Eon)? / 20} 

exp {— Noe (d)} 4 


It is not difficult to see that k(x) is a continuous 
function of x, since the integrals defining k(x) 
converge uniformly in x and the functions in the 
integrands are continuous. Consequently we need 
only investigate the behavior of / (x) at infinity. 
One can obtain an upper bound for the modulus of 


k{x): 


JA(x)<C]xletel, (50) 
where 

C= min tt/avs, (bcs (51) 

Cerner 2 (1+ 4)(s%,)"" (52) 


2 


x 10 
|(4/t1)— iw | 7, (a —| Eq) |) 


%2(1 + B) (am.) ” 


2 


9 
x CE ESEICA CSC 
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The estimate obtained for k(x) shows the following: 


1) &(x) is an absolutely integrable function in 
the infinjte interval (— 0, + 0). 

2) e© |*!k(x) is also an absolutely integrable 
function in the infinite interval ( — 0, +) for 
0 Sch<ie; 

Differentiating / (x) under the integral sign, one 
can show in just this same way that k’(x) is an ab- 
solutely integrable function in the infinite interval. 
At infinity, k(x) decreases no more slowly than an 

spanepial with exponent cx/ 2. It is obvious that 

e° \*lk(x)P is also absolutely integrable in the 
infinite intetval for ce” <c/2. The condition of ab- 
solute integrability of the derivative is sufficient 
to make the function have bounded variation in the 
infinite interval. Consequently, the functions 
k(x) and e° |*|&(x) have bounded variation in that 
interval. 

It is not hard to see that the function g(x), de- 
fined in terms of the arbitrary functions f, (€), 
fo(€) by (42), also satisfies the requirements im- 
posed, if f;(€) and f,(€) decrease sufficiently 
rapidly at infinity. 

The preceeding discussion allows us to con- 
clude that Fok’s method applies to the solution of 
Eq. (40). Therefore we can assert that there 
exists a unique solution of (40), falling off at in- 
finity, and that its asymptotic behavior is given by 
the ‘‘dispersion’’Eq. (45). 

We transform this last equation to a somewhat 
different form. For this purpose, we calculate 
+00 
ic (x) e P*dx, substituting for £ (x) its expression 
Soe 
in (41). We carry out the computation for the 
electronic partof the kernel, £, (x). 


ie \ ea Px —_ Tone OF 1, 
\ k, (xvenP* dx = w? {\ 


tee (53) 


—0co 


ee eae 


(/%,) —to 


exp {—(«/&) [(1/ 1) —ia}} —px 
Rime iicm ct ee Spe 


For values of p with Rep> 0, we can, in comput- 
ing the first integral, reverse the order of integra- 
tion; then 


be (4 OFi.9 exp {—(x/8)[(1/7) —ia]} az} (54) 
0 0 


10 0& (1/74) —ia 
X e-Px dx 
Rade 3. on OF 1.0 dé 
: , 0& €—(iw/p)+(1/ tp) 
ie ( OFio dé 
Pp : 0& (1/7,;)— iw ~ 


We obtain a similar expression for the second in- 
tegral, calculated for values of p with Rep <0: 


- {{{ Seen t(6 -w) 


dé a 
% eres ene 


8 ‘ OF 0 ae 
p° \ 0& §&—(iw/p) + (1/7p) 


0 


2 
1 ( 0Fiso dé 
eas or une 


+60 
But, since | k(x) eP* dx is an analytic function 


—co 


of the complex variable p (cf. page 18) in the 
strip —-c” < Re p <c”,, we obtain the expression 


for ic k (x)e?*dx by analytic continuation of 
the sum of the integrals (54), (55) over the strip 


-c” <Rep<c”. The ionic part of K (p) is cal- 
culated similarly. Finally we have 


c io (56) 
\ k(x) e-?* dx = — P 


OF 1 9 dé 
\ 0& &—(ia/p)+ (1/tp) 
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sa 39 ( OF 2,9 dé, 
PP) 96 E—(ieo/p) + (1/ tap) ’ 
2 


where the contours Cy and Cy go along the 
real axis from =~ to €=+o circling the 
points 5: =(iw/p)—(1/7p) (for the contour 
C,) and €. = (iw/p)—(1/Top) (for contour 
Cy) from below 

Now the ‘‘dispersion’’ equation defining the 
asymptotic form of the solution for the longitudinal 
electric field produced in a plasma by a periodic 
perturbation at the boundary can be written in the 
form 


’ 


2 
O10 OF, 9 az yi 
1+ \ (SEE eee (57) 
59 OF 4 9 dé a 
aes \ ae LCT eee 


Ce 


where k =ip, and the contour C, bypasses the 
point w/k + i/T k, and the contour Co similarly 
bypasses the point w/k +i/7)k from below. 

At sufficiently large distances from the source 
of the perturbation, the distribution of field ( and 
‘particles ) will be approximated to sufficient accur- 


(wt —kx) 


acy by an expression of the form A ex 


( where & is the root of Eq.(57) which is‘closest to 


the imaginary axis} The quantity 27/Re k repre- 
sents the spatial period of the propagating disturb- 
ance, while Im k is its logarithmic decrement *. 

The last equation differs from the one obtained 
by Landau ® for the dispersion of longitudinal 
waves in a plasma due to a given perturbation at 
the initial time, by terms which take into account 
the ions and the collisions of charged particles. 
with neutrals. In addition, in Eq. (57) & is com- 
plex and @ is a real number (@ >0), whereas in 
Landau’s equation » was complex and & was a real 
number. 

In conclusion, | express my deep appreciation to 
N. N. Bogoliubov and G. Ia. Miakishev for the help 
they gave me in this work, and also to A. N. 
Tikhonov, M. V. Keldysh, M. F Shirokov, and 
Iu. L. Rabinovich for discussion and valuable ad- 
vice in completing the work. 


Translated by M. Hamermesh 
4 


* The ‘‘dispersion”’ equation (57) also gives the 
criterion for occurrence of antidamped solutions, al- 
though a rigorous solution of the problem for this 
case (i.e., a determination of the amplitude ) cannot 
be given within the realm of the linear theory. 
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On the basis of the results of ene I, the dispersion properties of plasma are investi- 


gated in various special cases. 


t is shown that the motion of ions is of essential 


importance in most cases of propagation of longitudinal waves in discharge tubes. Values 
are found for the spatial period and logarithmic decrement as functions of the parameters 


of the discharge. 


1. LONGITUDINAL VIBRATIONS OF PLASMA 
IN THE HIGH FREQUENCY REGION 


OR the case of plasma vibration at high frequen- 
~~ cy, the “‘dispersion’’ equation (57) of paper I 
simplifies considerably, and is easy to solve, so 
that the frequency dependence of the wave number 


and logarithmic decrement are obtained in explicit 


form. This equation, expressed in terms of dimen- 
sionless integration variables, has the form: 


toes 1 ca 1 Gy (eee 
hon hae. V on é Bi — u 
1 il exp {— u?/ 2} du 


Be 
a Ra? ad 


Bea—u ; 


where a,=V ©) /4nNe& is the Debye length for the 
electrons, ag=V ©2/4aNe2 is the Debye length 


for the ions, w=Vin / 1(é -&}) in the integrals 


over contour C), u=/M/@o(é-& gg) in the inte- 
grals over contour C,: 


(2) 


We shall look for a solution with small loga- 
rithmic decrement , i.e., we shall assume that 


(1) 


2 


It]<|x] («+éy =). (1) 


In integrating along the contours C and C»> in 
Eq. (1), the points @, and 8, are circled from below , 


so that each of these integrals can be written as 


the sum of an integral along the real axis between 
the limits —o to t«, plus the residue of the inte- 
grand at the singularity, multiplied by zi [since, 
according to condition (1) 


Re B, => Im 8, 
and 


Re By = Im Bo, 


as can be seen from what follows |. Now Eq. (1) 
is expressed in the form: 


Loo 
[ag a ee 
ha? Ra? Von J By —u (3) 


ye ae exp {— 87/2} 


ee vers Lk 4 


RG? Ra Von 


exp {—u? / 2} du 
Bz—u 


Say, one 
iV > Brew (28/9). 


Since we are considering the high frequency 
case, it is natural to introduce the conditions: 
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1/1<o — X&o15 1/2<e — 2, (11) 


which mean physically that the frequency, as 
measured in a coordinate system moving with the 
electron current, is much greater than the frequen- 
cy of electron-atom collisions; and the frequency 
of vibration, measured in a coordinate system 
moving with the ion current, is much greater than 
the frequency of ion-atom collisions. 

Keeping in mind conditions (I) and (II), we ob- 
tain the following values for 6, and 8, in zeroth 
approximation: 


2 PaO | eed ae 
Pree tg te \ae fot)? P2 CAG er 


We also require that: 


op Fe | Va 
= == hall BS — 
% o1 | Yi 


i.e., the phase velocity of the wave as measured 
in a coordinate system moving with the electron 
current shall be much greater than their mean 
thermal velocity, and that the phase velocity as 
measured in a system moving with the ions shall be 
much greater than the average thermal velocity, of 
the ions. In this case, |3,|> 1 and IB5|> 1. The 
conditions (II) and (III) are a simple generaliza- 
tion of the analogous conditions that are introduced 
in solving the ‘‘dispersion’’ equation for high 
frequencies, when one neglects the ions and the 
drift of the charged particles. 

Expanding the factors multiplying the exponen- 
tials in the integrands in Eq. (3) in powers of 
u/B, and u/B, , and limiting ourselves to five 
terms in the éxpansion, we obtain: 


@ P 
——eé 
=02 


4 3 
1 SS SS + ———xqX 
h'a?g? ka? A (4) 


aa /en: of 
oe & gaa eXP {— Bi /2} 
aCe 3 
haze? + 


2 ena 
h’a,85 


_iV= 2 
IV frexp {— 3 / 2}. 


>V & (up 


Separating into real and imaginary parts, we 
find in first approximation after a simple calcu- 
lation, the well known dispersion equation 
relating the wave number « to the vibration 
frequency ©, and the expression for the loga- 
rithmic decrement 7: 


(oo — x€,,)? = 0% (1 + 80%’), (5) 


4 
~ 5G, + bate, 5x) (6) 


Hy @,, (1 + 3ajx?)? 
8 


3,3 /¢ 2 
xa; (55, =. 3az@,,*) 


T 


. Wis? (1 hi 3a°x?) 
CX ee ee 
xX P | 20x? }. 


Terms due to the ions will be of at least first 
order in the small quantity m/M compared to the 
electronic terms, and have therefore been omitted 
in deriving the relations (5) and (6). 

These last relations were obtained under the 
assumption that the conditions (I)-(III) were ful- 
filled. It is easy to see that these conditions are 
fulfilled for sufficiently long wave lengths 
(xa, < 1) at pressures sufficiently low so that 


[=1(E0. om 3ai01o%)] <x. 


The first term in the expression for the absorption 
coefficient is due to elastic collisions; the second 
represents the loss of energy, via Coulomb inter- 
action, from electrons participating in the ordered 
motion, to electrons in random motion. Both the 
collisions and the loss of phase relation by the 
particles lead to damping of the disturbance as we 
move away from the source. In fact, the expres- 
sion in the denominator of the right hand side of 
Eq. (6) is just the group velocity of the wave, in 
first approximation: 


Vor = dw if dx = on ab 3aio, x, (7) 


which is positive, since its direction coincides 
with the direction of propagation of the disturb- 
ance. Thus, for a wave propagating away from 
the source, is positive, which represents a 
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damping. It is interesting that for very long wave 
lengths, as follows from (7), the perturbation 
propagates in the direction of the drift velocity 
of the electrons. 

The linear absorption coefficient vy which we 
have obtained is related to the value of the time 
decrement. ! Y, by: 


re Tz / Yor (8) 


Relation (8) is also satisfied for all the other 
cases considered in this paper, which indicates 
its universality. 


2. LONGITUDINAL VIBRATIONS OF PLASMA 
IN THE LOW FREQUENCY REGION 


Let us consider the case of excitation of 
plasma vibrations by a perturbation of low 
frequency. We include the limiting case w=0, 
which corresponds to the appearance of a 
stationary spatial stratification in the particle 
distribution, under the action of a given jump of 
the potential at the boundary. 

In the case we are now considering, where the 
frequency is low, and the average translational 
velocities of the electrons, é 9], and of the ions, 
99> are arbitrary, the integrals in Eq. (1) can- 
not be expressed in terms of elementary functions. 
They can however be expressed in terms of the 
error integral with complex argument 

Using Fok's relation ° 


el ay 


B8—u 


re V2 
aed \ edz iV one.” 


—ico 


—_—————— 


16. E. Gordeev, J. Exper. Theoret. Phys. USSR 22, 
230 (1952) 


2V.N. Faddeeva and N.N. Terentiev, Tables of 


Values of the Probability Integral for Complex Argument, 


G.LT.T.L. (Gov' T. Publ. Tech. Lit. ), 1954; M. 
Optics. E 

3 V_A. Fok, Diffraction of Radio Waves, Publishing 
House, Acad. Sci. USSR, 1946. 


orn, 


and carrying out some simple transformations, we 
rewrite Eq. (1) in the form: 


1 iVn 
] ee ee Ea i Oe ey , “Ns RINT 
Pa eae OT MN +B) (9) 
4 iVa a iB 
eae eae (+ i5) (%,+-i6,), 


where the following notation is used: 


Bry 2 ata Pee 8./V2= G2 + iGo; (10) 


; . B/V 2 
exp {— Bt/2} (1 +4 ( e*dz) = a, + iy, 


0 
(11) 
B/V 2 
\ edz) = a, + i8,. 


0 


exp {— 83/2} (1+ cE 


Tw 


In Eq. (9) integrals of the type of (11) appear, for 
which tables are available. 

Going over to dimensionless quantities, and 
choosing the Debye length for electrons, a}, as 
unit of length, we will have in place of (9): 


k?=—1—(, / 92) —i Vx (a +23,) (#3 + 8s) 
— (0, / Oo) i Vx (a+ iy) (%q+ 84), (12) 


where &* is the dimensionless complex wave num- 
ber (4* =ka;). Equation (12) can be solved 
formally, giving «* and ‘y* in terms of «), 5], «9, 
59, %3, 53, «4,04: In fact, setting x* =x* +iy* in 
Eq. (12) and separating real and imaginary parts, 
we get a pair of algebraic equations whose solu- 
tion can be written in the form: 


(13) 


where 
(14) 


y=(—e,4VE2 + B?)/2. (15) 
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For given x*, the sign of y* is uniquely deter- 
mined by the sign of go , since 


Vi ony oe (16) 


The relations (13)-(15) enable us to compute 
the period of the spatial inhomogeneity in the plasma, 
\*=2n /«* if we are given the damping coefficient 
y* and the frequency ™ (in the general case, for 
a given frequency we get different values of the 
wave length \*, depending on the damping coef- 
ficient ‘y*). For practical purposes, it is more 
convenient to give *) aad §, rather than w and 
y*, Assigning aT and 5) determines the values 
of w, y*, x* and correspondingly «,, 59, «3, 53, 
«4 and 64. However, in the general case this 
dependence is not explicit. The values of «9, d9 
can be found immediately for given «, and 5, only 
if we neglect collisions (knowing «9 and 69, we 
can find from the tables” values of x3, Og, %4; 
54, and corresponding to these x*, ‘y* and @). 
Actually, since Agis reiated to /, by the relation 


la) 

See (17) 
Be pas V m1. Op G, : 
Meat 7A 1 Ties . 

a ies (=-=) , (01 = bo); 
Mai /ane “1 

B immediately determines 6, if Y 5 — ~~=}- 0 

: 2 0, & TT 


Inclusion of this term makes it very difficult to 
establish the relation between w, x* and ‘y*, 
which we must know in order to match values of 
these quantities which will satisfy the **disper- 
sion’’ equation. Consequently, finding an exact 
solution of the ‘‘dispersion’”’ equation in the 
general case is practically impossible. 

The fact that collisions were not considered in 
using the approximation of the Boltzmann integral 
to calculate the first approximation for the dis- 
tribution function, cannot have any decisive effect 
on the value of the space period of a vibration 
process in the plasma if that process is the result 
of Coulomb interaction between the particles” 


* This last does not mean that in the present theory 
the 3 ees period does not depend at all on the number 
of collisions. This dependence enters implicitly into 
the expression for the zeroth approximation to the dis- 
tribution function: the velocity of drift and the concen- 
tration of charged particles are determined by it. 


However, if we are investigating absorption, the 
collisions can no longer be ignored, so that, having 
dropped them, we must renounce any attempt to 
find the value of the logarithmic decrement. All 
we can do in this respect is to show the existence 
of waves with increasing amplitude in the absence 
of collisions. 

In this same way we can show the possibility 
for occurrence of undamped or weakly damped 
waves, despite the considerable absorption due to 
collisions. 

We consider in detail the case w= 0. Here all 
the calculations simplify considerably, since in 
this case «, and 6, are uniquely determined by 
the parameters of the discharge, and we can then 
find x* and determine the sign of y* (as we point- 
ed out above, it is meaningless to determine a 
numerical value for y* if we neglect collisions). 
It is typical that, for the case of w= 0, the values 
of x* and y* are determined uniquely, whereas in 
the general case of w# 0, there is a whole sequen- 
ce of values of x* and y* which correspond to a 
definite frequency. 

Assuming that the experimentally observed 
stratified illumination of the positive column 
(striations) could be due to the presence of a 
longitudinal density wave, we can compare the 
values of \=A*a, thus obtained with the experi- 
mental values. in this interpretation, the case of 
w= 0 corresponds to fixed striations, the case of 
w#Q0 to moving ones. 

The comparison of theory with experiment is 
made difficult by the lack of precise information 
concerning some of the discharge parameters which 
are used in the theory.Usually in experiments on 
gas discharges only the following dataare given: 
the electron concentration N, which is approxi- 
mately equal to the ion concentration, the dimen- 
sions of the tube, the current / to the anode (or 
the current density /), the electron temperature rT), 


and the spatial period of striation A .. 

In our formulas there appear the expressions, not 
for the currents, but rather for the average veloci- 
ties of the directed motion of electrons and ions. 
This velocity for the electrons can be determined 
from the current density j by the familiar relation: 

aces patio 
aoe 4 36 € So1- (18) 
The order of magnitude of the ionic drift velo- 


city can be determined from the simplest gas- 
kinetic considerations: 


(19) 
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Table 1 


N 
electrons 
per cm3 


2x 108 3x 104 


1010 3x 104 


4x 109 1.2x 104 


1.77x 1010 3x 104 


dX in cm for 
271/10 T, 


in cm 


As 


We still need to know the ion temperature, which 
also is not determined in experiments on striations 
Apparently it is impossible to speak of the ion 
temperature in a plasma without specific informa- 
tion about the current distribution. Thus the ion 
temperature must be investigated separately in 
each experiment. 

For orientation, we have used those data on ion 
temperatures which are available in the literature 
4-6 Tn accordance with this information, we 
shall compute the periods of striations setting the 
ion temperature 1, equal, in turn, to (1/10)7;,, 


41. Tonks, M. Mott-Smith and I. Langmuir; Phys. Rev 


28. ee (1926). 
. Tonks and I. Langmuir, Phys. Rev. 34, iuy 


‘ioe 
29) VF. Kovalenko, D.A. Rozhanskii and L.A. Sena, 
Zh. Tekhn. Fiz. 4, 1271-1688 (1934). 


A in cm for 


15-5 T, 


Radins R or 
cross section S$ 
of tube 


Pressure 
in cm Hg 


3.9 cm 0.27 mA/cm2 


Ne- 
1.36 


3.57 4x106” 


Lear! 8mA 


0.6x0.4 cm? 20mA 


Literature 
references 


X in em for 
T,=3000K 


A in em for 


T,=1/2 T, 


(1/5) L , (1/2)7 and room temperature. 

The eae data’~11 in Table 1 are given 
along with the value of the space period computed 
theoretically for the ion temperatures shown there. 

Table 1 shows that, for slightly non-isothermal 
plasma (7, /1,% 2-10) the space period of 
stationary striations as calculated theoretically 
agrees in order of magnitude with the experimen- 
tal value. There is of course no expectation of 
exact agreement of theory and experiment, since 
our formulation of the problem is highly idealized. 


7 D. Oettingen, Ann. d. Phys., 19, 519(1934) 

8A Zaitsev, Vestn. M.G.U. (Moscow St. Univ.) 
ser. phys. math. and nat. sci., 10, 41 (1951). 

9 A. A. Zaitsev and Iu. L. iRiimonfovicn: Vestn. 
M.G.U. (Moscow St. Univ.) ser. phys. math. and nat. 


sci., 12, 59/(1951)- 
10 H. Paul, Z. Phys. 97, 330 (1953). 
11 W.J. Merill and H. W. Webb, Phys. Rev. 55, 


1069 (1939). 
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In particclar, the effect of the radius of the tube 
on the period of striations has not been considered. 
Nevertheless, order of magnitude calculations 

are still of interest, since for striation periods 
smaller than the tube diameter (which is the case 
for the experiments considered), we should expect 
that the tube radius should not seriously affect 

the space period. Calculations of the space period 
ommiting the ions show that the contribution of 

the ions to the value of ) will be the same in 
order of magnitude as that of the electrons. 
Consequently in this case the motion of the ions 
cannot be neglected. 

In the case of highly non-isothermal plasma 
(i= 300°K), only the ionic vibrations are import- 
ant. This can be shown by comparing the value of 
the period computed taking account of the ions 
with the value for the electrons alone. 

We should also point out that in the case of 
electrons alone, the damping coefficient is 
always positive, (g> 0), for positive values of x, 
i.e., damping occurs. Since the inclusion of col- 
lisions leads to even greater damping, spatial 
layering is not possible in this case. Joint oscil- 
lations of electrons and ions lead to negative 
values of vACES 0). This increase in amplitude, 
compensating the damping caused by collisions, 
can result in undamped waves. 

A special feature of the results obtained is the 
occurrence of stationary striations for le 1 |< 
0.93, = 0.93 V¥20,/m, in complete accord with 
experiment. The point is that, in several papers 
on the theory of striations, a condition has been 
presented for the existence of stationary stria- 
tions 


Gor = 0.93 Ure ’ 


supposedly following from the kinetic equations. 
This condition was first derived by Vlasov!2 from 
a form of the dispersion equation which was not 
entirely correct, since it contained a divergent 
integral. But in a paper of Klimontovich13) the 
same condition was obtained on the basis of a 
correct dispersion equation. By considering an 
unbounded plasma, and neglecting collisions, 
Klimontovich arrived at the result that in such a 
plasma there cannot occur a time-independent 
distribution of electric field of the form 


12 A. Viasov, Theory of Many Particles, Govt. Publ. 
House 1950. 

13 Tu. L. Klimontovich, Journal of Experimental and 
Theoretical Physics., 21, 1292 (195]).. 


E =E,e~?*(p=y+ix), for |'y |> |x | (The last 
condition is equivalent to the limitation on the 
drift velocity mentioned above ). However, this 
condition states only that in an unbounded plasma 
there can exist no exponentially increasing or 
decreasing distribution of electron density; this 
assertion, though. certainly correct, has nothing 
to do with the appearance of striations. First of 
all, when we take account of the boundary (as is 
done in this paper), solutions of the type 

E=E, exp { ~(y+ ix) } with |y |> i | do 


exist and satisfy the dispersion equation. Further- 
more the true criterion for occurrence of spatial 
periodicity will have the form: lx] > | y | ,where 
the quantity ‘must be calculated by taking ac- 
count of collisions. This condition gives a rela- 
tion between the values of the drift velocities of 
the particles, their thermal velocities, and the 
frequency of collision of charged particles with 
neutrals. 

We have considered the case of the appearance 
of spatial periodicity in the distribution of the 
charge density under the action of a jump in poten- 
tial.at some point of the plasma (w= 0). If the 
perturbation on the boundary varies periodically 
with frequency «, it will excite in the plasma a 
traveling wave with phase velocity w@/x. For 
small phase velocities, namely for \/x | « Ey | the 
dispersion equation remains, in first approximation, 
the same as for case of w = (0. For such waves, 
the period of the traveling spatial inhomogeneity 
will be the same as for stationary striations. This 
result is in agreement with experiment. 

Usually for plasma in gas discharge tubes, 
| fo Pee 108 cm/sec , | E02 |104 ~ 10© cm/sec. 
For the centimeter wave region, the condition im- 
posed on the phase velocity of the wave corres- 
ponds to the frequency range w <104— 10° c.p.s., 
to which the results of this section are therefore 
applicable. 


3. THE CASE OF HIGH DRIFT VELOCITIES 


For high drift velocity of the electrons, the 
problem of propagation in the plasma of a periodic- 
ally varying perturbation, including effects of 
collisions of electrons and ions with gas atoms, 
can be completely solved by a method of suc- 
cessive approximations (just as in the case of 
high frequencies). In this case, the ‘‘dispersion”’ 
equation enables us to give explicitly the 
dependence of the space period of the inhomoge- 
neity and the damping coefficient on the vibration 
frequency and the parameters of the discharge. 

We shall assume that the drift velocity of the 
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electrons is much greater than their thermal 
velocity, i.e., 


|For | > Ure = V20,/m. (20) 


A similar relation will hold for the ions: 


| Eos | SS — V 20./M . (21) 


We also assume that the following conditions are 
satisfied: 


| of] <]Eoals [1m] < | Eye. (22) 


Then, expanding the denominators of the integrands 


in Eq. (57) of paper I in powers of the small para- 


meters, 


@ = (—— Ae = oo ) 


™T%)R 


and 


B= (§—bu2)/(ba— 2 = : ) 


\ k TR 


and limiting ourselves to the first approximation 
in computing the integrals, we obtain 


Re = [oto/ts (1 i rae = =) | 


(28) 
+ [0b /e(1— 35 — sae) | 


) 
+V 3% (5) "(oF — a) 


x exp{-# (n—F—sa) I] 


The solution of Eq. (23) for positive values of 
k, satisfying the condition (22) in the frequency 
range ®@ KW, andl/r§«Kw_, up to the terms 


of first order in the small eieatities w/ ke, 


ar 1/4 keo1 and l/m keg, has the form: 


in Be Sat (8, jody Cele) (29) 
a) 1 


(25) 


Soa 1+ (coiy/ o8,) (62, /82,)’ 


ee : 
T3801 14 (c05)/@2,) (orl as) 


4 4 
Tabo2 (cofy/e5,) (E2>/E2,) + - 


me mor | Er | 
+ yas Cre 


-- 


exp {—mE2, /2 0} 


V 1+ (co5p (oto) (22, /225) 


exp {—ME2,/2 05} 


a. 7% MEpa| Eoa | ‘ 
V3 V (02, /0,) (2, /82,) + 4 


203d 


From the relations (24), (25), we see that the 
ions play an essential part in this case of propa- 
gation of a perturbation in the plasma. Thus their 
contribution to value of the space period is the 
same order of magnitude as the contribution of the 
electrons. The direction of propagation of the 
disturbance is determined entirely by the ionic 
component, and in fact coincides with the direction 
of drift of the ions; i.e., the disturbance propa- 
gates only in the direction of the cathode. This 
last statement follows from the expression for the 
group velocity, which is a consequence of Eq. (24): 


4 4 
=| 


Fon (wi,/o3 (E/%) + 1 (26) 


ion, GSPN ARTIS 5/ & 

Gor 1 + (59/>40)(Epu/ Eo2) one 
Let us examine Eq. (25) for the damping coeffi- 

cient in detail. The first two terms in it are due to 

elastic collisions of electrons and ions with neutral 

gas molecules, the remainder are caused by the 


28 G. IA. MIAKISHEV AND A. A. LUCHINA 


Coulomb interaction, with the wave, of randomly 
moving electrons and ions. Here the collisions of 
the ions with molecules play a dominant role 
compared with collisions of electrons with mole- 
cules. As we know, collisions lead to damping of 
the wave. As for the last two terms in the expres- 
sion for ‘y, the modulus of their ratio can be greater 
or less than unity, depending on the temperatures 
of electrons and ions; thus for 0, < 40), the ionic 
term exceeds the electric one, while for ©) > 405 
the electronic term can far exceed the ionic term, 
so that the latter can be neglected. The electronic 
term appears in (25) with a minus sign, i.e., it 
makes possible an increase in the amplitude of the 
wave. Consequently, in this last case, because of 
the Coulomb interaction of the electron and ion cur- 
rents, there results a decrease in the damping, or 
even the ocurrence of waves with rising amplitude 


(y<0). This will occur if: 


2 


le> a3 exp | 


2 
01 


(27) 


ao 
0; 


where /,= 9) 7) is the mean free path of the electrons. 

Condition (27) is fulfilled for 1,>> a). As J, 
decreases, the terms in ‘y due to collisions increase 
until, for J, less than q, (vre/€o1) exp {6/2}, 
the damping coefficient is of the same order as the 
terms due to collisions, and has a positive sign. 

It is still meaningful to speak of a space-periodic 
distribution of the charged particles (fixed or mo- 
ving) in this case, if /, > E91 /@j9> G since then 
VERS [Ss 

Thus spatial periodicity in the distribution of 
particle density, potentials, etc., can exist only 
for 1,>a@,, which coincides with the criterion given 
by many authorsl3,14 , 

According to the paper of Zaitsev et al8,9 , for 
certain special cases there exists a region near 
the anode in which the drift velocity of the elec- 
trons is comparable to the thermal velocity or 
even exceeds it. This effect, which is caused by 
the large potential gradient at the anode, enables 
us to compare the results of the present section 
with experiment. According to Zaitsev’s data, for 


anode striations (i.e. striations moving from the 
anode to the cathode), N~108- 109 electrons/cm3, 


13 Tu. LL. Klimontovich, J. Exper. Theoret. Phys. 
USSR 21, 1292 (1951) 


14 4]. Akhiezer and Ia. B. Feinberg, Doklady Akad. 
Nauk SSSR 69, 555 (1949) 


(in the positive column V+ 1010 electrons /cm3), 
1, |=108em/sec, T =3-104 °K ( Ey, |> % 4)» 


N25 mm. The calculated value for the period, 
from formula (24) for w < 10° — 10° c.p.s. in 
zeroth approximation is: \=5 mm_ for N=10° 
el./cm’, and A=1.6 mm for N=10°? el./cm®. The 
agreement of theory with experiment is good, 
considering that the concentration in the experi- 
ment is not known exactly. In this frequency 
region, the period hardly depends on the frequency 
and is the same as the period of fixed spatial 
inhomogeneities, as the experiments show. 

It is interesting to note that the expression (24) 
gives the correct qualitative dependence of the 
space period on pressure. In fact, we have from 
(24), approximately, A~(277/V5)(E oy [Cy ). Since 
ay increases with decreasing pressure, while the 
concentration decreases, increases with decrea- 
sing pressure. 

The decrease of with pressure also occurs in 
the case of w=0, discussed in the second section. 
For Ure] we can obtain from (13) the follow- 
ing expression for the space period: 


}=AV6,/ Ne’, 


where A is a numerical factor. So, with increasing 
N, the space period decreases. 

; More complicated is the case of Ve £01 - 
Here one cannot drawany definite conclusions 
concerning the pressure dependence of \. The 
result will depend on the relative rates of change 
of &g, and N with pressure. 

In addition to considering these special cases 
(large drift velocity, high and low frequencies of 
vibration), we also found general conditions under 
which the motion of the ions can be disregarded 
completely. These conditions, obtained from ana- 
lysis of the ‘‘dispersion’’ equation (57) of paper 
I, have the following form: 


os 
30 Oey. (28) 


Ole > boa, cofx > Uni. 


As expected, the motion of the ions can be neglec- 

ted for sufficiently high oscillation frequencies. 
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A theory is given of resonance absorption of ultrasound in various paramagnetic salts 
under the assumption that spin-lattice interaction is caused by the modulation of the inter- 
nal electric field of the crystal by the elastic vibrations of the lattice. The coefficient of 
sound absorption has been computed for salts of elements of the iron group (titanium-cesium 
and chromium alums), for salts of rare earth elements (cerium nitrate, praseodymium ethyl 
sulfate ), and in salts whose magnetic ions are in the S state (iron alum). In certain cases 
the coefficient 7 is so considerable that the effect of paramagnetic absorption of sound ought 


to be easily observable. 


1. INTRODUCTION 


N the present work there is considered the re- 

sonance absorption of ultrasound in paramag- 
netic salts which occurs as the result of transitions 
between the energy levels of a spin system placed 
in a constant magnetic field. Such absorption takes 
place if the resonance condition 


ine 2B, (1) 
is satisfied, where v is the ultrasonic frequency, 
g the spectroscopic splitting factor, B the magne- 
ton, and # the intensity of the applied magnetic 
field. 

The phenomenon under consideration is analog- 
ous to the effect of paramagnetic resonance, dis- 
covered by Zavoiskii . This latter phenomenon, 
as is well known,consists of the resonance ab- 
sorption of the energy of a radio frequency elec- 
tromagnetic field by the spin system, as a result 
of magnetic dipole transitions between sublevels, 
brought about by a constant magnetic field applied 
perpendicularly to a variable magnetic field. 
Equation (1) must be satisfied in this case also, 
but v now represents the frequency of the variable 
magnetic field. The possibility of resonance ab- 
sorption of the energy of sound vibrations by para- 
magnetic salts was also discussed by Zavoiskii. 

The nature of the mechanism which brings about 
the transfer of the energy of sound vibrations to 
the paramagnetic particles is evidently the same 
as that in paramagnetic relaxation. In paramag- 
netic relaxation thermodynamic equilibrium is 
established by the transfer of energy of the magnet- 
ic atoms to the thermal vibrations of the lattice. 
This energy exchange between the spin system 


1p. kK. Zavoiskii, Sow. Phys. 10, 197 (1946) 
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and the vibrations of the lattice is brought about 
by processes of second order, i.e., by the multi- 
ple scattering of phonons, at least down to liquid 
helium temperatures. Single phonon processes play 
a dominant role only at very low temperatures. 

The resonance absorption of ultrasound can be 
considered as the reverse phenomenon of paramag- 
netic lattice relaxation, for it consists of the 
absorption by the lattice of the energy of vibration 
of a set of magnetic atoms. The forces which act 
on the magnetic atoms will change periodically, 
under the action of ultrasound, and transitions from 
one magnetic energy sublevel to another will occur. The 
high population of the lower sublevels causes the 
number of transitions connected with the absorption 
of energy to exceed the number of reverse proces- 
ses. Equilibrium will be established as a result 
of transfer of the excess energy of the paramagnet- 
ic particles to the thermal vibrations of the lattice. 

It must be kept in mind that the paramagnetic 
sound absorption results from first order processes 
which involve the complete absorption of phonons 
whose frequency satisfies the resonant condition 
(1). Therefore, calculation of the paramagnetic 
sound absorption coefficient is analogous to the 
computation of the relaxation time Tof the para- 
magnetic lattice at liquid helium temperatures. 

We can, therefore, immediately estimate the magni- 
tude of this effect in solids. 

The probability A of the absorption of a phonon 
per second under the action of the thermal vibration 
of the lattice is approximately 1/2 7. Furthermore, 
this probability is proportional to the number of 
vibrations per unit frequency interval, pv, at fre- 
quency v, and to the mean value of the quantum 
number n,, at the temperature T> of the crystal, 
since 


A ae Ao Pylly , (2) 


ah S A ALIS HULER 


n= 4eveV i/o, ny, = RT| hy. 

Here V is the volume of the crystal and v is the 
velocity of sound. We shall consider the sound to 
be virtually monochromatic. If the mean width of 
sound frequency band is Av, the intensity of the 
sound wave, i.e. the energy developed per second 
per square centimeter, will be equal to / =/,, Av, 
where Ie = vpn hy / VY; Heresp, and n, have the 
same meanings as p,, and n,, in (2) but refer to the 
sound vibrations. The energy of these vibrations 
absorbed per unit volume of paramagnetic material 
per second at a temperature 7 is equal to 


(hv)? Av 


E= NA (alta SAT. Va, ’ (3) 


where NV is the number of magnetic atoms per unit 
volume. 

We have assumed that the interval Av is much 
less than the half width of the paramagnetic reso- 
nance absorption line, v1/9. The factor hv_ 

oes 
defines the excess of absorption events over e- 
vents of phonon emission. We obtain the sound 
absorption coefficient 2 from (2) and (3): 


o= 


a eh? Nv? 
I 8rk? tT, Ty, ).° (4) 


All measurements of the relaxation time I’, car- 
ried out for the compounds 


CrK(SO,).-12H,O, Gd,(SO,)3-8H20, 


FeNH,(SO,)s-12H,O, CuK,(SO,),°6H,0, 


at the temperatures of liquid helium 2 give values 
for T close to 10 “ sec , increasing slightly with 
increase in the applied magnetic field. Hence we 
obtain a value of about 0.1 cm ~ for the coeffi- 
ciento at room temperature. Of course it must be 
recalled that frequencies higher than 10 see 
play a decisive role in the spin-lattice interac- 
tions that define the quantity 7, because of in- 
ternal magnetic fields. Therefore an estimate of 
the absorption coefficient o can be made for 
sound frequenices of the order 10 9 /sec., with 
the aid of (4); for lower frequencies, one met take 
into account the fact that Cis ordinarily propor- 
tional to the square of the frequency v. 


2 . 
H. C. Kramers, D. Bijl, C. J. Gorter, Physi 
aoeat j orter ysica 16, 65 


Thus, the effect we seek is of measurable size. 
We have therefore carried out calculations of the 
absorption coefficient 7 for various substances. 
In most paramagnetic salts the internal electric 
field of the crystal plays a fundamental role in 
spin-lattice interactions. In these substances the 
sound vibrations of the lattice alter the electric 
field of the crystal and periodically react on the 
orbital motion of the electrons of the magnetic — 
atom. Consequently a change results in the spin 
direction of the atom relative to the external 
magnetic field. We have considered only sound 
absorption resulting from the mechanism of spin- 
lattice interaction. 


2. SALTS OF ELEMENTS OF THE IRON GROUP 


First we introduce the usual formula for the 
coefficient of absorption. The probability per 
second that an atom undergoes transition from one 
magnetic level « to another level £, absorbing in 
this process one quantum of lattice vibration, is 
equal to 

2 
A= ne Pa | Ha, B; Ng—l, Ng Fe (5) 


Here P«, B;ng-l, vq is the matrix element 
of excitation, consisting of spin-lattice and pos- 
sibly other interactions. The energy absorbed per. 
unit volume of the paramagnetic specimen is 

(hv)? Av 


iE — AN ~ Yay, ° (6) 


Hence we obtain for the absorption coefficient 


(7) 


2 
«, 8; Ng—1, nq | . 


We assume that the sound absorption is related to 
the periodic variations of the electric field of the 
crystal under the action of the elastic vibrations 

of the lattice. In many salts the magnetic ion is 

surrounded by six water molecules, placed at the 
corners of an octahedron. The normal vibrations 

of such a group of molecules were investigated 


by Van Vleck’. If we denote by Q,. the nor- 


mal coordinates of the system Mex6H 0, then itis shown 


that the energy of the spin-lattice interaction will 
depend linearly only on some 6 coordinates, so that, 


neglecting quadratic terms relative to QL, we can 
write 


3 
J.,H. Van Vleck, J. Chem. Phys. 7, 72 (1939) 
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6 
Ha. B; Ng=1, ng = >) (Hr)a, 8 (Qx)nq—1, Ng? (8) 
k=1 


The quantities Q, will be linear functions of all 
3N normal coordinates 9; which characterize the 
elastic waves of the lattice: 


Q: —— Di, Gis (9) 


where 

Qi = 0; 

ai = U (hy, Py, — dy, Dy,); 

Bat = W (s,s, + Ay, Dy, — Dz...) / V3; 

a2 (Ar, Dy, + hy, Py, + dz,D,, + hy, Dz, 
+ he Dy, + hy, ®z,) /V 3; 

G51 = (hz, Dz, + hz Dy, — dy, O,, 
—)z,®y,)/ V 2; 

Agi = 1 (Xx, Pz; +z, Px, + dy, Dz, + iz, Py, 
— Qhy, Py, —2).,.,Dy,)/ V6, 


(10) 


and 


u = (2rvR / v) sin 63. 


(11) 


® ®, and A, , A,» A,. are the di- 
L 


Ss pete 
rection cosines of the polarization and the veloci- 
ty of propagation of the wave, respectively, R is 
the equilibrium distance between the molecule of 
water and the magnetic ion, 5; is a phase constant. 
We assume that the magnetic field is parallel to 
the z axis and that the sound wave is propagated 
along the x axis. Then, substituting (8) in (7), 
and making use of (9), (10) and (11), we get, for 
the absorption coefficient of a wave propagated in 
a direction perpendicular to the magnetic field, 
the expression 


oy =GPYR'3|H%, ee ay (12) 
a wat (HHs + HH) 
+2|HP+>IHP +21 HP 


4) 2 (HHH 


4 pt * 
ai (HH6 + H1Hl 5) 


V3 * * 
+1 HH + HH)| 


a, 8 


Here d is the density of the substance and P re- 
presents the factor 77N/k Tv 3y1/od which ap- 
pears in all expressions for the coefficient of 
sound absorption in solids. We have carried out 
averages over all directions of polarization and 
over all possible values of 5;. Similarly if the 
wave is propagated in a direction parallel to the 
magnetic field we obtain the expression * 


31 = — PAR A| Ha! + 2| Hal + 3|HsP 12") 


4.1H_|?-+2 V2 (HiH6 + HeHo)e, 6° 


We first consider the rather thoroughly inves- 
tigated, (both theoretically and experimentally ) 
titanium-cesium and chromiunrpotassium 


alums. The atom of titanium entering into the com- — 


pounds y Ti (SO4) 2° 12H,O is found in the 


position D. The strong field of cubic symmetry, 
created by the water molecules, splits the orbital 
energy level into a doublet and triplet, separated 
by an interval greater than 50, 000 cm =I" The 
trigonal field created by the remaining atoms of 
the crystal and the spin-orbital interaction com- 
pletely removes the orbital degeneracy. In the 
absence of an external magnetic field only the 
double spin degeneracy is preserved. We assume 
that the magnetic field is applied parallel to the 
trigonal axis of the crystal; the splitting of the 
lowest energy level will be defined by a g factor, e- 
qual to °/4 “. We are interested in the matrix ele- 
ment of excitation which combines these two mag- 
netic sublevels. It is possible to obtain it by 
making use of the known calculations on the time 
of paramagnetic relaxation °, if we include in the 
excitation operator the energy of the atom in the ex- 
ternal magnetic field, the spin-orbit and orbit- 
lattice interactions. The first approximation shows 
this matrix element equal to zero. In the second 
approximation the matrix element of excitation is 
equal to 


* Henceforth we shall denote by cl and || quantities 


relating to waves propagated in directions perpendicu- 
Jar an peers respectively, to the applied mag- 
netic field. : 

4B. Bleaney and K. W. H. Steevens, Ann. Rep. Prog. 
Phys. 16, 108 (1952) 


5 J. H. Van Vleck, Phys. Rev. 57, 426 (1940) 
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3 »~2e8H a ; 
Ls ny pene eee \V 6a (iQ2 + Qs) (13) 


1 
= vae (iQ; — 2), —1, Ng 
where 
12 /r? 25 r4\e 
a=—7le-BR)R: oS) 


Here r is the mean distance of the 3d electron 

from the nucleus, wis the effective dipole mo- 
ment of the water molecule, 6 is the interval sep- 
arating the two lowest orbit sublevels, A is the 
constant of spin-orbit interaction. Hence we imme- 
diately obtain the value of {{ ,, the substitution of 
which in (12) and(12”) gives’us the following ex- 
pression for the absorption coefficient . 


See, 5) (Se) v4, (15) 


where 


eae aee” (EN 


The absorption coefficient does not depend on the 
angle between the constant magnetic field and the 
direction of propagation of the ultrasound. Making 
use of the following values for the quantities en- 
tering into this formula: 


A= 154 cm7; 6=500 cm; 

Vv = 2.310" cm/cex.; d =2 r/cm; 

R= 2x08 cm; r? = 1.23X10-28 cme; 

r4= 2.461 0°82 CM; = 2x10 18 CGSE: 
v1, = 1.8X108 cek.1; T= 20°K, 


(taken in large part from Bleaney and Steevens # 
and Van Vleck”), we get for o: 


5 = 2.4X10°88y4 cyt, (16) 


In estimating 0, we have taken T = 20°, since 
titanium-cesium alum possesses an anomalously 
short time for spin-lattice relaxation, so that reson- 
ance absorption is found only at low temperatures. 

We proceed to chromium alum. The basic state 
of the triply ionized atom of chromium is +e he 
splitting scheme of the energy levels by the elec- 
tric field of the crystal and the externa! magnetic 
field is shown in Fig. 1. The strong cubic field 
produces a splitting of the orbit energy level in- 
to three sublevels, the lowest of which is single. 
The overall splitting A, according to Bleaney and 
Bowers® is 50, 000/cm. If electron spin is taken 
into account, the degeneracy of the basic energy 
level associated with it is preserved in a field of 
cubic symmetry. The trigonal field splits the spin 
quadruplet into two Kramers doublets, the interval 
5 between them lying in the range 0.12 to 0.18 cm 
for chromium alums of various types. The magnet- 
ic spin quantum numbers + 3/2 correspond to the 


lower doublet, the numbers + 1/2 to the upper. 


Fig. 1. Scheme 

of au successive ge 

splitting of the 

basic energy lev- 

el of the Cr+++ 

ion because of its 
Sepa 4 

presence in the 

electric field of 

a crystal of cubic 


symmetry, in a J 

weak field of | : 
trigonal symmetry s eZ 
aod in an external 6 Se 


magnetic field. 
Iz 


The matrix element of excitation, which con- 
sists of spin-orbit and spin-lattice interaction, 
differs from zero only in the third approximation, 
and can be represented in the following form °: 


He, 0 ngs tg = {21 [Qs (282 — Si — S$) (17) 
al ¥ 3Q, (Sy oa Sel + & [Q, (SrSy + SySx) 
+ Qs (S:Sz + SS.) 
+O, (S)S2-- SeSy\ lu ener 


where 
= 50 e ri 
ou B4V 3 ae ( e ) ae 


eee 2 See cee 55 rt 
Sk (8) (e-Se) 


©B. Bleaney. and kK. D. Bowers, Proc. Phys. Soc. 
( London ) 64A, 1135 (1951) 
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S is the spin moment operator, «, B = + 1/9, +3/9, 

In our approximation, only transitions between 
sublevels of different Kramers doublets are non- 
vanishing. Therefore the location of the absorption 
line will no longer be determined by Eq. (1), which 
refers to transitions between sublevels that are 
produced upon the imposition of an external mag- 
netic field. With the help of (17) and (12), calcula- 
tion leads to the following expression for the ab- 
sorption coefficient: 


Say ey | Ne 
=a (Fe) (=) Pe. 


For transitions -/2 + 3/9 and 3/25 1/9) the co- 
efficient is equal to 


1 __ 9 f8-324\2[/ 7? 55 Prt 
ao 3( 175 ) (A) 8 Re 


Brie a BS euNE five, | DB. 7+) 
ih. eae 2 sR - 


For transitions between sublevels eo V/9, 
2 “/2, the coefficient « does not depend on 
the direction of the applied magnetic field, and is 

equal to 8«'). 

If, in estimating the numerical value of the ab- 
sorption coefficient we assume that A = 88 em~?1; 
d= 1.7 gm/cm z: vi/ = 1,03 x 10? sec}, T= 
300° K, and that the other quantities have the same 
values as for titanium-cesium alums, we get 


(18) 


2’, = 0.801092 cmt; 0’ (20) 
= 0.561 0°28 92 cw, 


For salts of titanium and chromium we obtained a 
“different dependence of the magnitude of the ab- 
sorption on the frequency of the sound. This be- 
havior is explained by the fact that in the ease of 
chromium alums the spin degeneracy is partially re- 
- moved even in the absence of any external magnet- 


ic field. 


3. SALTS OF RARE EARTH ELEMENTS 


Spin-lattice interaction in salts of rare earth 
- elements possesses a number of peculiarities which 
were considered in an earlier work of the author ‘. 
: ; : ‘ 
As an example, we consider cerium nitrate Th 


| 75. A. Al’tshuler, J. Exper. Theoret. Phys. USSR 
24, 681 (1953) 


free triply ionized atom of cerium is in the state 
2B 5/9. The six molecules of water which sur- 
round the magnetic ion evidently produce a field of 
cubic symmetry. This field splits the fundamental 
energy level into a doublet and a quadruplet, 
separated by a difference A (Fig. 2). A weaker 
trigonal field, produced by the remaining atoms of 
the crystal, splits the quadruplet into two doubly 
degenerate sublevels. Further splittings of the 
levels ab, cd and fg in an external magnetic 

field, applied parallel to the axis of the octahedron 
have the values 11/3 ¢ BH, gBH, 5/30 6H, re- 


spectively. 


? 


b 
a 
é 
d 
c 
4 | 
f | 
g | 


Fig. 2. Scheme of the successive split- 
ting of the basic energy level of the 

Ce ion because of its presence 

in the electric field of a fae of cub- 
ic symmetry, in a weak field of trigonal 
av al and in an external magnetic 
ield. 


We first consider absorption due to transitions 
between levels f and g. The matrix element of the 
interaction, which included the spin-lattice inter- 
action and the potential of the trigonal field, dif- 
fers from zero in the second approximation, and is 
equal to 


Peper et HE) ae 


< 1) 8 : 
x a (Q5 + iQ6)ng-1, ng: 


For absorption coefficients we get, by the usual 
method, 


(22) 


9 r4\?/en\ h?8?P , 
Re) hee ee 


If we take V1/5 =16~x 10?/sec. as the half width 


of the absorption line, and use the values given in 
reference 7 for the other quantities, we get (at 
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T = 20°K) 


oy) = ales" vtcm?. (22') 
The matrix element of excitation for transitions 
between the sublevels ab has the same form as that 

for fg.. The only difference is that the interval 

ab is |!/5 times larger than the interval fg. As a 
consequence the absorption coefficient obtained 
for fg must be multiplied by ( ony. 

Calculation shows that the probabilities of 
transitions between levels cd are zero. This 
result is related to our choice of a field of low 
symmetry (relative to the fundamental cubic field). 
With a field of another type we would have obtained 
absorption of the same order as for the other pair 
of levels. 

Thus the absorption coefficient for cerium ni- 
trate is shown to be very small. Such a result 
isexplained by the low symmetry of the electric 
field of the crystal, which leaves only the Kramers 
degeneracy of the energy level. This cannot be 
connected with changes in the electric field pro- 
duced by the vibrations of the lattice. Otherwise 
it would be as if the electric field of the crystal 
had possessed such great symmetry that it could 
preserve the non-Kramers degeneracy of the energy 
levels. In such a case the spin-lattice interaction 
would differ from zero even in the first approximation 
and the absorption coefficient would be far larger. 

Among the salts of the rare earths, most atten- 
tion has thus far been given to the ethyl sulfates. 
In these cases the crystalline field possesses hex- 
agonal symmetry. The Jan-Teller effect, which 
contributes to the low symmetry of the field, is so 
small ? in the salts of the rare earths that it can 
be neglected. In atoms which have half integer 
spin, the field of hexagonal symmetry splits the 
energy levels so that only the Kramers degener- 
acy remains”. Therefore, in salts of cerium, 
neodymium and other elements, whose ions possess 
an odd number of electrons , the effect of reso- 
nance absorption of sound must be small. In atoms 
with an evennumber of electrons, the hexagonal 
field leaves certain energy levels doubly degener- 
ate. For example, in praseodymium ethyl! sulfate, 
the fundamental level of Pr exhibits a non- 
Kramers doublet”. It is easy to estimate the 

- it we assume that the matrix 


8 
H. Bethe, Ann. Physik 3, 133 (1929) 


9 : 
B. Bleaney and H. E. D. S A; il. 
(ies y covil, Phil. Mag. 43, 999 


element of spin-lattice interaction for this doublet 
differs from zero in the first approximation, we get 


' for the absorption coefficient, 


eu. \2 r2\2 
= 1P( 3) 4) v, (23) 
where y is a numerical coefficient of order unity. 
Taking Vy =2x10?/sec as the width of the ab- 
sorption liste, we get, for 20°K, 


3 —~ 107*5y? cw: (O33 
We note that for salts of rare earth elements, the 
time of spin-lattice relaxation at room temperature 
appears to be very short 7 Therefore observation 
of the sound absorption effect is possible only at 
low temperatures. 


4. SALTS WITH MAGNETIC IONS IN THE S STATE 


A special place is taken among paramagnetic 
salts by the salts of doubly ionized manganese and 
triply ionized iron and gadolinium. The magnetic 
ions of these salts are in the S state, for which 
reason the electric field of the crystal produces 
very small ce ne of the fundamental level, not 


exceeding 1 cm~*. It is also appropriate to con- 


sider the salts of iron whose ion is in the ©S 
state. The Hamiltonian operator which gives the 
effect of the electric field of the crystal and the 
external magnetic field has the following form 19, 


KH = tet Ss SoS eS (See 1) 
X (387+ S—1)] + g8H. 
For iron rubidium alums, D = 0.0134 cn oe 
the magnetic field is applied in the [10Q] direction, 


the non-vanishing matrix elements of H have the 
form 


(24) 


H+, +5}, = D4 5/2G, 

Ke +3}, +3), = —F/2 D+ 4/2 G, 
KH +3),, +, = D+), G, 

He ed 


(25) 


10 
K. W. H. Steevens, Proc. Roy. Soc. 214, 237 (1952) 


11 
B. Bleaney and K. S. Trenar, Proc. Phys. Soc. 
(London) 65A, 560 (1952) rete 
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Here G = gBH. 
The solution of the secular equation leads to the 
following eigenvalues and wave functions: 


Ea caw {Lea Ae aim V (D — 2G} 
Va = @,0_+), + a,Bs),3 


£y = —*/2D + 2G + V(D + 2G)? + ¥/, Dt: 
Yo= b, O_ —‘), + b, Ds,,; 


ao 


"oes = D—1/.G 
“gs = Pa 
Ea=D+1/2G; 
ae asiDyy : 
Ey = — 1/2 D —1/.G — VY (D— 2G)? + 5), D*; 


Yy = f;P_s;, + J2Ps),; 
Eg = —*/2D + 2G — V(D + 2G)? + 5], D’; 
Ye = 2, 0_»), + £2Ps),. 


The triply ionized atoms of iron and cerium have 
a similar energy level structure, owing to the fact 
that in their ground state both ions have a quanti 
number of total angular momentum equal to 
Therefore, making use of Eqs. (8) and (9) of our 
work, which illustrates paramagnetic relaxation in 
cerium salts ’, we get for the matrix elements of 
the operator of spin-lattice interaction (with the 
help of the wave functions (26) ): 


Lai —FV5 (aby — Azb2) apt 64 a) (2 7) 


(FE) (Qs + Qs) =Fi (a, 6); 
Hac=2Y213 (V5a; +30) (F 0, 
-  94(V5a,—3a,) (7 +E 5)Q i 

==1'5(,,. 05); 
Hea = 2 V3 aa + og (TV Eat Bas) Fer} 
X (FE) (Qs — iQs) = Fs (aa, 1); 
Hay = — 23 (Garf, — afr) & 
Se oan fi aah 14 5a, fia, nese 
x (Fr) @=Fila fs 
ae F 4G, 2), Foe = Fo (02,0); 


(26) 


Hoa = Fs (0,, 62); 
Hog =Fy(6, 8); Hea =0 

Hoy =Folfis fe)s Hee =Fs(81, £2); 
Haz = Fs (fe, fi); Hag = Fe (Bs, £1)- 


Hog = Fy (6, f); 


With the help of (12), we get the sound absorption 
coefficient o: 


¢=aP(ep | RY: (28) 


If the magnetic field is appliedsperpendicularly 
to the direction of sound propagation, then the nu- 
merical coefficient will have the following values 
for the various pairs of levels: 


Mab = 5 [aby — 4,62) (= a am) (29) 
==0,'(a,.0): 
dae = 2|ay7e + 395 (TV 5 a+ 8a) | 
= Gy (Aq, Q)); 
ded = (2 (Vou + 3ay) (Se + 8 Yl 
= 0% (a,, a2); 
“af = = {(Saxfi — pf;) ie 
oa 7 (5a, f, — 15a, fo 
MVS (af, + arf.) A} (a, f); 


tag = % (a, g); 

tra = 3 (By, D,); 

tre = %4(0, £);  %ea = 0; 

top =A (fi, fo);  Heg = % (L1, Lo); 

tat = (fo, £1); %ag = %3(Loy £1)5 
tre = a, (fg). 


Ope = A (B,, By); 
toy = 4, (5, f); 


If the magnetic field is applied parallel to the 
direction of sound propagation, then the numerical 
coefficient «, which we now denote by «’, will be 
determined, Beconiine to Eqs. (27) by four func- 
tions «., if we give them the following values: 


4 z 2 
Oy = %;, C—O (V5 a\— 3a) (30) 


ei (eg Eales 
(etuR 
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, la 
ks = X35 = 4a,. 


In a strong magnetic field, which produces split- 
tings much larger than does the electric field of the 
crystal, it is appropriate to characterize the energy 
levels by the values of the magnetic quantum num- 
ber M. Thus, in this case, 


a4,=6b,=f,=—£,= Is 
a, =b,=f,=—g,=0, 


and for the coefficient « we have 


As) 


oe = %/,, 8), (31) 


135 /r? 
=> (5 


It should be noted that transitions between neigh- 
boring sublevels are possible only under the ac- 
tion of transverse vibrations, and transitions for 
which AV = 2 take place only under the action of 
longitudinal waves. 

If a weak magnetic field is applied, then a 

=by = fy = -8 = V6; ay = by = fy = Bp 
=1/ Yo. In the limiting case of a vanishing mag- 
netic field, the electric field splits the basic level 
of the iron ion into only two sublevels, for which 
the coefficient « is equal to 


1 


-al(2)-38+9(@)} 


In order to compute the absorption coefficient 
according to the formulas that we have developed, 
the following circumstances must be considered. 
In the previous cases, the energy of interaction of 
the magnetic ign with the water molecules is of the 
order of en /R*. The effect of the electric field of 
the crystal on the ion, which is in the S state, is 
even weaker. We take this circumstance into ac- 
count by attaching correspondingly smaller values 
of the dipole moment p#. In iron-rubidium alums, 
the crystalline field produces energy splitting 
approximately 10~ that in the same salts with an- 
other cation. Therefore, taking p ~ 10-24, we get, 
for the absorption coefficient in the absence of a 
magnetic field, 


o= 10724 y2 cm!, (32) 

It is necessary to show that in some cases the 
crystalline field creates a much greater splitting. 
Thus, for the gadolinium ion *“, it is two orders 
larger, which increases the absorption coefficient 
o by 10. 

As we have seen, the probability of phonon ab- 
sorption depends very critically upon the magni- 
tude of the spin-orbit interaction of the electrons 
on the magnetic atom and, in particular, on the 
character of the splitting of the fundamental energy 
level of this atom by the electric field of the 
crystal. Therefore the magnitude of the effect of 
resonant absorption of sound can change over wide 
ranges in going from one substance to another. 
Contemporary ultrasonic techniques permit the ob- 
taining of frequencies of 10” cps, which makes 
possible the observation of the resonance para- 
magnetic absorption of sound, at least in certain 
substances. 


cays Garif’ianov, Doklady Akad. Nauk SSSR 84, 923 
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The theory of resonance absorption of ultrasound in different classes of paramagnetic 
substances Gat. rare-earth metals, salt solutions, and gases) is presented. We consider 
the different mechanisms of the spin-lattice interaction, and discuss the cause of the 
effect. The magnitude of the calculated coefficient shows that for a series of substances 
the effect can easily be observed, in other cases it is possible to use an indirect method 


of observation. 


—_—————— 


1. INTRODUCTION 


| fea the work of the author! on the theory of re- 

# sonance absorption of ultrasound in different para- 
magnetic salts, there is an assumption that the 
spin-lattice interaction is caused by the modulation 
of the internal electric field of the crystal by the 
elastic vibrations of the lattice. 

In this paper we consider, in the case of the 
absorption of ultrasound in salts, an assumption 
that the spin-lattice interaction is due to magnetic 
and exchange forces. In certain cases it turns 
out that this mechanism causes the greatest effect. 
We also calculate the resonance absorption effect 
of ultrasound in rare-earth metals, in some of which 
it proves to be extremely important. We also con- 
sider the resonance absorption of ultrasound 

_caused by nuclear paramagnetism. As has been 
made clear this often gives a large effect that is 
observed directly, as well as by indirect methods *. 

In our calculation we proceed from the following 
general formula for the sound absorption coeffi- 
cient ?: 


. 


An? NhyvV 


SS 2. 
op RTON, Ys, | 


|Ha, 8; nal, Na (1) 


Where N is the number of magnetic atoms per unit 
volume, v and v are the frequency and the velocity 
of propagation of sound, V and 7 are the volume 


*Resonance absorption of ultrasound occurs not only 
in paramagnetic, but also in ferromagnetic and anti-. 
ferromagnetic substances. The absence of a satisfac- 
tory theory of the spin-lattice interaction for ferro and 
anti-ferromagnetic substances makes it difficult to give 
a quantitative determination of the acoustic effect. It is 
known that the usual effect of the ferro and anti-ferro- 
magnetic resonances is not less than the resonance 
absorption in paramagnetic substances. Hence we may 
expect that the resonance absorption of ultrasound in 
ferro and anti-ferromagnetic substances is also signifi- 


cant. 
- 1g. A. Al’tshuler, J. Exper. Theoret. Phys. USSR 28, 
»29 (19055) 


and temperature of the paramagnetic body, vy is 
the half-width of the absorption line, N«,& n,- 1, 
n, is the matrix element of the spin-lattice inter- 
action, acting between the magnetic sublevels « 
and Band the vibration state of the lattice charac- 
terized by the quantum numbers n .- 1] and n 

The calculation of the absorption of sound 
starts from the assumption that the resonance 
condition is satisfied; this in the simplest case 
has the form 


hy = g8H, (2) 


where g is the spectroscopic splitting factor, Gis 
the magneton, H is the intensity of thé applied 
magnetic field. 


2. MAGNETIC AND EXCHANGE INTERACTIONS 


The first theory of paramagnetic relaxation was 
developed by building from the assumption that 
the spin-lattice coupling is brought about by means 
of magnetic forces acting between the atoms of 
the crystal. Later, in samples of several paramag- 
netic salts® it was demonstrated that this mecha- 
nism was completely inadequate in explaining the 
observed values of the relaxation times. Another 
mechanism was introduced which we too used in a 
previous paper/, However, in certain paramagnetic 
substances the mechanism considered by Waller 
played an essential role. Waller considered the 
case in which the atomic spin S=\. In addition 
it was easily seen, that the probability of the 
change of the spin orientation under the action of 
the oscillations of the internal magnetic field was 
proportional to the fourth power of the atomic mag- 
netic moment. However, this probability was also 


2 J. Waller, Z. Phys. 79, 370 (1932) 
3 J. H. Van Vleck, Phys. Rev. 57, 426 (1940) 
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inversely proportional to a9, where a denotes the 
equilibrium spacing between the magnetic atoms 
of the crystal. Hence it was clear that the magnet- 
ic forces could determine spin-lattice interactions 
in substances with large atomic magnetic moments 
and with a large density of magnetic atoms. 

We take the usual expression for the atomic 
magnetic dipole interaction operator: 


Un = g?8? at 8 (Sk Tht Be Trt) | . (3) 
Trl Trl 

To determine the absorption coefficient of sound 
we start from formula (1).. Substituting in (1) the 
square of the spin-lattice interaction matrix 
element, if it is assumed that the sound wave is 
propagated along the x axis, one easily obtains 
the following formula2, 


| Hx, 8; Ag —1, na| - 
2nvr 2 
hn, >| ( kl Mars lerclts 


(4) 


~ key —\ 9 


Unix = OU nm | OX , (5) 


the summation being carried out over all the mag- 
netic atoms of the crystal. As usual, we apply 
this formula where the atoms comprise a simple 
cubic lattice. We are going to make use of the 
representation in which S,_ and S,, are diagonal, 
and we denote by M, and M, the magnetic quantum 
numbers of the appropriate atoms. The operator 
U,,,,, will contain various terms of the type 


Sk @ip» non-diagonal matrix elements which differ 
from zero only in the following case: 


(Sx Siz ) MyM p +13 (6) 
M, Mm, =5VS(S+1I)—Mi( Mh, +1) M=t, 
(Shy Siz), My +4; Mp my = its 
(Spx Six), My Hs MM, +1 
=7VS(S+1)—M (Ms, +1) 
x VS(S+1)—Mi (M+ 1) =p, 
(Sr Sty) My, My Hs Mp Mey 
Fs {Sry Six 


(7) 
)Mp, MptizM,,M, 1 = ip, 
(Sky Sty ) Mp, Mp+13 M;, M| a | ae ee Pp. 


At first we consider the absorption of sound by 


the allowed transition AM, = 1 and AM, = 0. With 
the aid of (3), (4), and (6) we find the absolute 


square of the matrix element Unix ? 


| (Unt) My, My -Hi My, MPP (8) 
25 gift 


22, [Qk (xk + yn) 
RL 


2 2 4742 
—10 xpi Tn] t*- 


We carry out the averaging for various directions 
of propagation of sound relative to the axes of the 


crystal, and also for all values of M, and M,. Then 


*we obtain 


|(Ortx) ty, Mpa; My, M, |? 


Ls ES Kalen WOKS I 
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(9) 


We substitute this expression into (4) and then 
into (1) and taking into account the action of 
nearest neighbors only, we obtain for the absorp- 
tion coefficient 

6 = {PZ (g"67/a*)* S(S se A) (25h) el) 
where Z is the number of nearest neighbor atoms 
in the crystal lattice, yl= 253/21, d is the density 
of the substance, and P = 72N/kTv3p,,d. Our 
calculation pertains to the absorption of sound 
vibrations, propagated perpendicular to the applied 
magnetic field, along the z axis. If we carry out 
the analogous calculation for waves that are paral- 
lel to the magnetic field then we obtain the same 
expression as (1) only with the coefficient 
Y l= 16/21. 

For the absorption coefficient, in the coupled 
double transition (AM, = + 1; AM, = +1), we 
obtain 


PZB ey (SS ls en 
where y1= 40/7, || = 40/21. In this way it is 
found that the line-width which corresponds to the 
resonance condition 


hy = 2 g8H, (12) 


yields approximately the same intensity as for the 
usual normal line which is specified by condition 


(2). 


As an example, we estimate the absorption 
coefficient o from formula (10) for MnF, . Fora 


temperature 7’ =300°K, assuming A Ve 109 sec-1 
we obtain : 
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oe a ye *, (10’) 
The action of a magnetic force in the spin-lattice 
interaction is appreciable in substances with 

large densities of magnetic atoms. But in these 
substances there is also a large exchange force. 
The usual operator of the exchange interaction 
gives the following isotropic form: 


2 (ris ) (S; Si). 


This matrix does not have non-diagonal elements, 
and therefore isotropic exchange forces cannot 
directly influence a spin-lattice interaction**. 
However there are found in certain paramagnetic 
substances anisotropic exchange forces* that are 
able to play an essential role. For example, these 
forces are involved in the explanation of the mag- 
netic substance NiSiF¢ - 6H, O° where the exchange 
interaction operator has the dipole form 


Hos = YA (rm) 


x [(Sk Si) —3 ra? (Sk rit) (Sin )]. 


(13) 


Then the calculation is precisely analogous to the 
calculation we employed in the magnetic case . We 
only know the dependence of the integral A on the 
atomic spacing. If we make the natural assumption 
that A (r) = Ap (a) e’/T0 where Tov @, then the 
matrix element of the disturbance goes over to the 
expression [ (2/a) + (1/7 ) I. If we assume that 
it equals 3/a we obtain for the coefficient of sound 
absorption the same formulas (10) and (11), but 
(g262/a3) is replaced by [ A(a) |2. For the transi- 
- tion between neighboring energy levels the coeffi- 
cient ‘yis equal to 

4 == 091/105, {i= Gel. 
The detailed comparison of the experiments for 
paramagnetic resonance and the theoretical 


calculations carried out by Glebashev ©, for a wide 
range of substances, showed that the exchange 


** The average internal magnetic fields of crystals, 
and A sas anenth the resulting sae ae line-width Vy 
is highly dependent on isotropic exchange forces. 
Hence this orce indirectly influences the absorption of 
ultrasound and the spin-lattice interaction. 


4 Ww. Opechowski, Physica 14, 234 (1948) 
5} F. Ollom and J. H. Van Vleck, Physica 17, 205 
(1951) 
G. Y. Glebashev, Dissertation, Kazan State 
University, 1954 


integral lies between the limits 107! 10718 erg. 
In such a case the exchange force may increase 
the value of the calculated absorption coefficient 
over the action of magnetic interaction alone by 
one or two orders of magnitude. 


3. RARE-EARTH METALS 


The paramagnetism of the rare-earth metals 
depends on the deep lying internal atomic 4f 
electrons; the action of the conduction electrons 
is insignificant. Hence there exist great similari- 
ties between the magnetic properties of rare-earth 
metals_and the salts of these elements. The 
author’ by means of a comparison of the theoreti- 
cal calculations with the experiments for the 
paramagnetic resonance in metallic cerium, 
praseodymium and neodymium has established that 
the atoms of these metals are triply ionized and the 
splitting of their energy levels is determined: by 
electric fields having the same symmetry as the 
crystal lattice. 

We carry out the calculation of the absorption 
coefficient of sound in rare-earth metals assuming 
that the spin-lattice interaction definitely modulates 
the electrical field of the vibrating lattice. At first 
we confine ourselves to the metals possessing 
cubic lattices, of which there are 6- cerium, 
f-praseodymium, europium and ytterbium. For 
calculating the absorption coefficient we must use 
formulae (1), (4) and (5), only it is neccessary to 
understand that by U,, is meant the energy of 4f 
electrons in electric fields, created by neighboring 
metallic ions. Taking into account the interaction 
of the six nearest neighbors and considering that 
the sound waves are propagated along the x axis, 
we find for U,,, the following expression: 


3ee’ 
Unix = a 


(14) 
< [uz (r? — 3x°) + Quy xy + 2uz xz] , 


where r is the radius vector connecting 4f electron 
to the nucleus, x,y,z are components of this vector 
e' is the effective ionic charge, a is the lattice 
constant, u is the unit vector, along the direction 
of the atomic vibrations. 

B-cerium. The energy levels and wave functions 
found in an electric field of cubic symmetry and 
an external magnetic field are specified in formula 
(26) of reference 1, for Ce++ and Fet++ which have 
total angular momentum of 5/2. This formula allows 


75: A. Altshuler, J. Exper. Theoret. Phys. USSR 26, 
439 (1954) 
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us to simplify the calculation, if we take into ac- 
count that the Zeeman splitting is by far weaker 
than that caused by the electric field. We calcu- 
late with the aid of the given functions and show 
that in first approximation only the following non- 
diagonal matrix elements differ from zero: 


(Unix) ac == (Unix)oa 
4V 3 ee 
= 395 (— 3 + 2iay) (SIS, 
(Untx)aa = (Untx)oc = 105_ u 


Hence when we average for different directions 
of polarization, we find 


a 4 ee’ r?\2 
| (Unts)ac P= 13 | (nis)aa l* = 13 (55 Se os) - (16) 
Substituting (16) into (4) and (1) we find the 
absorption coefficient of sound in a magnetic field 
perpendicular to the direction of propagation of the 
waves 


o= PS) (SV x, (17) 


where 


{oe = {oa = 18 (8/105)®, Yar = Yne = (8/105). 


If the sound wave is parallel to the magnetic field, 
then ¥..= %e =Yod = Yeq = 2(8/105)?. This 
formula is correct for any metal having a cubic lat- 
tice, except that the y factors have different 
values. The numerical value of the. coefficient o 

is difficult to obtain since as yet we have not 
given the magnitude of the effective charge. If we 
assume e’=e and for we take the maximum value, 


then for 7 = 300° K we find 


a 10 rem. (17’) 
The differences E ,-E, and E,-E, are equal and 
fit a single absorption line, whose position is 
necessarily strongly dependent on the direction of 
the external magnetic field relative to the axes of the 
crystal. On turning the magnetic field from the [ 100] 
direction to along the [111] direction, the value 
of the spacing L,-E, =E,-E4 is changed from 
4/3g8H to 1/3g8H. Hence in polycrystalline 
samples this absorption line has a half-width of 
the order of g6H. 

The position of other absorption lines is slightly 
dependent on the direction of the magnetic field 
relative to the crystal axes, because the change of 
the interval L-E j= E, -E, goes only from 


7/3gRH to 8/3g 8H. 


B-praseodymium. In an electric field of cubic 
symmetry the energy levels of praseodymium split 
into four components: one singlet, one doublet and 
two triplets. The resultant splitting in a magnetic 
field does not depend on the direction of this field 
relative to the crystal axes. The perturbation 
method leads to the following values for the energy 
and wave functions: 


2) 7 4 16910". 
EY} = 57 A HOG ea ae ute) 
a 4 7 
Ue Vi (O23 + V7 Py); 
(ced 864 G? | 
Es = A+a a: 
1 4 
To re (O1—%); 
(p) 14 130.G" 
4 ws. — a 
yo = (V5@0_,+ V14®, + V5 &,); 
(y) 2 can 
Ea = 5 A+ SAN 


’) . 4 = aA) = 
wy” aay (Vi ®_,--V10%,+Y7 ®,); 


V2 ; 
(3) 13 3 189 G? 
Evs= — 94 Ats G+ SOmNe 2 
4 a rs 
Bd =t7(V7 Dz3 — O41); 
(3) 13 36 G? . 
E: =—974 5 are 
4 
wo) — ___ (0, — @, 


Here A is the total value of the splitting of the 
main energy levels of Prt* in the electric field 
of the crystal. In a magnetic field perpendicular 
to the propagation direction of the sound 


pea ep (eteca Sane 

Hs STW yes Tae, = Yao, = Dai \\ Des Ip 
ae 13 208\? Sime 2 /338\? 

78.83 a7 (a5, 3) ds0s > 1036; + (ss) ’ 


Tats = 13( 35-005) : 


If the direction of the field is parallel to the 


direction of motion of the sound wave then the only 
difference is in the following factors 


~~ __ 16 /182\2 4 /338\2 
You,o, = Yaa, ag Tig] (575 ’ 18,8, = Y8.3, a > (35) - 
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Particular interest exists in the absorption of 
sound in the resulting transition between the above 
levels 1 and yo, as the magnetic field splits the 
level yonly in the second approximation. The 
location of the absorption peak in this case is 
determined by the value of A. In this way the obser- 
vation of this line allows an immediate evaluation 
of the magnitude of the electric field inside the 
crystal. We notice that with the aid of the ordinary 
paramagnetic resonance this is impossible since 
the magnetic dipole transition between the sub- 
levels % and % is forbidden. 

Europium. The angular momentum of triply ionized 
atoms of europium in the ground state is zero. At 
room temperature, however, there is a noticeable 
polulation of the first excited state with J = 1 
separated from the ground state by 214 cm7! . It 
is well known that the energy level J = 1 does not 
split in an electric field of cubic symmetry. Hence 
the splitting in an external magnetic field is the 
same as for the free atom. 

The factor yhas the following values 


(y1)—11 = 0.52; (a0 = (71)o,1 = 0.08; 
(¥ 1 )—1,.0 = (7 Jo, = 0.16; 
(YJ = 9. 


Ytterbium. In the ground state the ytterbium ion 
has J = 7/2, the same as ionic gadolinium. Hence 
we take advantage of the calculated energy and 
wave functions for gadolinium®: 


T(a.y,—V 2 oe,)3 


. 


ee = °(@.0, fle ye Dzs,) 


With the aid of these wave functions the factors 
that are non-zero are found to have the following 
values 


8 C. Kittel and J. M. Guttinger, Phys. Rev. 73,162 
(1948) 


(11)0.0, = (11)o.0, = 13/ (21)2; 
(10.0, = (11 ow. = (4/7). 


We now consider metals with hexagonal lattices. 
At first we concern ourselves with «-Ce, Nd, Dy 
and Er whose ions have an odd number of elec- 
trons. In these ions electric fields of hexagonal 
symmetry cause complete splitting of the energy 
levels, retaining only the Kramers degeneracy. 
Since this degeneracy is not removed by the elec- 
tric field the spin-lattice coupling can only 
emerge in second approximation. Hence the 
effect of paramagnetic resonance in ultrasound in 
these metals is (g8H/ A)2 times weaker than in 
metals with cubic lattices. All that we have said 
also applies to samarium whose lattice is 
tetragonal. 

A special case is presented by gadolinium whose 
ions are in the S state. The spin-lattice interaction 
in Gd+++ appears to depend on magnetic and ex- 
change forces. 

The ions of metallic «-Pr, Tb, Ho, Pm contain 
even numbers of electrons. Certain energy levels 
of these ions retain their double (non-Kramers) 
degeneracy in an electric field of hexagonal sym- 
metry, which may be removed in a field of lower 
symmetry. In this case the spin-lattice inter- 
action is different from zero in the first approxima- 
tion. The effect on the absorption of sound will 
be of the same order as in metals of cubic lattices. 

The study of the resonance absorption of ultra- 
sound in rare-earth metals has a special interest, 
as the investigation of the absorption of electro- 
magnetic waves in metals is extremely difficult 
to carry out because of the skin-effect. 


4. NUCLEAR PARAMAGNETIC RESONANCE 
IN ULTRASOUND 


Resonance absorption of ultrasound obviously 
takes place not only in ‘‘electronic’’ paramagnetics 
but also in substances possessing nuclear para- 
magnetism. We attempt to estimate the magnitude 
of this effect. 

To begin with, we will consider solid bodies 
(non-metallic). The exchange of energy between 
the elastic vibrations of the lattice and the sys- 
tem of nuclear spins, due to a magnetic nuclear 
interaction, gives an effect whose value can be 
calculated from formula (10). Thereby it is only 
necessary to keep in mind that in the first place 6 
is the nuclear magneton; this decreases the 
absorption coefficient by ~10”. In the second 
place, vy, now means the line-width of the nuclear 
resonance, which causes an increase of approxi- 
mately 105. A more careful numerical calculation 
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carried out for the NaBr, gives oa ~ 107° y2em7!, 
Thus the absorption of ultrasound by the action 
of magnetic fields is extremely slight. 

It is known that in many cases the spin-lattice 
coupling is caused by a quadrupole interaction 9. 
The order of magnitude of the absorption coeffi- 
cient of sound, caused by quadrupole forces, may 
be determined from formula (10) if we replace 
g2B2by &Q. If we take into account that 
B~1023G/cm3, and Q~10°25em?, then for some 
substances the resulting o = 10°20v2cem-1_ This 
value is exceedingly small since for an applied 
static magnetic field~104 oersteds, as is seen 
from condition (2), we are obliged to employ an 
alternating field of frequency 10‘ cycles per sec. 

We may expect a large effect in liquids . As is 
known from the theory of spin-lattice interactions 
in liquids!9, it follows that whereas in solid 
bodies the spectrum of thermal vibration frequen- 
cies determines a correspondingly small intensity 
from condition (3), in liquids the thermal motion 
contains oscillations of these frequencies with 
enormous intensities. In the case of solids we 
could, in comparison with the intensity of sound 
vibrations, neglect the thermal oscillations of 
these frequencies. Now we must properly reject 
this assumption, and then the probability of ab- 
sorbing energy quanta of sound vibrations has an 
order of magnitude equal to %7 (7 is the time of 
spin-lattice relaxation). 

The energy of sound waves, absorbed per unit 
volume of a substance in one second is obviously 
equal to 


4 hy Ay 


ae Ue ae 


and hence for the absorption coefficient we have 
(/ is the intensity of sound vibrations) 
o = N (hy)? Av /2ckTI),. (19) 

We check, as an example, the proton resonance 
in water. By means of the addition of a para- 
magnetic salt the time of the spin-lattice rel axa- 
tion may easily be brought to 104 seconds. 

If vy =3x10" cycles per sec. and the frequency 
interval and half-width uw, are approximately the 
same, then in one second the energy absorbed 
~360 ergs. It is easily calculated that the inten- 
sity of sound and thermal vibrations are compara- 


9 * 
R. V. Pound, Pays. Rev. 79, 585 (1950) 


10N. Blomber 
: gen, E. M. Purcell and R. V. 
Phys. Rev. 73, 678 (1948) Pound, 


ble, if 10° ergs/cm?sec; and therefore we find 
c~0.01 cm7!, An increase in the sound intensity 
causes a disappearance of the effect because of 
saturation (cf. below). It is necessary to keep in 
mind that in so far as the spin-lattice interaction 
in water is produced by magnetic forces, then we 
have two absorption lines, whose locations are 
determined by equations (2) and (12), wherein the 
second line, as was easily derived in reference 
(10), has twice the intensity of the first. 

It is well known that in the usual phenomenon 
of nuclear magnetic resonance we frequently 
observe a saturation effect, which consists in the 
fact that the spin-lattice interaction does not 
enable a transfer of all of the energy, absorbed 
by the spin system, to the thermal vibrations of 
the lattice. Consequently the population of the 
upper magnetic levels increases and the absorp- 
tion of energy from the electromagnetic field 
decreases. An analogous effect is possible in the 
case of paramagnetic resonances for ultrasound. 
For simplicity we assume that we have only two 
magnetic levels and let A stand for the transition 
probability between them per second under the 
action of ultrasound. We denote by n the excess 
population of the lower level and let n, stand for 
the excess which corresponds to thermal equi- 
librium for the lattice temperature. In the absence 
of ultrasound, as is well known, the process of 


establishing equilibrium is set forth in the equa- 
tion 


dn/ dt = (n,—n)/t, 


where we may consider that 7 determines the time 
of spin-lattice relaxation. If there is a sound 


field in the substance, then the equation takes the 
form 


On iy a" 
7 moma ate 6 (20) 


from which it follows that in the stationary state 


(dn/dt = 0) 


n/t) =1/(1 + 2Ar). (21) 
This value is usually called the saturation factor. 
If n/n > 1, it is clear that the absorption of 
ultrasound is vanishingly small. 

In liquids A = (1/27) ( Av/vy, ), the factor n/n 
is nearly % and consequently saturation is feeble. 
In solids it is easy to calculate the following 
expression for the transition probability: 


A =IskT | N(hy). (22) 
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The numerical value shows that with an intensity 
of the order of 1W/cm? for a frequency 10” cycles 
per sec. we obtain a strong saturation. This fact 
may be used for the indirect detection of the ab- 
sorption of ultrasound by nuclei. Suppose that 

we are observing the usual effect of the resonance 
absorption of an electromagnetic field of frequency 
v. Then we superimpose a sufficiently strong 
acoustic field of the same frequency and the effect 
may be canceled. 

With the aid of formulae (21) and (22) the pos- 
sibility of the saturation effect for electric 
paramagnetic resonance for ultrasound can also 
be explained. In certain substances, which 
possess a large sound absorption coefficient g, 
saturation may be approached under experimental 
conditions. 


5. CONCLUSION 


We have considered the resonance absorption of 
ultrasound in the main types of paramagnetic subs- 
tances. For metals we considered only the rare- 
earths. In other metals the effect we have investi- 
gated is small. In metals that do not have 
available deep lying f-electrons with uncompen- 
sated spins, paramagnetism is due to the outer 
atomic electrons, which participate in conduction. 
In consequence of this the translational motion 
will also participate in the exchange of energy 
between the lattice vibrations and the electronic 
spins, observed in an applied magnetic field. 

_ Since the average energy of translational motion 

_ far exceeds the magnetic energy of the electrons, 
_then clearly the absorption of sound cannot subs- 
tantially depend on the magnetic field intensity; 
it will not have the sharply defined resonance 
character. 

In the foregoing section we considered the 
nuclear effect in liquids. Formula (19) can only 
be applied for estimating the electronic resonance 
absorption of sound in liquid solutions of paramag- 
netic salts. In this case the number of absorbing 
atoms N is considerably smaller than in the case 
of nuclear resonances, the half width of the ab- 
sorption line is on the other hand much larger. 
Hence the absorption coefficient is comparatively 
small, in spite of the considerably much shorter time of 
spin-lattice relaxation (r~10 “8sec ). In truth 
electronic resonance permits the use of very high 
frequencies, which may make the effect observable, 
at the present time,by a sensitive arrangement. 

The theory of spin-lattice interaction,developed 
for liquids, may be applied also to gases. With 
the aid of formula (20) of reference (10) we find 
that the time of paramagnetic relaxation for gases 


for atmospheric pressure and for room temperature 
is equal to T~10”% sec. From formula (19) it fol- 
lows that the absorption coefficient is very small 
lorder of magnitude 10-20(v2//) cm-1], if we 
take advantage of what is known from experiments 
on paramagnetic resonance in oxygen!! 
the value of v= 0.05 cm"!. 

It is of interest to compare these considerations 
to the paramagnetic resonances for electromag- 
netic waves. 

1. To begin with, we compare the magnitudes 
of both effects. The coefficient of absorption 


of energy in an electromagnetic field!? is equal. 
to 


where 


(23) 


Where y" is the imaginary part of the complex 
magnetic susceptibility. If by Xo we denote 

the static susceptibility, then for maximum absorp- 
tion yay, Xo ¥/ 4, ,and consequently, 


c 8x? . 
es y2, 
CV) Xo 
3 


(24) 


At pa rote paramagnetic frequencies 
face Ga a sec, Xp ~10°° and hence 
o~ v°cm'". For the absorption coefficient 


of ultrasound for many substances we also derive 
the expression, proportional to v2, in which the 
proportionality factor is strongly dependent on the 
magnitude of the matrix element of the spin-lattice 
interaction. If this matrix element differs from 
zero in the first approximation, the for the coeffi- 
cient of sound absorption o we obtain a value 
exceeding o0,. Under the requirements of higher 
approximations then usually o, and o have values 
of the same order. 

We make the observation, that throughout we 
calculated the average absorption coefficient for 
solids for longitudinal and transverse waves. 
Generally speaking, the transition probabilities 
between magnetic sublevels under the action 
of acoustic vibrations of the first type are very 
greatly surpassed by those for vibrations of the 
second type. Thus, for example, if the magnetic 
field is perpendicular to the direction of propa- 
gation of sound waves, then the absorption of 
sound in the resulting transition between sub- 
levels ad and bc of £- cerium is possible only 


i R. Beringer and J. G. Castle, Phys. Rev. 78, 581 
(1950); 81, 82 (1951) 


12 J. C. Gorter, Paramagnetic Relaxation (1949), 
pg- 41 
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under the action of transverse oscillations. 

9. In the case of the usual paramagnetic 
resonance the probability of absorbing a photon 
is a maximum if the alternating magnetic field is 
perpendicular to the static field; this probability 
decreases to zero if the magnetic fields are set 
parallel to one another. The probability of ab- 
sorbing phonons is slightly dependent on the 
direction of the magnetic field. All the changes 
in the direction of this field may vary the order of 
magnitude of the effect. 2. 

3. The absorption of ultrasonic frequencies is 
a possible result of transitions between those 
sublevels for which the magnetic dipole transi- 
tions are forbidden. Hence, for example, in 
substances with pure spin paramagnetism the prob- 
ability of absorbing photons is large only for tran- 
sitions coupled by changes of the magnetic quantum 
numbers of the atoms by unity, where we know that 
only one resonance line appears. The probability 
of absorbing phonons has the same order both for 
transitions in which the magnetic quantum numbers 
of two interacting atoms change by unity, and 
those which are connected with changes of the 
quantum numbers of single atoms. Hence two ob- 
servable absorption lines exist here. 

4. The line widths of paramagnetic resonances 
both for ultrasound as well as for electromagnetic 
waves depend on the same factors. If the spin- 
lattice interaction is stronger than the spin-spin 
interaction, the half-width is of the order of rr 
and hence is strongly temperature dependent. If 
the spin coupling is stronger than the coupling to 
the lattice vibrations, then the line-width depends 
on the magnetic dipole interaction, exchange forces, 
electric fields of the ions and is not temperature 
dependent. Although the broadening of the absorp- 
tion line in both phenomena is explained by the 
same forces, the form of one line can differ con- 
siderably from the other in the second case consid- 
ered. This is explained by the fact that for the two 
phenomena we deal with one and the same band of 
energy levels, which produce magnetic and other 
interactions. However, the rules which determine 
the transition probability between these levels, 
under the action of ultrasound and under the action 
of an external alternating magnetic field, are com- 
pletely different in nature. Thus, for example, the 
resonance line for the absorption of an electromag- 
netic field narrows under the action of an isotropic 
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exchange force, as is well known 13, Proof of this 
narrowing is based upon the fact that the second 
moment of the absorption line does not depend on 
the exchange force; this follows from the fact that 
the matrix S,, which determines the probability of 
the magnetic dipole transition, commutes with the 
exchange interaction operator AX S,S,. 

Evidently, the transition under the action of 
ultrasound may lead to an absorption line, the 
second moment of which depends on exchange for- 
ces. Nevertheless, the order of the absorption 
line-width is the same in both effects. 

We note still another case in what follows. Com- 
paratively small sensitivity of the ultrasonic method 
of investigation makes it desirable to use an indi- 
rect method of detecting paramagnetic resonances 
in ultrasound. Some of these were discussed in a 
previous section. We indicate one possibility. 
Paramagnetic resonance absorption of ultrasound 
will be accompanied by magnetization of substances 
which may be evaluated with the help of the coef- 
ficient of high frequency susceptibility y’. From 
the investigation of the usual paramagnetic re- 
sonances it is known, that if the static magnetic 
field is changed, then the maximum change y’ is 
approximately equal to the value y”, for maximum 
absorption. However with the help of (23) and (24) 
we at once find y'~ co /872v. The change in mag- 
netization under the action of ultrasound may pro 
bably be observed by the use of the usual method 
of measuring y’ of Zavoiskii!* or by nuclear in- 
duction“? . 

In conclusion we note that the calculation of 
the spin-lattice interaction, which determines the 
magnitude of the effect of resonance absorption of 
ultrasound in paramagnetic substances can not lay 
claim to any great precision. The purpose was to 
arrange the calculation as an estimate of the order 
of magnitude of the effect and to establish the 
essential mechanism. The most interesting result 
which permits investigation is the explanation of 
the nature of the determinable characteristic 
constant of the spin-lattice interaction in various 
classes of paramagnetic bodies. 


13 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948) 


14 &.K. Zavoiskii, J. Exper. Theoret. Phys. USSR 
17, 155 (1947) 


15 F. Bloch, W. W. Hansen, and M. Packard, Phys. 
Rev. 70, 474 (1946) 
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The time dependence of the regression of the centers of the latent photographic image and 
the subcenters has been aN a entin It has been shown that the regression process is sub- 


ject to a law similar to that of t 
inescence in crystals of silver halide. 


e relaxation of photo-conductivity and the damping of lum- 


T HE regression of the centers of the latent 
image in plates with thick emulsion strata is 
manifested in the fact that the capacity for the de- 
velopment of emulsion crystals which have been 
subjected to the action of ionizing particles }*? or 
light * gets reduced in accordance with the length 
of time of storage. 

The analogous effect, in such an ostensible 
form, is, however, not observed in the ordinary pho- 
tegraphical plates. In their emulsion layers the 
centers of the latent image are more stable and re- 
eress but little with the passing of time. The same 
centers of the latent image in the case of the de- 
velopment delayed over some period of time after 
the cessation of light action are less stable and 
subject to apparent regression. Such centers are 
often called the subcenters of the latent image. 

This work is devoted to the analysis of the re- 
gression of the centers of the latent image and the 
subcenters. 


THE METHOD OF EXPERIMENTATION 


A definite exposure was given to a photographic 
plate , either continuous, lasting 100 sec(t,), or 
intermittent, dividing the same exposure time into 
two batches of illumination with a certain dark in- 
terval between them. 

As the time (t.) of the first exposure we took 
10 sec, 20 sec, 30 sec, and so on. The time (t.) 
of the second exposure was accordingly 90 sec, 
80 sec, 70 sec, and so on. In each case t, + ty 
=t., or 100 sec. The time 7 of the dark interval 
was changed alternately from 1 to 30 days. Hlum- 
ination was from an incandescent lamp operated 


through a light stabilizer. 
A sensitometric graphite wedge with the constant 


of 0.15 for white light and 0.17 for the blue was 


1M. Blau, Sitz. Ber. Acad. Wiss. Wien 140, 623 (1931) 


2H. Farraggi and G. Albouy, Compt. Rend. 226, 717 
(1948) 


31. Winand and L. Falla, Bull. Roy. Soc. Sci. Liége 18, 
184 (1949) 
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kept in front of the photographic plate. The de- 
velopment was carried in the Chibisov’s developer. 
The constancy of the temperature of the develop- 
ment with the precision up to 0.5° was secured by 
means of a thermostatic control. The measurements 
on the resulting sensitograms were taken by means 
of the photo electric densitometer evaluating the 
diffusive density (D). The measurements were 
carried on the diapositive (2° H&D), line re- 
production (2° GOST), and isoorthochromatic 

(31 units GOST) plates. Through the medium of the 
sensitograms the characteristic curves of 

D = f (|g H) were drawn with lg H (the value of 

the logarithm of the quantity of illumination) plot- 
ted in relative units. 


THE RESULTS OF THE EXPERIMENTS 


The comparisons were made of the characteristic 
curve obtained with the uninterrupted illumination 
lasting 100 sec with the characteristic curves ob- 
tained with this exposure divided into two batches 
of illumination of different durations, i. e. for 
various values t/t. 

In all cases the curve of the intermittent illumin- 
ation was shifted with respect to the curve of the 
uninterrupted illumination in thé direction of great- 
er values of lg H (Fig. 1). This shift we were e- 


Fig. 1. The charac- 
teristic curves of 
reproduction plates. 
Curve a- for the un- 
interrupted illumina- 
tion; 

Curve 6- for the 


With t/t =O. .and 
T=6 days. 


Oo Qs O68 102 136 Vg 


intermittent illumination; 
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valuating by Alg H of some definite value of op- 
tical density. 

In Fig. 2 the relations are shown between Alg H 
and t/t, obtained for the three different dark in- 


tervals, for the diapositive plates (for D =1). 
Ag 

050 

040 

4.30 

20 

40 


Oe as eae 


Fig. 2. The curves showing the relation 
between Alg H and t,/ tg lor the diapos- 


itive plates ( for D = i): 
a for t = 1 day; b for t = 6 days; c for t 
= 20 days 


In Fig. 3 the same relations appear for the repro- 
duction plates ( for D = 1.5). It becomes apparent 
from the examination of these curves that the re- 
gression of the subcenters of the latent image is 
most prominent for a certain intermediate value 
(t/t, ) max. and that this value of (t,/ty) max. in- 
creases with the increase in duration of the dark 
interval 7 
Aig 
460 
0,50 
040 
030 
Q20 
210 


| 
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Fig. 3. The curves showing the relation 
between Alg H and t/t, for the reproduc- 
tion plates ( for D = 1.5). 

a for t= 1 day; b for t =7 days; c for t 

= 20 days. 


TALE 


The results of the experiments may be expressed 
in a somewhat different way. Let Hy be the quan- 
tity of illumination necessary to effect a certain 
density when the illumination is continuous and 
the development carried out immediately upon the 
the exposure , and No be the number of atoms of 
silver found within the centers of latent image in 
the emulsion crystals, producing this density, so 
that Hy = CN 5. If the development takes place 
after the lapse of time Tupon the exposition, then 
by that time the number of atoms of silver in the 
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center will be N. Hence the effect of the develop- 
ment would be such as if the quantity of illumin- 
ation H=CN were in continuous action through an 
uninterrupted exposure and with development car- 
ried out immediately after the exposure. This 
means that 


Hence we may write that 


N 4 
No ambig@ighy 


Now it is possible to draw some conclusions con- 
cerning the mechanism of the regression from the 
relation existing between N/Ng and 7 

At the present time there are two theories 4 of 
the regression. According to the first of these the 
regression is an effect of the oxidation produced by 
the oxygen found in the air. It is also commonly 
accepted that the presence of the vapor of water 
intensifies this reaction. 

According to the second theory the regression is 
an effect of the combination of atoms of silver 
found in the latent image with the atoms of bromide. 
If the first of these two theories is correct, i. e., if 
the mechanism of the regression is monomolecular, 
then the number dW of atoms of silver participating 
in the regression during the interval dt is given by 


dN = — kNdt. (1) 


If the bromosilver or bimolecular theory is true, 
then the respective number of atoms of silver par- 
ticipating in the regression is 


aN = — kN? dt. (2} 


In both cases k is the coefficient of proportional- 
ity. 
The root of the first equation will be 


N/No Fi Cae. (3) 
and of the second, 


N/No = (1 -+ Nokt)7. (4) 


The experiments prove that neither of these two 
equations is true. As an illustration Figures 4 and 


4, 
H. Farraggi and G. Albouy, Photographic Registration 
of lonic Radiations, 223 
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Fig. 4. The curves showing the relation between In (N/N,) and T for 
the diapositive plates. The curve a for t/t = 0.4; b for ty/to = 0.6; 


ce for ty/ty = 0.8; d for t/t = 10 


Fig. 5. The curves showing the relation between In (N/NQ) and 7 for 
the reproduction plates. The curve a for t ,/t) = 0.4; 6 for t/t, = 0.6; 


c for t/t = 0.8; d for t/t = 10) 


5 show the curves of relation between In (N/N _) 
and 7 for the diapositive and the reproduction i 
plates with various ¢,/t,. This relation would be 
linear if Eq. (3) were correct. 

Meikliar has shown that in the process of the re- 
laxation of the photoconductivity in crystals of 
silver halide the following equation holds: 


Ao 1 


Aco A + at)* 2 
where a & 10° for thin monocrystals and 0.2 
<«<0.5. It is interesting to note that a similar 
law also governs the process of the regression of 
the centers of the latent image. 
For this process the relation has the following 
form 


Noediveg boss 
No (1+ Nokt)® ~ (5) 


The proof of the correctness of the Eq. (5) is 
found in the curve plotted for the values showing 
the relation between the reciprocal of the loga- 
rithmic derivative and 7. It should be linear since 
it appears from the Eq. (5) that 


1 : 1 


~ din(N/N,)/d, «Nok 


Fig. 6. The graph showing the relation 
between 1 and T for 


d In (N/N9)/dT 
the diapositive plates. The line a for 
ry‘ = 0.4; 6 for t/t = 0.6; ¢ for 
/*9 = 0.8; d for t/ty =O 
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The results of such an examination are shown in 
Fig. 6 for the diapositive plates, in Fig. 7 for the 
reproduction plates, and in Fig. 8 for the Polish 
photographic paper ‘‘Photon’’. 

The values lg H on the paper ‘‘Photon’’ were 
evaluated visually by comparing the changes of 
densities in the sensitogram produced after the re- 
gression had taken place with those of the 
sensitogram obtained immediately after the ex- 
position. 


Fig. 7. The graph showing the relation 
between 1 and 7 for 


d In (N/N,)/dT 


the reproduction plates. The line a for 
t/t = 0.4; 6 for t/t = 0.6; c for 


t/to= 0.8; d for t/t S10 


pee ee 
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Fig. 8. The graph showing the relation 
between 1 and 7 for 


din (N/N) /dT 
the photographic paper ‘‘Photon’’ 


The resulting values « are found within the same 
limits as those taking place for the relaxation of 


the photo-conductivity. This i i 
ae of the follow se fables pee enced By 


Table 
Values of « 


Photomaterials 


Diapositive | Reproduction | Photo Paper 


Plates Plates **Photon”’ 


Since the value NV )k is great, the quantity 
1/N,,k« must be very small. Hence the lines in 
0 . 
Figs. 6, 7, and 8 pass practically through the 
origin of the coordinates, which means that the 
following relation is essentially correct: 


N/ No = Cc; 
where 


c = 1/(Nok)*. 


From the resulting data one may deduce that the 
kinetics of the regression of the centers of the la- 
tent image is similar to the kinetics of the photo- 
conductivity ° and the luminescence ©. From this 
it may also be deduced that the kinetics of the re- 
gression are determined by the electronic part of 
this process, which is bimolecular in its character. 

This is in accordance with the data by Cher- 
dyntsev ” who found that bimolecular reaction of 
the type (1/m) ~(1/m_) = const. ¢ takes place in 
the thermal destfuction of minute particles of sil- 
ver preliminarily discharged through the photo- 
chemical process. Our conclusions are also in a- 
greement with the results of the work by Hedges 
and Mitchell 8. These authors have shown that un- 
der the action of light the crystals of silver bromide 
discharge the atoms of bromide. These atoms not 
only can enter into a combination with the photo- 
lithic silver but also destroy the silver particles 
with which the crystals were previously dusted. 

The results of the experiments showing the in- 


5 ots 
P. V. Meikliar, J. Exper. Th t. Phys. 
seen ) eore ys. USSR 21, 


°S. I. Golub, Doklady Akad. Nauk SSSR 60, 1153 (1948), 
works of the State University of Odessa 3, 41 (1951) 


7 Sas Cherdyntsev, J. of Phys. Ch 
(1941) ae ys. Chem. USSR 15, 419 


8 
J. M. Hedges and J. W. Mitchell, il. 
(oon g J itchell, Phil. Mag. 44, 357 


REGRESSION OF CENTERS 49 


SlgH, 
0,50 e 
240 
030 
G20 
010 


0 5 10 15 20 25 wt 


Fig. 9. The regression curve of the diapositive plates. 
a - curve for the plate processed with 3% solution of borax. 
5 - same for the unprocessed plate. 


crease of the regression in the atmosphere of oxy- words, the presence of water vapor increases the 
gen, especially when it is filled with the vapor of velocity of the recombination of perforated elec- 
water, and the decrease of the regression in the 
vacuum are often cited in support of the oxidation 
theory of the regression. It seems to us that these 
results are not yet sufficient to prove the oxida- 
tion theory. Any sharp change in the medium which 
surrounds the emulsion crystal is apt to affect the 
kinetics of the processes taking place on its sur- 
face irrespective of their mechanical nature. 

Thus in the work by Bube 9 it has been shown 
that the presence of water vapor decreases con- 
siderably the time of the relaxation of the photo- 


trons and decreases it in the vacuum. 

It is known* that the regression of the traces 
left by ionizing particles within plates with thick 
strata decreases when the plates are treated with 
borax. A similar effect has also been observed 
for the regression taking place in the ordinary 
plates. This is seen in Fig. 9, where the curve 
b relates to the regression in the unprocessed dia- 
positive plates, and the curve a relates to the re- 
gression in the plates treated with borax. 

In Fig. 10 are given two sensitograms, one pro- 
duced on the paper ‘‘Photon’”’ with the ex- 
posure made just before the development (6), and 
the other one for the regression which took place 
during 6 days of storage (a). 

Similar sensitograms appear in Fig. 11 for the 
paper preliminarily treated with 3% solution of bor- 
ax 


Fig. 11. The sensi- 
tograms produced on 
photo paper ‘‘Photon’’ 
treated with 3% solu- 
tion of borax. 

a- for the development 
carried out after a 
lapse of 6 days upon 
the exposure. 

b- for the development 
carried out immediately 
after the exposure. 


ge 


a 


Fig. 10. The sensitograms produced on 
photo paper ‘*Photon’’. 

a- for the development carried out after a 
lapse of 6 days upon the exposure. ; 
b- for the development carried out immedi- 
ately after the exposure. 


conductivity in the CdS crystal, also that the time 
of relaxation increases in the vacuum. I[n other ta i 


nibs Bube, Phys. Rev. 83, 393 (1951) J. Chem. Phys. 21, qyanslated by V. J. Doberly. 
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A Magnetometer Which Makes Use of the Magnetic Resonance of Protons 
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A magnetometer is described which utilizes the nuclear absorption effect of protons. This 
meter is provided with automatic calibration circuits, which permit the measurement of the 
field intensity with an accuracy of £9,006% Fields of application in which the apparatus 


could be sept are indicated. 


INTRODUCTION 


ie several investigations a need arises for the 
measurement and stabilization of static magnetic 
fields and for the measurement of their homogene- 
ity with a high degree of accuracy. Among the dif- 
ferent apparatus offered for the solution of these 
problems, the simplest and the most accurate ones 
are those which utilize the nuclear magnetic reso- 
nance. 

A magnetic field meter can be constructed based 
on the principles of the utilization of the nuclear 
induction effect | or of the nuclear absorption ef- 
fect ”. 

We will examine the advantages of the nuclear 
absorption effect in its use as a basis for the con- 
struction of a magnetic field meter. Let us place a 
few atoms of a para- or a diamagnetic substance in 
a uniform magnetic field H_, directed along the z- 
axis. The magnitude of the field is such as to pre- 
vent any interaction between the nuclear spin mag- 
netic moment and the magnetic moment of the outer 
electronic shells of the atom. At the same time 
let us act on these atoms by means of an alternat- 
ing field.H = 2H, cos @t which oscillates with 
the Larmor precession frequency and which is di- 
rected perpendicularly to the field Ee. Two cases 
can be considered here, according to the magnitude 
of the amplitude x 


Den, large, hes where y 


ly \(7 iy) ae 
= nuclear gyromagnetic ratio, i. e., the ratio of the 
nuclear magnetic moment to the mechanical moment, 
T’, = relaxation time, i.e., the time for attaining 
the thermal equilibrium, T, = period of precession 
of the nuclear moment in the interatomic field. A 
strong radiofrequency field will produce a rotation 
of the magnetization vector around the field H 

: : a 0 
synchronous with the field ( precession ). 


"F. Bloch, Phys. Rev. 70, 460 (1946) 


2 
H. C. Torrey, E. M. Purcell and R. V. d 
Rev. 69, 680 (1946) Pound, Phys. 
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This vector will deviate from the z- axis in direct 
proportion to the proximity of H , to the resonance 
field H,, according to the Larmor precession equa- 
tion: 
Hoa 

Tr Ony’ () 
where y= gyromagnetic ratio in cgs units. For 
H =H. the magnetization vector will make an angle 
of 90° with the z direction. If one measures the in- 
duction emf which appears in the coil which envel- 
ops the substance (the axis of the coil being direc- 
ted along the y- axis), its maximum will correspond 
to the resonance condition (H, = H,). By using 
the method of nuclear induction, we can make a 
magnetic field meter in which the measurement of 
H, is reduced to the measurement of @,. If an ad- 
equate frequency standard is available, @ may be 


measured to a high degree of accuracy. 


2) H,, is small. The induction effect is then 
very small, but the conditions for the observation 
of the resonance absorption of the electromagnetic 
energy of the alternating field become optimum. 
The maximum of energy absorption lies in the region 
of resonance frequency as determined by Eq. (1). 
This effect is called the nuclear absorption effect 
and can also be utilized in the construction of a 
magnetic field meter in which the measurement of 
the field is reduced to a measurement of frequency. 

It is not feasible to build a magnetic field meter 
which utilizes the induction resonance effect, be- 
cause in order to detect a weakly oscillating field 
around the y-axis in presence of a strong field H 
along the x - axis it is necessary to introduce a se- 
ries of regulating elements into the sample holder 
of the apparatus and then to shield the same care- 
fully °. The sample holder of the magnetic field 
meter which utilizes the nuclear absorption effect 
can be made smaller and therefore can measure 
fields in greater detail. 


3 
F. Bloch, W. W. H dM. 
20, 474 (1946) ansen an Packard, Phys. Rev. 


MAGNETOMETER FROM MAGNETIC RESONANCE OF PROTONS 


GENERAL DESCRIPTION OF THE APPARATUS 


We built an apparatus which utilizes the nuclear 
absorption effect of protons, their y’ ratio being 
accurately known. Fig. 1 is a block diagram of 
the apparatus. 


Fig. 1. Block diagram of the magnetic field meter: 1- sample holder, 2- heterodyne 
wavemeter, 3- buffer stage, 4- oscillator, 5- detector, 6- differentiating circuit, 7, 8- 
signal amplifiers, 9-phase detector, 10- differential amplifier, 11-reactance tube, 
12- square wave pulse generator, 13, 14- phase changers, 15 -cathode-ray tube, 16- 


50 cycle source. 


The sample holder is a thin-walled copper box which 


acts as an electrical and mechanical shield. A 
plastic toroidal vial is placed in this box of fol- 
lowing dimensions; external diameter 15mn, inter- 
nal diameter 3mm, height 6mm, wall thickness 0.2 
mm. The vial is filled with a 10% solution of fer- 
ric chloride and a coil is wound around it to serve 
as the inductive coil of the oscillator. This coil is 
coupled to the oscillator by a coaxial cable of 

500 mm in length, which makes it possible to mea- 
sure the field intensity at any point in the gap of a 
magnet of a diameter up to Im and also to make 
quick changes of coils. The apparatus has 3 inter- 
changeable sample holders with 3 coils wound a- 
round the vial in ‘‘ PESHO 0.22”’ cable. The long 
wave, medium wave and short wave coils have 

38, 22 and 6 turns respectively. The vial is sur- 
rounded by a plastic cover of 24mm diameter, on 
which the sodulenne coil is wound. This coil has 
250 turns of ‘‘ PE 0.2” cable. The modulating 

coil is fed by a.c. out of the 50 cycle mains. The 
modulation amplitude can be smoothly varied by 
varying the current in the coil from 0 to 120mA. 
The current is controlled by means of a device on 
the front panel of the meter. For measurements the 


sample holder is placed in the gap region of the 
magnet in such a manner as to ae the axis of the 


mocu a coil coincide with the axis of the mea- 
sured field. 


To each value of the field, a value of 


the oscillator frequency w, can be found such that 
a pulse signal will appear on the oscillograph scree 
which corresponds to a quantum jump of the pro- | 
ton to a neighboring Zeeman level. Equation (1) is’ 
valid here. The oscilloscope beam is displayed 
along the horizontal axis by applying a voltage in 
phase and synchronous with modulating potential. | 

If the apparatus is made so that the impulses 
appear at times 


mod 


Fs as soe: lea eae aks vies 


0° 
the modulating field will contribute no distortions 

to the measurement and H, =H_ (Fig. 2). This 
condition corresponds to a calibration of the appar- 
atus such that the peaks of coinciding pulses lie _ 
exactly in the center of the screen (during one 
modulation period 2 pulses appear on the screen). _ 
In our apparatus the pulses are differentiated and 
the base-point is selected as being the intersec- 
tion of the near fronts of the differentiated pulses. | 
From Fig. 2 one can see that the position of the 
base point on the screen corresponds to the positiol 
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of the peaks of non-differentiated simultaneous 


pulses. 


Fig. 2. A photograph of the pulse sig- 


nal on the screen of the indicator tube. 
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The calibration of the apparatus reduces to a 
smooth variation of the oscillator frequency until 
the base-point is placed at the center of the screen, 
or, more exactly, in the middle of the sweep line, 
with a symmetrical modulating potential. Before 
the appearance of a pulse on the screen the calibra- 
tion is performed by means of a vernier which mod- 
ifies the capacity of the oscillator tuned circuit, 
while the sweep control (e xact positioning of the 
base-point at the center of the screen) is obtained 
by means of automatic calibration circuits. By 
measuring the frequency of the oscillator (by means 
of the heterodyne wavemeter) it is easy to calcu- 
late the field intensity: 


H , = 234.864 f, 


where H, = field intensity in gauss, iE = frequency 


in Mc/sec. 


To the vertical plates of 
the cathode-ray tube 


To the modulating 


11 Re 


To the oscillator 
control 


ut 


Fig. 3. Principal scheme of the automatic sweep control circuit. R,,, R,,, R 
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MAGNETOMETER FROM MAGNETIC RESONANCE OF PROTONS 


Fig. 4. Potential diagrams: a) Hy = He b) Hy + H, 


1) Total intensity of the measured and the modulating fields 
2) Signal on the cathode-ray tube 
3) Potential on the grid of the tube T 
4) Potential on the grid of the right-hit | 

grid of the right-hand half of the tube T. | 


5) Potential on the grid of the left-hand half of the tube T23 
6) Potential on the resistor R 


7) Potential on the resistor Rey 


AUTOMATIC CALIBRATION CIRCUIT 


The basic part of the automatic sweep control 
circuit is the phase detector’ (tubes Li and Page 
Fig. 3.). 

Square pulses in opposite phases are fed to the 
right and left-hand side circuits of the tube 7,,. 
The pulses are formed by the square wave genera- 
tor by using a potential in phase with, and syn- 
chronous to, the modulating voltage. The width of 
the square pulse is equal to the duration of a half- 
period of the modulating potential. 

The amplitude of the square phase is such that 
at each moment one half of the tube 7 ,, is non- 
conducting and the other is conducting. The pulse 
which is fed to the grid of T,, comes from the re- 
sistor R., or from Ke, depending on which half of 
T,, is conducting. Figure (4a) gives the po- 
tential diagrams for the case when frequency of the 
generator corresponds to H, = H,. One can see 
from Fig. (4) that the same number of pulses ap- 
pears on the resistors R,, and R,,. Figure 
(4b) gives the potential diagrams for the 
case when the apparatus is not exactly tuned and 
the measured field is not equal to the resonance 
field. In this case no pulses will appear across 


4. A. Shuster, Rev. Sci. Instr. 22, 254 (1951) 
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R,,, all going to the resistor R,,. The potentials 


597 G2s 
across Ko and R,,. are integrated by the conden- 
sers Oo and C, »> the difference between these 


potentials, which changes in sign according to the 
direction of deviation of the oscillator frequency 
from the resonance frequency, is transmitted to 
the ‘‘deviation cascade’’ (reactance tube). The 
deviation cascade calibrates the generator frequen- | 
cy in order to keep it at the f value. ! 

A general scheme of the automatic calibration 
circuits appears in Fig. (3). The voltage from the 
power transformer is applied to the horizontal de- 
flection plates of the cathode-ray tube, the modu- 
lating coil and the square wave generator. 

A double T filter is introduced into the primary 
circuit of the power transformer in order to obtain 
a better potential pattern in the secondary winding. — 
The filter is tuned to the third harmonic of the 
circuit. The resistor Ryo and the capacity C,, 
constitute a simple phase changer. It compen- 
sates for the phase shift between the modulating 
coil and the cathode-ray tube sweep circuits. The © 
resistor R,. and the capacity C,. represent another 
phase changer which compensates the phase shift 
between the square wave generator and the modu- 
lating coil circuits. Two stages in the T, tube 
circuit transform the sine signal into a square 
wave. The resistor R,, following the cathode of | 
the first tube permits one to obtain a positive and 
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< anegative pulse of the same width. The square 
pulses are transmitted respectively to the right- 
hand and the left-hand side triodes of the 7), 
tube of the phase detector. By means of the po- 
tentiometer R, ., on changing the 7, tube, one can 
always calibrate the phase detector so that with the 
signal absent the voltage across R 9 is al- 
ways equal to the voltage across Ree: The tube 
I’, , cuts off the negative part of the differentiated 
signal pulse. On the anode of the differential amp- 
lifier ‘i a voltage is obtained proportional to the 
difference of voltages obtained respectively across 
RK. and R,,. The magnitude of the constant anode 
voltage of the right-hand side of I’, , is neutralized 


by the voltage drop across the resistor R,. and a 
part of the variable resistor R,, in parallel with 
the voltage stabilizer tube 7,,. The voltage across 
the voltage stabilizer is provided by a separate 
rectifier. By means of the potentiometer R,,. (on 
changing ire) a zero potential is established be- 
tween the grid of 7’, and the ground. With a cor- 
‘rect tuning of the automatic calibration circuit the 
voltage between the grid of the 7 ,, tube and the 
ground will be zero (for in this case the base 
point lies exactly at the center of the screen), or 
will be negative (the base point is deflected to 
the right of the center), or positive ( b. p. deflect- 
ed to tne left). On deflection of the base point to 


le 
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the border of the screen this voltage is +25 V. 
The parameters of the, “‘deviation cascade”’ 5 
(tubes Tee and 7.) are such that on changing 

the voltage on the grid of the tube 7), from —2 to 
-6 V, with a constant modulating voltage, the fre- 
quency of the oscillator changes so as to make the 
base-point traverse the whole screen from one ex- 
tremity to the other. With a deviation on the 7), 
tube equal to -3.75 V, which is obtained by the 
deviating resistor R , (2k Q), the operating point 
of the deviation cascade will lie in the middle of 
the linear part of the characteristic deviation 
curve. A negative voltage with respect to the 
ground, applied to the grid of 7), will make the 
base point deviate to the left; a positive voltage, 
to the right. With such calibration of the automat- 
ic circuit the base point will be automatically po- 
sitioned at the center of the screen, provided a pre- 
vious manual calibration brings the pulses at least 
up to the border of the screen. The time constant 
of the automatic calibration circuits is such that 
the base point moves from one border of the screen 
to the other in a time interval of one minute. To 
shorten the observation time and to obtain a great- 
er accuracy it is necessary to bring the base point 
as near as possible to the center of the screen by 
manual tuning. A tumbler switchK, grounds the 
circuit of the ie tube and thus disconnects the 


whole automatic calibration circuit. 


Fig. 5. Main circuit diagram of the oscillator, detector and the buffer stage. R,- 
500 QO; R,-1 kQ; R,, Ry, R,,-24 k QO; R,-50 kQ; R, -500 Q; R, -325 Q; R,-1 MQ; 
R, -70 kQ; Ryo» R,.- 100 kQ; C) C,- 10 LF; C, - 20 LF; C,, C., C,,-9.01 LF; 
C C, - 100 LF; C,- 100 pu F; C,, C,.-60 LYLE; C,,-0-005 LF; C,,- 10 LF; G,,- 17 


+550 pF; T,, T,, T, -6 (ZH) 3P; L,-10pH 


5H. D. Holerich, Electronics 4, 120 (1948) 
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OSCILLATOR AND THE OTHER STAGES 
OF THE METER 


The oscillator consists of a (ZH) 3 tube, con- 
nected as a triode, in a capacitively coupled cir- 
cuit (tube 7, Fig. 5). This circuit allows the 
coupling of the control coil, which lies in the gas 
of the magnet which is being measured, with a 
coaxial cable with a grounded external lead. The 


resistance of the feedback coupling, R. regulates 


the amplitude characteristic of the oscillator ac- 
cording to the frequency sweep range. A block of 
3 variable condensers and 3 variable coils on the 
oscillator covers a range of frequencies from 4.25 
to 30 Mc/sec, corresponding to fields from 1000 
to 7000 oersteds. The oscillator allows the broad- 
ening of the measurement range in both directions, 
if additional exchange coils are provided. A pre- 
liminary reading of the frequency is made on the 
vernier and the final reading is made on the heter- 
odyne wave meter. 

The tube t, constitutes the anode detector. The 
use of the T, tube as an oscillator ( grid, cathode, 
screen grid) and as a detector (cathode, grid, 
anode ), simultaneously, gives worse results, be- 
cause it is difficult to find a value for the devia- 
tion voltage which is at the same time optimum 
throughout a large frequency range both for the 
oscillator and the detector. 

The buffer stage (tube ts) permits one to elim- 
inate any influence of the heterodyne wavemeter on 
the oscillator, because of the weak coupling and of 
the small amplification factor. 

The resistor R,, and the capacity C), consti- 
tute a differentiating circuit, from which the sig- 
nal goes to the signal amplifier, which has 5 


- stages. The output stage has a push-pull trans- 


former coupling. The transformer is provided with 
2 secondary windings. One applies the signal to 
the vertical deflecting plates of the cathode-ray 
tube, the other applies the signal to the input of 
the phase detector. The maximum amplification 
factor of the amplifier is about 10°. The potent- 
iometer in the circuit of the third stage permits a 
smooth regulation of the amplification factor. The 
transmission band of the amplifier is from 30- 
20,000 cps, with a sharp decrease of the amplifica- 
tion on the edges of the band. 

The anode voltages of all the tubes are stabil- 
ized by an electronic stabilizer, which supplies a 
265 V, 80 mA regulated voltage, with a noise of 


2-3mV. The filaments of Bs Ess 15 ine and 


T,, (figs. 3 and 5) are connected in series and 


are fed from a 0.3 B 17-3B rectifier with a selen- 
ium column. The total power utilized by the ap- 
paratus is 160 W. A cathode-ray tube of the 
13L037 type was employed for visualization pur- 
poses. The supply circuit of this tube is anala- 
gous to that in the KO-4 oscillograph. 

The actual construction of the apparatus employs 
two racks: the smaller one contains the oscillator, 
the detector, 2 signal amplifier stages, the buffer 
and the deviation stages; the other contains the 
remaining circuits. This construction permits use | 


of the apparatus in the case where there is little 
space left near the magnet whose field is to be 


measured. The racks are interconnected by means 
of 2 cables. One transmits the signal and the other 
(a multiple cable) provides the supply and the re- 
actance tube voltages. 


APPLICATIONS OF THE APPARATUS 


The above descrived meter has been used for ex- 
act measurements with permanent magnets. Mea- 
surements on one of them (of 24,000 oersteds ), 
over many days, after a previous magnetic aging 
and maintained at a constant temperature, have 
shown that the maximum deviation from the mean 
value of 10 measurements constitutes + 0.006% 
The same degree of accuracy can be obtained by 
observing the sound tone in the phones of the 
heterodyne wavemeter by connecting it to the 
buffer stage. On connecting the automatic calibra- | 
tion circuit the frequency of the generator does not 
stay constant: it changes slowly about its mean 
value. The maximum frequency deviation which 
can thus be detected is 600 cps with a genera- 
tor frequency of 10 Mc/sec this constitutes 0.006%. 
On measuring stronger fields the relative fre- 
quency oscillation is less. The absolute preci- 
sion of the apparatus was not verified, because 
no other methods were available which would 
measure the magnetic field with the same accur- 
acy as ours. Besides the measurements with 
permanent magnets, measurements have been ef- 
fected on the aging of permanent magnets, the 
variations of the intensity of the field of an elec- 
tromagnet fed by a storage battery of great capa- 
city, and of the homogeneity of the field of a | 
magnet. The apparatus can also be used for the 
measurement of instantaneous values of alternating | 
fields. | 

The author expresses his deep gratefulness to 
Dr. V. Shiuttse for help with this work. | 


Translated by B. Cimbleris 
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A method is proposed for calculating the internal field for the case of relaxation polari- 


zation in dipolar polycrystalline dielectrics. The 


arameters characterizing the relaxation 


polarization are computed for the particular case of organic dipolar polycrystals. 


i Pe is known that only in relatively rare cases 
(non-polar liquids, diatomic cubic crystals) can 
the acting (local) field in liquid and solid dielec- 
trics be determined, in first approximation, by the 
well-known Lorentz equation 


E=E,, +21, (1) 


where / is the electric moment per unit volume. 

If the structure of the crystal is known, it is 
possible to find the internal field using the me- 
thod of structural coefficients! 

This article represents an effort to determine 
the internal-field coefficients for dielectrics of 
complex and unknown structure from experimental 
data on the relaxation polarization. Such a deter- 
mination is of interest for two reasons. First, it 
permits greater precision in the evaluation of 
those parameters characteristic of relaxation 
polarization, which are of substantial significance 
in themselves (potential barrier that limits the 
motion of the relaxing dipole or ion group, or the 
natural frequencies of these groups). Second, it 
gives an idea of the behavior of the field acting 
in a polycrystalline dipolar dielectric, how it 
differs from the Lorentz field, and how it is 
related to the values of the dielectric constants 
at zero and infinite frequencies. 

According to the Lorentz method, the acting 
field can be represented in the form of a sum: 


E=E + eI+E ag (2) 


where Ej, is the additional field due to the 
particles within the Lorentz sphere. Using the 
method of structural coefficients! it is possible 
to represent the field acting on the ith particle as 


1 . 
G.I. Skanavi, J. Exper. Theoret. Phys. 17, 
(1947) ae 


follows: 


m 
E,=E,, +2 I+ ») OrnCinrE (3) 
h== 


, 


ol pa AOE 2 
=1 


Here «, is the relaxation polarizability of the kth 


dipole group (or of the group of weakly-coupled 
ions); «, is the elastic polarizability of the kth 
group of particles; C;, are the structural coef- 
ficients, accounting for the dipole distribution in 
the lattice; C’;, are the structural coefficients 
accounting for the elastically-bound particles in 
the lattice; m is the number of dipole groups dif- 
ferently distributed in the crystal cell; m’is the 
number of particle groups differently distributed 
in the crystal cell and having ‘‘elastic’’ polariza- 
tion; E,, is the-field acting on the kth 
particle located in the vicinity of the ith particle 
under consideration (i varies from 1 to m'; m > m’). 
Assuming that all particles in the dielectric are 


under the influence of the same averaged local 
field, Eq. (3) can be written: 


a ae 
pas Jambo . 
m' om 
+ alee ga sy >} orCirE, 
M jm. h=1 
Macrae 
aP m’ 2 2 %,C;,E;,- 


Since we do not know the structural coeffi- 


cients (not knowing the lattice structure) let us 
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introduce the generalized coefficients B and B, of 
the internal field: 


Bok +814 Bal, (5) 


where I, and /, are the electric moments per 
unit volume, due to the relaxation and to the dis- 
placement polarization respectively. 

According to Eq. (4), the generalized coeffi- 
cients can be expressed in terms of the structural 
coefficients 


m' m 
aa tS Sy Sa 
re] i=1 k=1 k 


(6) 


An 1 
Bo =F a m'I 


mm! ; 
Ci Top 
> >» Nop ‘ (7) 


i=1 k=1 


Here /. ), and Ij), are electric moments per unit 
volume, due respectively to the relaxation and 
displacement polarizations of the k th-group 
particles. 

For the case of linear polarization considered 
in this article, the electric moment per unit volume 
is proportional to the acting field strength, and the 
coefficients £ and A, are therefore independent 
of the field. 

According to Fréhlich”, who generalized Kirk- 
wood's equation for polar fluids to include the 
case of dipolar solids, the basic quantity charac- 
terizing the relaxation polarization in crystalline 
dipolar substances is not the individual dipole or 
group of dipoles, as in the case of dipolar liquids, 
but the individual crystalline cell, which has a 

‘certain effective dipole mj; , depending on the 
orientations of the dipoles contained in the cell. 
This difference between crystalline dipolar subs- 
tances and dipolar liquids is due to the difference 
“in the construction of the crystal and the liquid. 

In evaluating the interaction between dipoles, 
we shall assume, in agreement with Kirkwood and 
Frohlich, that a sphere surrounding a given cell 
with a fixed dipole moment m, has a dipole 
moment m*. In the first approximation, we shall 
characterize the relaxation polarization of the di- 
polar crystalline cells by a single potential 
barrier, and consequently, by a single relaxation 

_time.. This is permissible if the density with which 
which the values of relaxation time are grouped 


about the probable value is sufficiently high. 


-24. Frohlich, Theory of Dielectrics: Dielectric 
Constant and Dielectric Loss, Oxford, 1949. 


Assuming that each crystalline dipolar unit cell 
has only two equilibrium positions, corresponding 
to opposite directions of the electric moments, the 
equation for relaxation polarization? can be used 
in the following simple form: 


d (AN;) eUIRT 


(8) 


at v 
: = Ik 
Sie Ries Avigtbn) 
af 2 (oan — eA AUj kT), 


where Aj, is the increase per cm® in the num- 
ber of crystalline cells (due to the superposition 
of the external field) having a dipole moment mj; 
directed along the field; NV, is the total number 
of crystalline cells per cm? in the dielectric 
vis the natural frequency of the effective dipole 
of the crystalline cell; U is the potential barrier 
restricting the orientation of the unit cell; and 
AU; is the change in the potential barrier due to 
the external field. 

For a given dipole direction in the unit cell, 
the dipole moment per unit volume produced by 
the relaxation polarization equals 


1, =2AN; mj. (9) 


relj 


Multiplying both halves of Eq. (8) by 2m; we 


obtain 


pUlRT 3 


a yo Oe AU; [kT 
v dt 


—AU; /kT 
relj (e T€ ue ) 


: —AU; [kT 
Nom; Ce = AU;| ). 


fe oie 
If AU << kT, we have 


d ta ; 
ta = Nea te a 


where 
=(1/2 v) piles 


Considering that the energy of a dipole unit cell 
is an external electric field is determined ( be- 
cause of the interaction between dipole cells) not 
by-the dipole moment m; of the cell itself, but by 
the dipole moment m* of the sphere surrounding 
the given cell, and assuming the dipole moment 
of the cell itself to be fixed, we have 


Nt Skanavi, Fisika Dielektrikov (Physics of 
Dielectrics), GITTL, 1949. 


58 Gx: 
AU; = m*-E 
hence 
dl ej Nes E 
TS dt er Oly ar 3 kT 


Averaging over all possible dipole orientations, 
taking into account the probability of finding.the 
dipoles in a given configuration, and considering 
that the internal field has the same direction as 


Ire] and I, lsee Eq.(5) ], we obtain finally 


dl 
pe) i BE, (10) 
dt z 
where 


Replacing E of Eq. (10) by its value in (5)! 


t (Ure (dt) = — "01 fo pies (11) 


+B Bloen + BeBly: 


To solve (11) it is essential to express ie in 


terms of E.. and /re]. 


For the general case, 
m’ 


= 
f, = >, oh Np%,F, a NaF, -f- 


k=] 


ie SCA Sn 
Here «), «9----«,,7 are the elastic polarizabili- 


ties. Introducing,as before, an averaged 
acting field 


(12) 


+ 
= 
x 
R 
<3 
=% 
th 
x 
ee 
TMs 
oy 
Bos 
Sa) 
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The sum in the brackets can be replaced by the 
product of the equivalent quantities Meqeq y 


i =. o do 


q eq 


(13) 
Using (5), (11), and (13), and making some 


simple transformations, we obtain a fundamental 
equation 


7 (4,1 (dt) = —!rei [1 —BB(1 + A)] 
+h BC + A). 


(14) 


Here 
A = 8s" ca%eal(h——p2 Meq ed (15) 


Solving Eq. (14) for the case of a static field, we. 
obtain 


fs ets B (1 - A) (1 al entries) cae 


where 


y= 1— 2.84), (16) 
and the quantity 0=r/y is the time constant of the 
relaxation polarization. 

If the external field is periodic and in its 
steady-state we obtain: 


E = Fei, I 


at ep = I mei(t8), 


For the case of linear polarization we have 


t ( dl oy / at) —— torl oy (17) 


Equating (17) and (14) and separating real and ima- 
ginary parts, we get 


«B+ ALS 


rel wad + wt? or 


B(i+A)or#,, 


(18) 


Using the relationships 


ef = 1+ 4rf* 2, /£,, and e* =e! — ie”, 
where ¢* and /* are the complex expressions for 
the dielectric constant and the total electric 
moment per unit volume respectively, and making 
use of Eq. (18), we obtain, after separating the 


real and imaginary parts of the expressions for 
e' and e": 
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4A, dB (1 + A) (1 + (BxlB2) A) 


e! =— ] a Bs + yb or? z (19) 
et wo AratB (1 + A) (4 “- (B1/B2) A) 

a a (20) 

For @ ~ o we have 
e,, = 1+ 4cA/,. (21) 

For @ = 0 we have 
ees 4mA , 4nB (1+ A) (1+ (B1/B2)A) 
gies tr Bs +r ay, : (22) 


Using Eq. (21) and (22), as well as (19) and (20), 
we can express e¢’ and e” interms of €, and 
€e ( the dielectric constants at zero and infinite 


fréquency) * 


: (Eg €..) ¥* 
ees at (23) 
” (Eo - Eo0) QTY 
~ v2 wee? (24) 


It follows from Eqs. (23) and (24) that 


ec” @T (Ey — E,,) ¥ 


nN 
an 0 = —- 7 
: ec Egy? + €,,07 Tt? 


whenever the conductivity is low. 

The frequency-temperature value at which tan 6 
is maximum can be obtained by differentia- 
ting tan § with respect to w7 and setting the 
result equal to zero. This value is: 


(®t) m = Ve [eosy: 


Comparison of equations (19) and (20) with (23} 
and (24) yields 


&) — 00) 1 = 4eB (1 + A)[1 + (81/82) A]. (25) 
The relationship between the quantities 61, (, 
y, and B can be found by using Eqs. (16), (21), 
and (25). This relationship is of the form: 
Amt (Eo — Eco) bee (26) 
Feet ep ee 
* If y= (€q + 2)/(€ 9+ 2), Eqs. (23) and (24) reduce 


to the corresponding Debye equations. Substituting 
the value of B obtained from (28), we get for (26): 


Bylego— 1) + 4r 

vB €o—1) + 4 
The unknowns in (26) and (27) are £1, Bo, y; 
and B= N'. m-m* /3kT. . The value of B can be 


determined from F'réhlich’s basic equation for the 
polarization of dipolar substances 


(27) 


(9 — &,,) (2€9 i E65) ae Ag mm* 
9e, ap BS De Serae (28) 


Substituting the value of B obtained from (28), we 
get for (26): 


48n2e 
By : 


TL feed) Ota eo (oe ce Aten Oe 


4r 


> (€o —1) : | 


If the dielectric consists of a mixture of a polar 
polycrystalline compound and a non-polar filler, 
this will affect, to first approximation, only the 
value of B In this case B can be determined from 
Kirkwood’s equation, obtained for the case of a 
mixture of a polar polymer with a non-polar one’. 
This equation has been generalized by us, in 
analogy with Fréhlich’s equation, to read: 


(cy —1) ert 1) Co Cn +1) (gg | 


Gey 925, 


Ar m-m* 
ST ae 


In this case we obtain, instead of Eq. (29), the 
following expression: 


48r7€9€ 4 
Ny ee ns 2 
ioe (2e9¢,, + 1) (eo — 1) [47 + Ba (Eo — 4) ee 
Ar 
an (¢¢—"4) 
If one of the three quantities sere or y is | 


known, Eqs. (27), (29), and(31) become the basic 
equations from which the other two quantities can 
be determined. 

In the general case, the coefficient By can be 


determined from Eqs. (15) and (21): 


”) 
4 J. Kirkwood and R. Fuoss, Journ. Chem. Phys. 9, 
329 (1941) 
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If the fields E, differ little from the averaged 
field E, Eq. (12) yields 


NjXr 
Meg heq= pa ut 
— 


hence 


B, = (> na) — 4n (Eo — 1)7}. 


Consequently, if the concentration and polariz- 
abilities of the elastically-polarized particles are 
known, the coefficient 82 can be determined; then 
the coefficient 6] and the parameter y can be 
expressed in terms of €, and €,; 1-€., the stated 
problem can be solved, On the other hand, if the 
composition of the dielectric is complicated and 
unknown, the coefficient / cannot be calculated 
with sufficient accuracy, and an expression for the 
internal-field coefficients in terms of €, and eg 
can be derived only for special cases. 

For the special case of dielec rics that contain 
no ions (for example, organic substances), i.e., 
dielectrics having only electron-displacement 
polarization at w ~ © , it is possible to assume 


B, a 4x/3. 


In fact it follaws from Eq. (4) that 


4 4 4 un 
E=E,y+ 3 lat shy te” aq + Eada 


where 


E’ 
add = op Cinei; 


J) 
iMa 


4 
m’ ¢ 


i 


m’ om 
" 4 fe 
E ada = 7D >) onCinEi. 


i=] k=1 


If ®-o 


sas 4n a 
eee asia Loe add 


It can be shown’ that a dielectric having polari- 
zation of the electron-displacement type, and having 
a low refractive index, obeys the Clausius-Mossotti 
equation. It is therefore possible to assume for 
this case 


uN 
E ada ~ 9, 


i.e., the electron polarization does not contribute 
to E , and consequently it follows from (7) 
that f= 47/3. In addition, if ¢, has the 
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usual range (2-4), then 


m 
Dy Mii 
t=1 


corresponding to n~1022cm3 and «~10-23 em3, 
which are of the correct order of magnitude ( the 
electron polarizability of a molecule of solid 
dielectric equals approximately the cube of the 
molecular radius’). Using this approximation ({, 
= 47/3), we obtain the following expressions 


instead of (29) and (23): 
4n [Veg — (€,, -+ 2) (20 + €,,)] 


3 (eu 41) 


ae) aE (ex +2) om 0.1, 


i (2&9 + E65) (Eg + 2) (Eo — 1) ” bey 
Ar [Vege — (2£0&., + 1) (€,, + 2)] 
yh (2e9¢,, +1) (E. + 2) (eo—1) ” (33) 


These permit determining A and y[ from Eq. 
(27) ], provided €, and e, are known. Obviously 
A, # 4/3 and y # (ey +2)/(€o+ 2), and the 
resultant equations differ considerably from the 
known Debye equations. 

Equations (32) and (33) make it possible to 
study the variation of 6] with €y and eq. It 
follows from (32) that 8, = 0 whenever 


9 = Feo (Eo + 2)/(5 — ea). (34) 
This condition can be satisfied if €, varies 

between 1] and 2.5 (er varies accordingly between 

1 and »). As €, varies within this range, the 

sign of 8, depends on the value of €9: if €9 > €m 


> (€,, 42)/(5-2 €g), then £1 >0; otherwise £6] < 0. 
On the other hand, if €,, > 2.5, then 4 <0 
always (Fig. 1). Equation (32) can be represented 
graphically by a family of curves 6] = ¢(€o) for 
various values of the parameter € 4. Fig. 2 shows 
such curves for €q =2,3, and 4. It can be seen 
from Fig. 2 that if €~m > 2.5 the absolute magni- 
tude of 8) diminishes as €, increases, and that 
it passes through its maximum when €q@ < 2.5. 

If a polycrystalline dipolar dielectric having 
only electron and dipolar polarizations satisfies 
Eq. (34), the average field acting on it can be 
shown to equal 


Ex? +S |, (35) 


the presence of relaxation polarization notwith- 
standing. Such dielectrics obey the following 
simple relationship between €, and €q: 
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Ey — 1 4 - 
Ses ee =| Dine sive “tf 
where «re] = M-m*/3kT is the relaxation polariza- 
bility of a single crystal cell. In these cases the 
parameter y becomes unity [see Eq. (27) ] and 

the calculation of the characteristics of the relax- 
ation polarization is considerably simplified 5 . 


Fig. 1. Graphic representation of Eq. (34): 
I—domain values of Eo and €,, for which 
A> 0; III and IV-6 <0; curve II corres- 
ponds to the condition A\=0. 


Fig. 2. Variation of 8 with €_ for various 
constant values of €, [Eq. (32) ]; l—¢.=2; 
Il-e,=3; IHl—e, =4. 


5 G.I. Skanavi and A. N. Gubkin, J. Exper. Theoret. 
Phys. USSR 27, 742 (1954) 


Equation (33) permits analogous calculation of 
the coefficient 6, for a mixture of polar and non- 
polar substances. Computations show that the 
coefficient (, can vanish also in this case; 2} 
is always negative when €q > 2.5, and decreases 
in absolute magnitude with increasing € 9 for a 
given value of €q~ ? 2.5. 

If e, is sufficiently large, 6] may become a 
very small quantity; this holds for both pure 
dipolar polycrystals [Eq. (32) ] and a mixture 
of polar and non-polar substances [ Eq. (33) } - 
Thus,for example, if ¢~ =3 and e9=100,a 
value £) =-0.01 is obtained from both equations 
(32) and (33). The negative sign of the coeffi- 
cient {1 indicates that the relaxation polarization 
reduces the acting field. 

Knowing the coefficients (1 and £2 of the 
internal field, it is possible to determine from Eq. 
(5) the extent to which the acting field deviates 
from the acting macroscopic one. In fact, assum- | 
ing as before Bo = 47/3, and using 

&.,—1 


h=- Hee and  °/- a= Sicnio k 


4r Fell jem Gr avis 


where ¢’ is the dielectric constant for a given 
frequency ©, it is easy to obtain an expression 
for the acting field in terms of its average ma- 
croscopic value: 


Eq + 2 (e’ — €,) 
E= E aie bc) € 7" \Ewv: (36) | 


Evidently this expression differs from the 
corresponding expression for the case when the 
internal field equals the Lorentz field: | 


et #2 
b= ee (37) 


If «= 3, €' =15, and A, =-0.1, Eq. (35) yields 
E= 1.6E _. while Eq. (37) yields E= 6E ,, for the 
same case. On the other hand, if A, = 0 [see | 
condition (34) ], we obtain L= [ Ce. +02) /S)E me, . 
which corresponds to the acting field (35), oot 

Thus,in the case of a clearly pronounced relaxa-. 
tion polarization, the acting field differs much 
less from the average macroscopic field than from 
the acting Lorentz field. | 

Table 1 lists the values of coefficient (j and | 
parameter y computed in the manner given above | 
for oleo-waxes of various degrees of plasticity, 
using data from our previous work 9. 

In the case of oleo-wax compound 1, which con-| 
tained the minimum amount of the amorphous i 
phase, the coefficient 


was computed from Eq. 


(32). Equation (33) was used for compounds 2,3 


Ae A et ASS, = 


et 


th 


i. 


tc 
tk 
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Table 1 


Experimental 


data® 


Hydrogenized 
castor oils 
(oleo-waxes) 


Compound 1 
” 2 

3 

4 


Frequency corresponding 
Hydrogenized to maximum tan 
castor oils 


(oleo-waxes) 


Compound | 


Relaxation time 


6 Natural 
10°.7 sec. 


Activation 
energy, U. frequency 


eV sec 


and 4, which contained some amount of amorphous 
non-polar filling. For the sake of comparison, the 
table contains the values of the coefficient y = 

( cpt D/ €, #2). 

It is evident from table 1 that the coefficients 8, 
and y, obtained with the above method from 
experimental values of €w and €o, differ sharply 
from the values 4, =47/3 and y=( €, + 2)/(e€,+ 2), 
used in the theory of relaxation polarization and 
based on the use of a Lorentz acting field. 

Once the coefficient 4; is determined, the 
general equations for computing the characteris- 
tics of relaxation polarization 5 can be used to 


, find the activation energy, the relaxation time, and 


the natural frequency of the dipolar unit cell. Such 
computations were made for the four oleo-wax 
compounds at two temperatures (Table 2). 


It can be seen from Table 2 that the relaxation 
time is of the order Of 10° seconds for oleo-waxes 
of various degrees of plasticity, and hardly 
changes with the composition of the substance. 

On the other hand, calculations in which the inter- 


nal field was assumed not to differ from the 
Lorentz field? show a gradual increase of 7 with 
the plasticity of the compound. The activation 
energy decreases as the plasticity of the compound 
increases. In all but compound 4 the activation 
energy obtained is somewhat lower than the value 
obtained by previous computations». As the plas- 
ticity of the compound increases, the natural 
frequency of the dipolar unit cell drops from a 
value on the order of 1011 to values on the order 
of 10? sec-!. Compared with the natural frequen- 
cy computed in reference °, the results obtained 
by the method given here are lower by approximate- 
ly a factor of ten. 

The method given in refernce > for computing 
the increase in the relaxation time does not 
involve the internal field. The method is thus 
applicable also to the present case. On the other 
hand, application of the theory of absolute reac- 
tion rates (see°) gives results that differ somewhat 
from those obtained when the Lorentz field is used, 
inasmuch as the use of a different internal field 
causes that theory to be premised on different 


INTERNAL FIELD IN POLYCRYSTALLINE DI POLE DIELECTRICS 63 


Table 3 


Hydrogenized 
castor oils 
(oleo-waxes) 
Compound 
Compound 


Compound 


Compound 


Relaxation 


time, 7.10 
seconds 


2.0 
0.6 
1.9 
0.8 
4 
Ong) 
LUZ 
1.0 


AF, kgm- 


calories 


AH, kgm- 


calories 


5 
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values of relaxation time 7. 


Table 3 lists the values of the difference in 
heat content, difference in entropy, and difference 
in free energy for an internal field differing from 
the Lorentz field. It can be seen from Table 3 
that the absolute magnitudes of the activation 
entropy are higher than those obtained in reference 
5. This can most probably be explained by the 
fact that the present work accounts more fully for 
the interaction between the dipole groups. 

The method presented above for determining the 
internal-tield coefficients can also be used for 
liquid dipolar dielectrics. It would then be 
necessary to consider the polar liquid molecule 
instead of the dipolar cell of the crystal. 


m= p, m* = u*, 


where// is the dipole moment of the molecule, and 
i* is the dipole moment of the sphere surrounding 
"a given molecule, provided its dipole moment has 
a fixed direction; since all dipole directions are 


equivalent in a liquid, we have ™-m=f72*. 

In this case, Frohlich ‘s general equation (28) 
reduces to Kirkwood 's equation for polar liquids 
(see) 


(Co = 0) (260 + feo) _ mt ay wr 
Gey = 3 9 3eT” 


where NV, is the number of dipoles per cm®, and 
the quantity B entering into the relaxation equa- 
tions equals 


yep* 
B —— No “3pT° 


Taking the above into account, it is possible to 
derive analogously Eqs. (29) and (31), which will 
then be valid also for liquid dielectrics. 


Translated by J. G. Adashko 
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A description is given of a polqusn chine light meter and the special characteristics of 


meters with platinum, aluminum an 


1. A Pine photon meter?, which at this time 
is the most sensitive instrument for 

the measurement of ultraviolet light, is used suc- 
cessfully in many investigations that require the 
precise determination of low intensity light. The 
mass production of this instrument is impeded by 
the large number of rejects. A considerable num- 
ber of these rejects suffer from too steep counting 
characteristics and instability. A long aging proc- 
ess is required to make them acceptable. Stabi- 
lization of counting characteristics may be achieved 
by the use of quenching (gas) mixtures of the type 
used in selfsquenching meters”. 

In this paper we describe aself-quenching photor 
meter with very stable counting characteristics and 
good sensitivity that can be used industrially. 
Tests on the production of self-quenching meters 
under laboratory conditions indicate that if the 
proper technical production methods are used,one 
may expect perfect output and good reproducibility 
of meter characteristics. 

We made and tested about 40 such self-quenching 
meters. Their utilization in the laboratory and 
under field conditions over a period of several 
years indicates good stability and working de- 
pendability. Cases of changes in the properties of 
properly used meters were not observed. 

Figure 1 shows the scheme we used for our self- 
quenching meter. Other similar circuits are pos- 
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JOOV 300V 300V 
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Fig. 1. Circuit diagram of the meter 
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magnesium photocathodes. 


sible. Three batteries connected in series served 
as a source of voltage. The voltage could be 
varied between 600 and 900 volts by means of a 
two megohm potentiometer. This interval was suf- 
ficient to cover the requirements of all of our light 
meters. An electrostatic voltmeter was used to 
measure the working potential. The output termi- 
nals of the meter circuit were connected either to 
an oscillograph or to a counting circuit. The mag- 
nitude of the pulses put out by the meter circuit 
was of the order of one volt. 

2 The meter is of cylindrical form. The body 
consists of a tube, the mid part of which is made 
of quartz and the ends of molybdenum glass. The 
two are joined together by means of transition glass. 
The cathode material is chosen to satisfy the 
spectral requirements of the meter. We used plati- 
num, aluminum and magnesium. The tube is filled 
with 85 % argon and 15% methyl or ethyl vapor to a 
pressure of 65 to 70 mm of Hg. The entire tube is 
then encased in a metal setting and provided with a 
two prong socket. 

3. The magnitude that correctly and uniquely 
describes the light sensitivity of the meter-is the 
ratio of the number of impulses in the meter cir- 
cuit produced by the incident light to the correspond- 
ing number of photons. This magnitude €) is given 


by 
(1) 


where N) is the intensity of light in quanta per 
second, that is,the number of quanta of a given 
wavelength that pass through the cell window per 
second, and 7) js the difference in the number of 
pulses per second when light shines on the meter 
and the number of pulses per second in the dark (due 
to background radiation). The magnitude €) may 

be identified as a measure of photoelectric emis- 


sion _ only if the meter is 100% efficient, that is, 
if each photoelectron is counted. 


The magnitude €) will now on be called the” 
spectral sensitivity of the meter. The determination 
of €) in absolute units depends on the determina- 
tion of N), a difficult measurement, Particularly 


€,=1)/Ny 


SELF-QUENCHING LIGHT METER 


in the ultraviolet region. It is not convenient in 
this connection to use light sources of known 
spectral energy distribution (such as models of 
black body radiators, or incandescent lamps), be- 
cause the changes in the emission characteristics 
of ordinarily used emitters (tungsten,for example ) 
leads to large and unknown errors, particularly in 
the ultraviolet and infrared regions. To test the 
sensitivity of our meters,we used light sources 
whose spectral characteristics were determined in 
absolute units by means of sensitive thermal (ra- 
diation ) detectors. (This method, previously de- 
scribed by one of the authors was reconfirmed 

in the present work.) Then, with the same ex- 
perimental arrangement and a fixed attenuation of 
the source, the meter was substituted for the 
thermoreceptor and its sensitivity in the corre- 
sponding spectral region was measured. 

As a source of light we used a 25 watt hydrogen 
tube especially prepared for us. In some measure- 
ments we also used the Mercury-Argon tube 
PRK-2. The optical system consisted of a double 
quartz monochromator that was built up from two 
quartz monochromators of equal angular dispersion. 
The diagram of the optical system is shown in 
Fig. 2. The light source was placed directly in 
front of the input slit /. The light receptors, the 
thermal indicator of our meter, was placed after 


the output slit ///. 


Fig. 2. Schematic diagram of the opti- 
bale system for the measurement of 
meter senSitivity. 


To determine the absolute intensity of the source, 
we used calibrated thermoelements and thermo- 
piles with quartz windows followed by photoelec- 
tric amplification of the thermocurrent. A similar 
system has recently been brought to a high state of 
perfection by Kozyrev*. The thermoelement or 
thermopile was connected to a galvanometer. The 
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294 (1940) 


45. M. Kozyrev, Usp. Fiz. Nauk 44, 173 (1951) 


65 


light reflected from the mirror of this galvanometer 
impinges on a compensated photoelectric system 
having a second galvanometer in its output. The 
ratio of the current in the second galvanometer to 
that in the first represents the amplification of the 
photoelectric-optical system (the current amplifi- 
cation factor). A special check was made of the 
linear dependence of this ratio on the current in 
the first galvanometer. 


Special measurements were made to ascertain 
the spectral nonsensitivity of the thermal ele- 
ments. The results of these measurements are 
shown in Fig. 3. This figure represents, in rela- 


iy] : “ 
2100 2300 2500 2700 2900 3100 3300 3500 3700 A(A) 


Fig. 3. Energy distribution in the hydro- 
gen spectrum. 


tive units, the energy spectrum of the hydrogen 
tube, measured under similar conditions, using 

as receptor 1) the thermopile FAI, 2) the Kipp 
thermopile and 3) the thermoelement LETI*. As is 
seen from the diagram, the third receptor proved se- 
lective because, as was shown later, its surface 
blackening was defective (the reflection coef- 
ficient in the region 2100 to 2900 Awas too large ). 
The coincidence of the curves obtained from the 
first two receptors was checked by means of con- 
trolled measurements on their surface reflectivities. 
The results fully justified the interchange of data 
obtained by means of the first two receptors. 

Table 1 represents a summary of the data on the 
distribution of energy in the hydrogen spectrum in 
absolute units. These were obtained with the aid 
of the photo-optical amplifier. 

If n,, is the current measured by the second 
galvanometer in the photo-optical system (expressed 
in scale divisions ); /) the light intensity in 
ergs per second that emerges from the slit sys- 
tem /, II, Ill; d, = diy = 0.2 mm and din = 0.4 mn; 
it follows that: 


I, =n, (Ry +R.) </ By (2) 
where « = the sensitivity of the first galvanom- 


eter 
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Fig. 4. Spectral sensitivity of self-quenching light meters. ] — M-1, 2— A-4, 3 — A-3, 
4s 


A-6, 5 — P-6, 6 — P-7, 7 — P-10. 


TABLE I..Current in the tube was 25 ma 


i 


in scale 
divisions 


§ =the current amplification of the photo- 
optical system 
R,, = the resistance of the thermopile or the 
thermoelement 
R= the internal resistance of the first gal- 
vanometer 
y =the sensitivity of the thermopile or thermo- 
element in volts/erg. 
The constants for one of our systems, using the 
FAI thermopile, are: « = 0.5 x 107° amperes per 
scale division, 8 = 580.5, RK, = 30 ohms, R 
= 35 ohms and y = 10~? volts per erg. 
Having ascertained in absolute units the energy 
distribution of our source, we could then attenu- 
ate it a known amount and measure it with our 
meter. That is, we could establish the value of 
€y in Eq. (1). 
As light attenuators we used thin met al screens 
(mesh ), whose attenuation was measured very care- 


Tt 


fully . They were placed in the optical system so 
that the width of the light beam was considerably 
larger than the cell size of the screen (see Fig. 2). 
Such neutral attenuators, as was previously shown? 
give excellent results. In this way we established 
the linearity of our meter (that is, the dependence 
of ny on light intensity ) to a sufficiently high de- 
gree. 

The spectral characteristics of our self-quench- 
ing meters with photocathodes of different metals 
are shown in Fig. 4, where we plot Log €) vs. 

A in &. 
The use of platinum cathodes (meters P-6, 
P-7 and P- 10), aluminum cathodes (meters A- 3, 
A-4 and A-6) and magnesium cathodes (meter 
M-1), allow, as is seen from Fig. 4, the rather 
sharp separation of three spectral regions, 2100 


to 2800 A, 2100 to 3500 Aand 2100 to 4000 A, where 
it is particularly convenient to use the meters of 
the described type as integrating photometers. The 
results shown in Fig. 4 indicate that the sen- 
sitivity of the tested meters compare well with 
previous measurements ® and are normal for the 
photoeffect from clean metal surfaces. At the 
wavelength of 2000 A, this sensitivity is of the 
order 10“ electrons per quantum or about 7x 1075 
coulombs per calorie. 

The typical working characteristics of self - 
quenching light meters are shown in Fig. 5. The 
lower curve corresponds to the dark background 
activity, the upper curve was obtained with some 
illumination. There is a good plateau over the 
range of about 100 volts. 
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Fig. 5. Working characteristics of the 
meter. 


The dark background count of different meters 
varies between 3 and 15 counts per minute. The 
magnitude of this background activity depends, of 
course, on the size of the meter. If the working 


volume of the meter is a cylinder 1.0 cm in diameter, 
2.5 cm high, the background count is about 9 pulses 


per minute. 

In this study we did not undertake the detailed 
study of self-quenching light meters. One may ex- 
pect that the meters described in this paper will 
have characteristics similar to those of ordinary 
self-quenching meters of the type used in measur- 


ing hard radiation. 

Some of our meters that have been in use for a 
long time already show signs of aging and fatigue, 
due no doubt to the exhaustion of the quenching 
components of the gas mixture. It may also be that 
the photocell itself shows the effects of aging. 

Unfortunately, our experience to date is not 
enough for a more detailed judgement. We hope to 
return to this subject when more experience is 
gathered on the utilization of the self-quenching 
light meters. 

The design and construction of the self- quench- 
ing meters was done at the Institute for Physical 
Problems, Academy of Science of the USSR, by 
A. I. Shal’nikov and M. S. Khaikin. The measure- 
ments of the spectral sensitivity of the meters were 
done at the Institute of Physics, Leningrad State 
University, by F. Rodionov. 


Translated by M. M. Kessler 
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When radiation damping is taken into account, a qualitative improvement is obtained in 
icture given by perturbation theory in the lowest nonvanishing order (the appearance 
of pharacteristic maxima in the energy dependence of total cross sections, etc.). How- 


ever quantitative agreement with experiment is still lacking. 


XPERIMENTALLY, scattering of mesons by 

nucleons has been studied by various methods 
1-3 (see also review article of Silin and Fainberg*) 
Mesons of bombarding energies from 35 to 230 MeV 
have been considered. We shall not enter into the 
well known results of these investigations, but 
will only point out twe characteristic features, 
namely, that at low energies (£ = 35 MeV) the 
following relation is satisfied “ by the cross 
sections: 


o(*)- 6M) +o) > 2:1: it 10d, o(B), 


whereas at higher energies (KE. = 120 MeV) this 
relation takes the form: F 


o(#) + 6) =o) 9:2:1. 


Here o&),06), oY, represent cross sections for 
the following processes,respectively, 


1 piece Ae 97), 
Ta) > el, 


nm t+ pwn. 


There are known in literature various attempts 
at theoretical explanation of the data on scattering 
of mesons by nucleons‘. In the article Biswas? , 
the conclusion is reached that, by taking into ac- 
count radiation damping, a picture is obtained for 
the scattering of mesons by protons that is close 


1 * 1 
H. L. Anderson, E. Fermi, R. Marti , and D 
Phys. Rev. 91, 155 (1953) ee aa 


2 
C. E. Angell and J. P. Perry, Phys. Rev. 
hoes y y ev. 90, 724 
3 A. Roberts and J. Tinlot, Phys. Rev. 90, 951 (1953) 


4 V. P. Silin and V. Ia. Fainberg, 


Usp. Fiz. 
325 (1953) sp. Fiz. Nauk 50, 


5S. N. Biswas, Ind. Journ. Phys. 26, 617 (1953) 


to experiment. We shcw below that this conclu- 
sion is wrong. The results of Biswas are essen- 
tially based on conclusions reached in the works of 
Cornaldesi and Field ©»? where errors were comit- 
ted in performing the reduction over spin states 
(when deriving the differential cross section). As 
a result of these errors pseudoscalar coupling led 
to an increase of the total scattering cross section 
with an increase in the energy E, of the bombard- 
ing meson. This contradicts the results of 
numerous other investigations. 

In the present work use is made of the theory of 
radiation damping in a covariant form. All 
calculations are performed according to the perfect- 
ed methods of perturbation theory 8-1); a pseudo- 
scalar meson field is chosen and the coupling 
between the meson field and the nucleon is taken 
to be a linear combination of pseudoscalar and 
pseudovector couplings. 

To calculate the radiation damping (which is the 
purpose of this work) one must solve the integral 
equation which defines the scattering matrix R: 


R= K—~(i/2) KR. 
Equation (1) follows from 


(1) 


S$ =1—iR, S=(1—zK)/(1 +74) 


where S = 1 + > Sn is the unitary collision 


con=1, 
; - Vere 5 A.0 
matrix, /K( — » Ky, 1s a hermitian operator (see 
1 n=0 
Schwinger ‘?  ), 


©. Corinaldesi and G. 
(1949) 


Di, Corin ld 1 G. ield Ph il. ag. 
aides and I 1 M > 


8 J. Pirenne, Phys. Rev. 86, 395 (1952) 


°N. Fukuda and T. Mijazina, P. Th 
849 (1950) J , Prog. Theor. Phys. 5, 


10 FP Dyson, Phys. Rev. 75, 1736 (1949) 


Bedih, 1 Feynman, Phys. Rev. 76, 749 (1949) 
127 Schwinger. Phvs. Rev. 74 1420 (10,40\ 


Field, Phil. Mag. 40, 1159 


SCATTERING OF MESONS BY NUCLEONS 


We solve Eq. (1) in the lowest nonvanishing 
order of approximation for second order processes 
(scattering processes), i.e.,the equation 


R, = K, — (i/2) KR, (2) 


where A, is the first nonvanishing term in the 
expansion of K. In the second term on the right 
hand side of Eq. (2) a sum over all intermediate 


states of the same energy and charge is understood. 


To obtain the scattering amplitude one needs a 
clear picture of Ky. It is known® that K, =iS,; 
thus, given the matrix elements of S 
obtain those of K,. 

As is well known one obtains from Eq. (2) an 
integral equation containing a nonseparable kernel 
which leads to well known difficulties in obtaining 
a solution. However, taking advantage of the 
smaliness of certain quantities (for example the 
quantity x, = 2 / Che m 2): for Ey < 180 MeV 
we have x, £1/8), one can obtain an approximate 
integral equation with a separable kernel. For 
process («) this equation is: 


9 > we can 


X i(8) = = M ({( G,— %,c0s OF te — 1) (3) 


— 22(y + 1)(1 + x, cos Ayla — x, cos 8) 


— iw [G: — x, cos § cos "(a7 te —1 ) 


— ly + 1)(1 + x, cos 8 cos 0") | 


(Et, + M)Xpi(6')sin 6'a 0" } 


where / = momentum of the meson or nucleon in the 
center of mass system; p, M the masses of meson 
. and nucleon; €¢, E total energies of meson and 
nucleon; g, f pseudoscalar and pseudovector Cou- 
pling constants , respectively, 


h=c=1; G, = f(E, ent); 


Equation (3) is reduced by standard methods toa 
system of two algebraic equations. The matrices 
are assumed to be numbers close to unity. The 


4 VA 
 sdlution of Eq. (3) has the following form: 
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Wi A+iB , iBy 
Xn = is MAO + Trig + PSB cos 6] 
C+iID ,G+iD, 1 4 


where 


fi (8) = 5 + Bs cos 8 + 73 cos? 6; 
- > 2 
Fe (8) = % + By cos 9 + 74 cos 6, 
and A, B,.. Ys : a: are expressions depending on 
Ei 6Ly, @, f2. 

The integral equations for processes (3) and 
(Y) reduce to a system of four algebraic equations; 
the solutions are similar to (4). The differential 
scattering cross section, for process («),for 


example,looks as follows in the center of mass 
system: 


(2) ARM 2 
f= Sal Xn Ol. 


Since the resulting expression for the differential 
scattering cross section is very cumbersome, we do 
not write it out in full. 

For purposes of numerical calculations we write 
the differential scattering cross sections as fol- 
lows: 


d3/dQ =x (A, + B, cos 0 + C, cos? 6 (5) 
+ D, cos? 6 + E, cost 6 + F, cos® 0);. 
di\)/dQ = x(A, + B, cos 6); 
ds) /dQ —-»% (A. + B; cos 0 -L Cr ROY 
+. Ds cos? 0 + E,cos* 6 + F; cos® 6), 


where 


Fath: Ae M xy EB. M 
ec) We ae aa 


and A, =A, +Af,...; Fy =Fy + FQ. 


Here, the first term in 4.,....,f is obtained by 
neglecting radiation damping, the second being the 
correction due to the damping. 

Differential cross sections were computed for 
two energies E --42 and 112 MeV -- of the bombard- 
ing meson in the laboratory coordinate system. 
Numerical estimates have shown that the coeffi- 
cients C,, D,, E,, ae ee E,; is are small in com 
comparison with Ay; B,> Ass Ass Ba, Cr Assum- 
ing that at low energies (E,= 42 MeV ) the influence 
of radiation damping is small, and comparing 
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numerical data with those of other authorsl-3 we 
obtain in an unique way the constants y and fe 

The numerical data indicate that values y < 0 
are unacceptable, because they do not lead to 
values of g (Yo) as Bien by experiments 
The calculation gives o ‘)/ of) > 1 for E, = 42 
MeV, whereas the experimental value is orike 
order of %; in addition, do‘*)/dQ shows a sharp 
forward directionality for y <0. It also follows 
from the numerical data that y = 10 and 8 are in- 
admissible values: for these values of y, the total 
scattering cross sections increase with the energy 
of the bombarding mesons more slowly than the ex- 
periments indicate 1“? . Using the value y = 1.5,we 
get satisfactory agreement with the experimental 
value of a‘) /(g'F) + of), namely : a) /(¢ (P) 
an eels a0): 

As far as angular distributions are concerned, 


one finds that with y = 1.5, E,= 42 MeV, do) /dQ 


indicates that the mesons are scattered predomi- 
nantly in the backward direction, do (8)/ dt} ' 
indicates an isotropic distribution, and do a /dQ 
indicates that the mesons are scattered in a back- 
ward direction, in the center of mass system. At 
low energies angular distributions have not been 
directly measured and therefore it is not clear 
whether the above results contradict experiment or 


Zao 


Note added in proof: Analogous results are obtained 
in the recently published paper by Zharkov?? , 
where the same problem is treated by different 
mathematical methods. 


13¢.F. Zharkov, J. Exper. Theoret. Phys. USSR 27, 
296 (1954) 
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not. However the few investigations 2,3 (see re- 
view article, reference 4) indicate that in the 
energy region E, = 30 MeV, and for small angles, 
the interference'between nuclear and electromagnet- 
ic interactions must be considered. 

The results obtained for angular distributions for 
E. = 42 MeV are qualitatively valid also for 
E = 112 MeV (disregarding damping). In this case 
tHe coefficient C, in do ‘)/dQ is relatively small, 
although the angular distribution indicates a back- 
ward directionality. 

We note that the relation between the coefficients 
A,, B,, C,, in Eq. (5) for do'Y)/dQ ( A, <B, < 
C. ) is the opposite of that for do(«)/dQ, i.e., closer 
to the experimental results. Furthermore,the calcu- 
lated do?)/ dQ disagrees with the angular distri- 
bution of 77 - mesons as given by experiments: 

7 -mesons are scattered mostly forward. Also, the 
calculated value of a («)/ (a (6)+ a (y) disagrees 
with the experimental value. 


Using the best values of the constants: y = 1.5, 
f?=0.51, one can compute the coefficients Ay er 
F,’ , which account for the damping. The correc- 
tions due to the damping turn out to be of the order 
of a few percent; hence it is clear that they cannot 
change the relation o(*)/(¢ (4) + o (%) < 1 which 
we obtain for FE = 112 MeV and y = 1.5, and there- 
fore cannot explain the experimental relation » 

a *) /( oP) 46'7) ) = 3 forE, = 120 MeV. 
We therefore deduce that quantum theory of radia- 
tion damping in the above treated approximation 
does not lead to quantitative agreement with ex- 
periment, although it does predict certain qualita- 
tive features (for example, the passage of the total 
cross section through a maximum, etc. ). 

The author wishes to thank Professor M. A. 
Markov and A. M. Baldin for continuous help and 
interest in this work and also J. A. Lebedev and 
L. Ia. Zhil’tsov for performing the numerical calcu- 
lations. 
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Upon heating of nickel wires by a current of 6x 104 - 


5x 10° A/cm2 phenomeng were 


discovered which were of the same nature as those previously observed in tungsten 
Moreover, upon investigation of the dependence of the wire resistance R on the introduced 
energy E, discontinuities were discovered in the curve R = R (E). The location of these 
with respect to resistance and energy does not change with a change in density of the 


heating current (Ni, W, Au, constantan). 


An investigation of emission showed that a 

U (Ni, I i n anom- 
alously high emission from unbroken wires can drop even if the rate of ener 

wires exceeds the energy losses at melting point temperature in the case ole 


arrival in the 
stationary heat- 


ing. Data are supplied, characterizing the speed of emission decay after interruption of the 


heating current. 


I N the experiments considered below, the previ- 
ously applied method !-3 of recording and com- 

pilation of oscillograms was improved, thus in- 

creasing the accuracy of the data obtained. 

We recall that Vp(t) =i (t)R(t) - the voltage on 
the examined wire and V(t) =i(t)r - the volt- 
age at constant resistance r permit: us to find the 
current i(t) = ie (t)/r, the resistance of the ex- 
amined wire R(t) = [ Va(t)/ V (w)\r and the energy 


entering in the time ¢ 


ba 
E(t) = \ Vel V, (dat, 


ty 


where ¢, is the time of switching on of the heat- 
ing current i. It is assumed that the rate of ener- 
gy arrival considerably exceeds its losses i* > i, 


( ue is the maximum current, which the examined 
wire withstands on steady-state heating, i.e., the 
current which compensates for maximum losses). 
For nickel of 0.015 cm diameter in vacuum 7 
=A, in airi = 3A. 

Experiments on emission measurements were 
made according to the scheme shown in Fig. 1. 
The anode current /_ from the examined wire was 
determined from the oscillograms of the voltage 
V (t)= Pal Cd); decreasing at a constant resist- 
ance /.. 


1§. V. Lebedev and S. E. Khaikin, J. Exper. Theoret. 
Phys. USSR 26, 629 (1954) 

25. V. Lebedev and S. E. Khaikin, J. Exper. Theoret. 
Phys. USSR 26, 723 (1954) 

3S. V. Lebedev, J. Exper. Theoret. Phys. USSR 27, 605 


1954) 
il 


To Pump V, 


Fig. 1. Schematic of emission measure- 
ments. R - examined wire, A - anode, V_ - 
anode battery, Pa - a constant resistance, 
O - oscillograph. 


1. DEPENDENCE OF THE RESISTANCE ON ENERGY 


Nickel wires were heated in transformer oil, air 
or vacuum by current pulses of high density. Qual- 
itatively, the shape of the oscillograms le (t) 


= i(t)R(t) obtained here, coincides with corres- 
ponding oscillograms taken on tungsten (Fig. 2). 
The presence of a region of small dR/dE fol- 


lowed by a jump R at the moment ¢ - an explosion- 


is characteristic for these oscillograms (in our 
oscillograms a small dR/dE corresponds to a 
small dV,/dt and a jump R corresponds toa jump 
V 2) Breaks in the oscillogram* as shown in Fig. 
2. are designated by the numbers J, 2, 3, 4, 5 and 


* The presence of sharp breaks in the oscillograms 
V(t) shows that the changes dR / dt take place simul- 
taneously through the whole volume of the wire or, in 
any case, in the major part of its volume. herefore, 
the oscillograms characterize a change in the specific 
resistance of the metal under investigation. 
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Fig. 2. Oscillograms Vr (t) = R(t)i(t) 
(top curves) and bs (t) = ri(t) (bottom 
curves ) for wires of length / and diameter 
d in oil. 

Zs Nickel: d= 0.008 cm; 1 = }.1 cm; 

i(t y= 10° A/em?; r= 2Q, sensitivity 
of the oscillograph a = 75 V/cm (ap a. 
=a), time scale b = 7.9 x 10> sec/cm. 


b- Tungsten: d = 0.006 em; 1 = 0.46 cm; 


i(t,)=1.8 x 10° A/em’; r=20; a 
=75V/em; b=7.9x 10° sec/cm. 

c- Nickel: d=0.015 cm; / = 2.15 cm; 
j=5x 10° A/em?; r =0.50; the time 
markings are made with a frequency v 
=7.7X10 “sec, At the start of the 
photograph 2p = 470 and a. = 425 Vicm, 
at the end ap = 440 and a= 385 V/cm. 
The zero lines are parallel Straight lines 
forming a continuation of horizontal seg- 


ments at the start of the oscillograms. 


In tests 2c; 3a; 3b; 3c, the zero lines for 
V_(t) also go through a horizontal part at 
the end of the oscillogram V, (t) [ the end 
of the oscillograms "R (t) in these tests 


is above the zero line }. 


they correspond to time intervals ¢., t,, t,, 4, 


te. The Figure 5 (or te) marks the moment pre- 
ceding t_ in cases where the jump R is not visi- 
ble or not clearly expressed. The character of 
the change in the shape of the oscillograms of 
nickel and tungsten as a function of a change in 
current density is the same: the ratio of the time 
interval t, - ¢,, during which dR /dE is small, 
and the total heating time ¢_ - t, decreases with 
a decrease in current density j (Fig. 3). When 
j decreases below 2 x 105 A/ cm? in the oscil- 
lograms for nickel (Figs. 3d, 3e) the region of 
small dR/dE is not visible. Unlike the region 

t > t,, the dependence of R on £ in the region 

t <t, is not altered by a change of j from 

6 x 104 to 5 x 10° A/ cm?. 

A break in the curve R(E ) can also be seen in 
oscillograms for nickel as well as at point 4 at 
point 3. Up to this point no peculiarities in 
the dependence of K on E can be seen, while 
R(t.) =R,x RY and E(t,)=E,~ Wy, i.e., the 
values of resistance and energy in point 3 are 


such as would normally correspond to a start of 
fusion(R* and Ri are the resistances of the 
m 


wires at the melting point temperature in the sol- 
id and in the liquid state, W - the energy to heat 
it to melting point temperature, W, | the heat of 
fusion). The energyentering the wire in the time 
interval t, - t, is approximatley equal to W,, .. 
but the change in resistance during the transi- 
tion from point 3 to point 4, R,/R,, is found to 
be smaller than the tabulated value * of ime / 
Rese Actually, according to tabulated data for 
nickel wire of 0.015 cm diameter, per centimeter 
length, Ve = 1.39 joule, W,, , = 0.46 joule, Road 
Rep = 1:94 (the value Ri /RS = 1.94 is 
quoted in reference 4 on p. 295. Data on the re- 
sistance of liquid nickel are shown below in Ta- 
ble 2. Values of W,, and W,. . are taken from 
Seitz®, p. 30, and reference 6, v. 1, p. 129. But, 
according to data obtained in our experiments, 


rt F : F s ; 
Monee sn of Metalphysics, edited by Masing, v. 1., 


5 
F. Seitz, Modern Theory of Solid State 


© Technical Encyclopedia, Tables of phys. - chem. 
and technological data, Moscow, (1934) 
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Fig. 3. Oscillograms Vp (t) (upper curves ) current density; 1 and d centimeters; 
and Bs (t) (bottom curves ) for nickel and v- sec };r- Q: a- V/cm and b 
tungsten. 6 sec/cm - average value of sensitivity 
a- Nickel: 7 =5 x 10° in oil (d= ee and time scale. In experiments 3d and 
1=1.8; r=0.5; a= wee b= 2.6.x 10-”). 3e the zero lines were traced during the 
b- Nickel: j = 2x 10° in oil (d= poe writing of the oscillogram. In all other 
i=2.35; r=2; a= 160, v= 2.6 x 10°). oscillograms the location of the zero 


lines is explained in the caption of Fig. 2. 
-c¢- Nickel: j =7.10° in oil (d = 0.015; 


1 = 2.85; r= 1.22; @=117;v=2x 10*) E, = 1.40 joule ~ W,; E, = 1.82 joule y WV, 

d- Nickel: j = 2x 10° in air (d = 0.015; + aes R, = 0.36 & Re Ry = 0-46. Conse- 

1 = 2.85; r= 0.72; a= 64; v=5 x 10°). quently R ,/R, = 1.3 (Table 1). The value of 

e- Nickel: j =6 x 104 in air (d = 0.015; Re = 0.35 was obtained at the instant of fusion 
1=5.25;r=2; a=50; v=5x 10°). of the investigated wire on slow heating in vacu- 
f- Tungsten: j = 7x 10° in water (d um. The suitability of tabulated values of Wi 

= 0.0077; 1=0.75; r=0.225; ap = 650; and W sus for the types of nickel used by us can 
a = 155; b= 24.5 x 10-2): be checked in the following way. In vacuum 

g- Tungsten: j = 1.2 x 10° in oil tests with j x 10° A/cm? (Fig. 3e, Table 1) the 
@= 0.006; 1= 1.07; r=2; a= 110; arrival of energy is stopped at the instant t 
b=1.2x 10°). when E =W,, + W4,,, the wire being completely 
h- Tungsten: j = 3.5 x 10° in oil liquified as a result of the test (being totally con- 
(d=0.006; 1= 3; r=9.5; a= 70; verted into little balls). It can be seen directly 


6=9.6x 10-4). j- A/cm? - average from this that at the instant ¢,, the energy E=W,, 
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+ W rs was actually introduced into the metal. 


However, the tabulated value * RaeeRe = 1.94 
for normal fusion could not be checked with our 
method, because on slow heating the wire disin- 
tegrates before it has time to melt completely. 

The similarity in the behavior of tungsten and 
nickel is completed by the fact that it is also pos- 
sible to separate , for tungsten, a region similar to 
the region (3,4) of nickel. For example, in the ex- 
periment with a tungsten wire of 0.006 cm diameter, 
1 cm length at j = 1.2 x 10° A/cm?, the oscillogram 
of which is shown in Fig. 3g, values are obtained 
for R,= 3.72.0; R , = 4.020; E,-£, =0.15 joule. 
On the other hand, it was measured at the instant 
of fusion of the tested wire upon slow heating in 
vacuum that Lote = 3.740 per centimeter length 
and the tabulated value W,, , = 0.187 joule per cen- 
timeter length. Thus for tungsten too **, R, ~ Ko 
and E, a E, i Vas 

The points 3 and 4 can also be seen on the 
oscillograms of experiments with gold. The mea- 
surements in these experiments were less precise 
than in those made with nickel, but qualitatively 
the results were the same: the values of ie R, lp 
and FE, do not change when the current density is 
changed from 2.5 x 10° A/cm? to 3.6 x 10° A/cm2 
mdi 7 WV. LE, ia gee the value Ee 
was found in this case to be equal to 1.94, 
whereas, according to tabulated data for gold, 

Ree Ree 2.28. 

The break in the oscillograms Vp (t), observed 

on nickel at point 2 corresponds to the Curie point 


and is naturally absent in the case of tungsten and 
gold. 


calcu- 


g the experiment (see for example, Fig. 3 
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The results of tests with nickel are shown in 
Fig. 4. The usual dependence of resistance on the 
energy for solid and liquid nickel (see reference 
4, p. 295) is shown as a solid curve. The dotted 
line, initially coinciding with the full line, corre- 
sponds to data obtained at large j. For current 


of the current are indicated as an a 


* Note added in proof: [see N. P. Mokr ii 
: PP: kii and A. R. 
Regel, Zh. Tekhn. Fiz. 23, 2121 (1953) ea velie Be 


dent with the value of R, / R, medsqeed by us. 


> 
l 
Rnp/R°_, = 1.3 is given for nickel, which is different = 
from the tabulated value4 R! /RS = 1.94 and coinci- Xx 


5 
5 
4 


eee added on prooj: If it is assumed that the ratio 
: : is characteristic for the change in resistance 

on melting (as it can, seemingly, be concluded for 

nickel from the values of E 


6x 104] 2.5x 1072 


7x10 
2x10 
9x10 


3° Ey R, and their compari- 
son with the data | see N. P. Mokrovskii and A.R 
Regel, Zh. Tekhn., Fiz, 23, 2121 (1953)],) we obtain, for 


tungsten, R/ Se 
gsten Sy re = 1.08. 


* The value and the densit 
In each line are recorded average results of several tests. 


lations. ) 
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densities from 6 x 104 to 2 x 105 A/cm? the graph 
is valid only for E < .. Ae Wey s° [At a current 


6 x 104-2 x 105 A/cm? in vacuum experiments, 
the current stops at the instant ty LE ~ Ve = W, ) 
us 


which indicates a destruction of the wire. In the: 
case of experiments in air an arc is started be- 
tween parts of the wire upon destruction, after 
which the measurements of R and E become un- 
reliable*. The oscillograms of the experiments 
are the same in air and in vacuum up to the moment 
of destruction of the wire. The experiments were 
not conducted in oil at these j , because it was 
impossible to measure the energy without account- 
ing for the losses**.] The complete dotted 

curve corresponds to the process up to the instant 
of explosion for j = 5 x 106 A/cm2. In case of 
smaller current density the explosion occurs at 
lower energy. 

Let us note that the value of energy at which 
an explosion takes place for a given j was chang- 
ing from test to test more than other measured 
values. Sometimes the region of explosion had the 
appearance of individual steps, probably correspond 
ing to a non-simultaneous explosion of different 
segments of the wire. 


2. EMISSION 

Emission measurements were made on nickel 
wires with j = 1 x 10° A/cm2, according to the 
scheme shown in Fig. 1. The anode current /_, 
measured by means of oscillograms, and divided 
by the surface area of the wire S, reaches a mag- 
nitude of 1.6 x 10~* A/cm2 whereas the normal 
emission of pure nickel at the melting point temp- 
erature ok =3xl07° A/cm?. 


The normal emission is calculated by means of 


the formula 


1=AT2e~G/kT 


with @ = 7.4 x 1071” erg, A = 30 A/cm2deg?, T 
21725" kK 
Thus / ,/S is fifty times larger than /,, .. 


* The electric resistance to breakdown of the gap 
between the parts of a disintegrating nickel wire is 
larger in vacuum than in air, The reverse can be ob- 
served for tungsten wires of high emission. 


** For nickel of 0.015 cm in diameter in oil, i,, = 6A, 
while for j = 105 A/cm, i= 20A. While measuring in 
in-oil, convection currents were created which changed 
the cooling conditions of the wire as compared to the 
conditions in pulsed tests. At low j this circumstance 
makes it difficult to evaluate energy losses in pulsed 
tests from the value 7. 


wW_W y FiGoule) 


+ VW, J 
us 


Fig. 4. Comparison of the normal de- 
pendence of R on E (solid line) with 
the dependence between these values 
at large j (dotted line coinciding with 
the solid line up to point 3). The num- 
bers 1, 2, 3, 4, 5 on the curve mark the 
same States as on the oscillograms 
Fig. 2c. Nickel, diameter 0.015 cm 
length - i cm. 


The vacuum in these tests was approximately 


10~° mm Hg. The wires were degassed at yellow 
heat for several hours. The lead-in connections 
and the anode were degassed at red heat. A typ- 
ical oscillogram of the current / , under these con- 
ditions is shown in Fig. 5a. As it can be seen 
from the oscillograms of Fig. 5, the current /,, 
having reached a maximum, decreases, even though 
the energy of the wire continues to increase. Ac- 
tually the current i = 17 A, while losses at the 
melting point temperature are compensated by the 
current i. = 1 A. The interruption of the current 

i occurred here automatically ( because of destruc- 
tion of the wire) at the moment ¢,. The oscillo- 
gram Vp (t) shows that the wire is not destroyed 
up to the instant ¢,, and that the drop of I, with 
increasing energy takes place in the region 3, 4. 
(The second peak of J, is related to the destruc- 
tion of the wire at the instant ¢,.) 

The magnitude of the current and the character 
of its dependence on time remain also approxi- 
mately the same in those cases when the current i 
is interrupted somewhat before the instant ¢, and 
the wire is not destroyed. In such cases one can 
succeed in making several tests with the same 
small piece of wire. The results of repeated tests 
are similar. Consequently, the observed drop ip 
cannot be explained by the cleaning of the .wire 
surface during the test. In Fig. 5d are shown two 
oscillograms, obtained in repeated tests on the 
same wire. The reproducibility of the results was 
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Fig. 5. Oscillograms V(t) “2 I, @) (upper curves ) and V(t) (lower curves) of 
nickel wire d —0.015 cm (the upper curves are displaced to the right relative to 
the lower curves). j =105 A/cm? j decreasing 3 - 5 % from the time of starting t 
to the instant of interruption t,. In experiments c, d, e,1 ~1 cm, Vi=70 V; 2 
= 10° Q; a =24.5 V/cm; v =103 sec }. In experiments a, c, d, e, the wires are 
destroyed and in experiments b and b, they are not destroyed. The horizontal 
part of the oscillograms V up to the rise coincides with the Zero line.In Fig. 5 
a, b, b,, the zero lines of the oscillograms Vp (t) and V ((t) are almost coinciding 
straight lines. In Fig. 5, c, d, e the location of the zero lines of the oscillograms 


Vr (t) is recorded during the photography. 
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EE 


Fig. 6. Oscillograms V p(t) (upper curves ) 
and V(t) (lower curves). Tungsten: 

d =0.01 cm, r =20; a =52 V/cm; b 

= aX 10 4 sec/cm. The wires are not 
destroyed during the experiment. The con- 
figuration of the electrodes in experiments 
6 a, b, c, is different. The upper oscil- 
logram is displaced with relation to the 
lower by 0.3 cm to the left. 

a- i(t,) -59A; 10.75 em, & =200 2; 
V 4 —300 V; low =5.7 A/cm’; =. 

b- i(t,) =56A; 1 =0.2 om; 4 = 2600 0); 
V,=1000V; 17°* —5 A/cm’; 


c- ift,) =63 A; 1 =0.5 cm; 2 = 2000); 
Vy =300 V; pe =12.7 A/cm“. The zero 
lines of the oscillograms V (e) and Ve (t) 
are parallel straight lines. For V ((t) 

the zero lines are directed lengthwise 
along the horizontal segments at the start 
of the oscillograms V p(t). For ve (t) 

the zero lines are about 0.15 cm below 
the zero lines of the oscillograms V ft). 


also good in tests with destroyed wires. These 
tests (5c, d, e) were made under the same con- 
ditions, the variation in the value of / , approxi- 
mately corresponding to the difference in length 
of the wire. The drop of J. with an increase in 
wire energy also shows that the large value of / 
is not connected with the appearance of a dis- 
charge between wire and anode. In fact a dis- 
charge could not be extinguished when the energy 
of the wire was increased, because the conditions 
for its formation become more and more favorable. 
Thus the measured anode current appears to be 
a current of abnormal emission, the characteristics 
of which are its large value, and the possibility 
of a decrease with increasing energy of the metal. 
The drop in emission with rising energy is also 
observed in the case of tungsten, although the 
emission current density is here several orders of 
magnitude larger than in nickel. Examples of such 
tests are shown in Fig. 6 a and c. In test 6a, 
the drop of J, begins at a current value i = 13 A, 
while the current which compensates the losses 
is 1, =3A. The areas of the oscillograms marked 
by arrows correspond to a current /*, limited by 
space charge (region of validity of the law of 
Boguslavskii - Langmuir It was previously 


clarified that /| large compared to [/* is caused by 
the state of the cathode and not by secondary 
currents’. Therefore, a drop in /, indicates a 
drop in emission. 

If geen yt is determined from the formula / 
=~AT?2e MAT large values (/ >], ) can be ex- 
plained by the overheating of the metal above 
melting point temperature for regular values of A 
and ¢ or by overheating of the electron gas alone. 
However, the drop in emission with an increase in 
the energy of the metal can only be explained by 
a change of A = Ay(1-K) and ¢ (which under 
ordinary circumstances practically do not change 
with a change of 7 ) or a decrease of the electron 


a 


In our experiments with nickel deviations from 
the law of Boguslavskii - Langmuir cannot be observed, 


since] <J* 
mp a 


75 Y. Lebedev, J. Exper. Theoret. Phys. USSR 27, 487 
(1954) 
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Fig. 7. Oscillograms V(t) { upper 

curves ) and Les (t) (lower curves ). 

Tungsten: d —-0.01 cm; / =0.5 cm; 

i(t,) 63 A; 7 =20; a =52V/cm; 

b=5.7x 10 4 sec/cm. The wires are 

not destroyed. The configuration of 

the electrodes is different in experiments 

a, b, c. The upper oscillogram is dis- 

placed with relation to the lower by 

0.3 cm to the left. 

a- 2 =5000; V,=200V; /™** =10A/cm?. 
b- 2 =2000; V,=300 V; 1™*®* =5.3A/cm?. 
e- 2 =70000; Vi=200V; 1™4x =0.38A/cm? 


The zero lines for V ((t) are straight 
lines, directed lengthwise along the 


horizontal segments at the start of the 
oscillograms ptt). The zero lines for 


Viv) are straight lines directed along 
the horizontal segments at the end of the 


oscillograms V. (t). 


temperature fori >i, In this manner, if this 
formula is valid, the experiments under study con- 
firm the assumption that the observed anomalies 
are caused by a change in the properties of the 
metal and not by its overheating to a higher 

than melting point temperature. 

The large value of current /, (507,,,, 100 /,, , ”) 
cannot be explained by a small value of the aver- 
age reflection coefficient K , and indicates an 
abnormally low value of the work function ¢, or 
an overheating of the electron gas with respect to 
the lattice. The surplus of electron energy connect 
ed with a rise of their temperature above the 
temperature of the lattice or with their excitation 3 
can be sufficient to cause a large increase in e- 
mission and, at the same time, be insufficient to 
lead to a considerable change in the dependence 
of Ron E. Therefore, the absence of noticeable 
anomalies of the dependence of R on E for 
j <5 x 10° A/cm? (part 1) does not disprove the 
assumption of an energy excess of the electrons. 
This fact can be cited against the supposition of 
an overheating of the electron gas, namely, that 
the abnormal anode current decreases too slowly 
after the decrease of current i: as was pointed out 
in reference 7, I], > ee for ~ 1075 sec after an in- 


terruption of the current 2. 

One can try to explain the drop in emission _ 
with the rise in energy by a fusion of the metal, 
assuming that the emission of the liquid metal is 
smaller than that of the solid metal at the same 
temperature*. However, whereas the drop in e- 
mission with a rise in energy is observed in ex- 
periment 6c, it is not observed in experiment 7 a** 
although the heating current i(t), initially the 
same in both tests, decreases more steeply in test 
6c from a certain moment on. This signifies that, 
beginning at that instant, the rate of energy intake 
becomes larger in 7a than in 6c. Therefore the 
* Note added on proof: It was observed in [ see 


V. G. Bol’shov and L. N. Dobretsov, Doklady Akad. 
Nauk SSSR 98, 193 (1954) | that the thermal emission 


Current does not show a jump during transition through 
the melting point. 
** In experiment 6c, the drop of J_ is observed at 


t%5i_. In test 7a the drop occurs only after com- 
plete interruption of current i. 
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Tabulated values 
for nickel 


Our wire * 
Diameter 0.015 cm 


Our wire ** 


Diameter 0.015 cm 


*All data, 


nickel. 


_** The start of the oscillogram is distorted. 


Table 2 


107x 1076 4. 295 
aay 6. I, p. 127, 129 
108 x 10° 6 v. IV, p. 335 
8 


given in the present paper (except experiment 2a) were obtained on this type of 
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p- 86 


Measured under usual 
conditions 


Measured at large j’s 


melting in 7a must occur earlier than in 6c, and 
the drop in anode current caused by it should have 
been observed in 7a even before the time of in- 
terruption of the current i. (It must also be remem- 
bered that in 7a, as well as in 6c, the wire re- 
mains intact after the end of the experiment. ) 

The oscillograms of Fig. 7a, b, c show that 
the drop in anode current |d/ , /d¢ | after inter- 
ruption of the current is the faster, the larger 
I,/I*. For example it can be seen in Fig. 7a 
that jal 7 dt|decreases when a ba is approach- 
ing unity. The same can be seen by comparing 
various oscillograms: in test 7a at /%°*/J* = 30, 
1 , drops almost by a factor of 30 in a time interval 
not exceeding 2 x 10~* sec, whereas in test 7c 
with 7™@* /7* — ].5, a drop in/, is almost un- 

a a a 

noticeable. 

The character of the dependence of the decrease 
of I, on the value of /,//* remains the same in 


the case when the current i is not instantly inter- 
rupted but drops sufficiently fast. Thus, for ex- 
ample, in test 6b with /™°*/]* = 2.7, there is no 
drop of /,. (The value of |d/,/dt| after com- 
plete interruption is found to be larger than under 


8 Espe and Knoll, Technology of Electro-vacuum Materials, Moscow (1939) 


incomplete interruption 
The speed of decrease of current /, is not 


)) | 


given by the magnitude of this current. For ex- 
ample, in experiments 6a, b, the speed of decay 
of current ]_ is completely different, although its 
maximum value is almost the same in both cases 
and is equal respectively to 5.7 and 5 A/cm’. 
(Experiment 6 b was conducted with V, = 1000 V 
but it was also repeated with V, = 500 V and 
V, = 250 V. The value of /?** was thereby 
changed, but the ratio /7°*/1* remained equal to _ 
2.7, and in all these cases no noticeable drop in 
] , was observed. Therefore the difference in the 
speed of decay of J, in tests 6a and 66 cannot 
be explained by a difference in V,.) 

Thus the disappearance of anode current anom- 


* In reference Ie2e see S, V. Lebedev, J. Exper. | 
Theoret. Phys. USSR 27, 487 (1954) ] (Fig. 3),/,, doesnot 
drop during to—t ie 10 °sec after interruption of the current) 
It seems that the drop of /_ is hindered pe a weak re- 
peated pulse j © 77/150 ~% x 104 A/cm“ given by the 
‘network L, C at ti StSt (see V(t) in reference 7, 

Fig. 3,zh, upper curve). 
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Table 3 


Our wire, 
diameter 0.01 cm 


Same 


alies (i.e., the disappearance of an increase in 
i as compared to i) takes place the faster, the 
larger is], /]*, independently of the magnitude 
of the anode current. 


3. CONSIDERATION FOR POSSIBLE IMPURITIES IN 
THE METAL 


The question can arise whether the _ peculiari- 
ties discovered in the behavior of metals can be 
explained by impurities contained in them. As 
it is known, impurities strongly influence the 
electrical conductivity of a metal. It can be 
seen on the top part of Table 2 that the specific 
resistance (of our wire at 20°C is very little 
different from the specific resistance of pure 
nickel. In emission anomalies we considered not 
only the absolute value of anode current, but al- 
so the unusual character of the curve /_ =] (E). 
However the drop in emission with increasing 
energy cannot be explained by the presence of 
impurities. It is obvious that the dependence of 
the value of energy E (t_) ( at which the metal ex- 
plodes) on the density of the heating current also 
cannot be explained by the presence of impurities. 

The situation is different as far as the differ- 
ence of R , and the tabulated value of R! is con- 
cemed. Insofar as the difference between these 
values is not changed with a change in j and the 
value of Re for the investigated wire was not re- 
checked by us, it is possible that the tabulated 
value of R! (which we used) is not applicable to 


the type oiwire investigated. It is known, how- 
ever, that small additions to nickel of other 
metals ( copper in particular) increase its specif- 
ic resistance in the liquid state‘. Consequently, 
for nickel with an additive, Re must be rather 
somewhat larger but not smaller than in pure nick- 


el (Table 2). 

Let us note that for nickel with 0 =14 x 1076 
0 cm, known to contain an added amount of Mn, 
the shape of the oscillograms and the value of the 


Sy. IV, p. 335 


Measured under usual 
conditions 


Measured at large j’s 


ratio R ,/R, are found to be the same as for pure 
nickel (Fig. 2a). Moreover, the transition of the 
type R, ~R, and the region of small dR/dE 
following it, which terminates in an explosion, are 
observed also constantan, in which case R/R, 

= 1.3. On the other hand, the tabulated value for 
nickel is R! /RS =1.94; for constantan*it seems 
that this value is also larger than 1.3. 

Thus the difference between the value of R, 
determined by us and the value of Ri, listed in 
the tables cannot be explained by the presence of 
impurities. According to our measurements on 
gold R,/R, = 1.94 while according to tabulated 
values Regie = 2.28. However, the break in 
the curve R(E) at point 3 on the oscillograms for 
gold is not expressed very definitely and the de- 
termination of the value R, may be unreliable. As 
a control let us compare the value of /, found in 
our oscillograms with ies (Table 3). Judging 
from the value Poo» the investigated type of gold 
contained an impurity. But, as it was already in- 
dicated, an impurity should not decrease the val- 
ue (a Therefore, in this case also, P, is some- 
what smaller than the tabulated value of Pay’ 


* The constantan wire investigated by us had Ryo 
=48 x 10 ©Qem, ee =58 x 10° °Qcm. According to 
tabulated data for the alloy 40%Ni and 60 %Cu for which 
Ayg= 50 x 10 °Qem, in the liquid state feng 
=85x 10 °O cm. For other.concentrations of the 
alloy Cu - Ni for which Ay X50 x 10-°Qem, po - 
>85x 10 °OQem[ see He Cepeda ey etalphysics, edited 


by Masing, v. 1, Moscow (1937), p. 306 |. For example, 
for the alloy 65% Ni and 38% Cu with Poo 


= eS S10 hem and ie = 13589 C itisknown that 


= Ol = 
bas 136.7 x 10 °Q cm, and Ai400 =138.5 


x 10° °Qem [see Technical PRU REE Tables of 


phys - chem. and t i 
Pt YF. a aoe and technological data, Moscow (1931), 
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4. COMPARISON OF RESULTS WITH DATA 
OBTAINED BY OTHER AUTHORS 


1. In the paper of Khaikin and Bene® results 
are shown of an investigation of the melt- 
ing of tin rods, heated by a current j x 10° 
— 1.4 x 103 A/cm? and cooled on the surface by 
a jet of air. It was found that polycrystalline 
rods begin to melt from the inside and single 
crystal rods from the surface. 

The conditions of these tests differed basically 
from the conditions of the discussed experiments 
made with j > 6 x 10* A/cm? only in current dens- 
ity. 

The results of these experiments coincide qual- 
itatively with the results of our experiments with 
interrupted impulses for tungsten” in the sense 
that the metal does not melt, although it should be 
liquid according to the energy introduced into it. 
(In their paper, Khaikin and Bene observed that 
the single crystal is molten only at the surface, 
where the temperature is lower than inside, and in 
reference 3 the wires did not melt with £ = W,, 
+W,,,-) It is true that, from the qualitative point 
of view, the difference here is quite considerable. 
If, for example, we recalculate the excess of ener- 
gy, E- Wal ’ observed in the experiments of 


reference 3, at a temperature for the usual value of 
specific heat, we obtain a value of ~ 1000° and 


not 1 - 2° as estimated in reference 9 ( for small /). 


However, it is possible in our experiments to inter- 
rupt the heating current earlier; then, obviously, 
one can obtain as small an excess of energy as 
desired. 

Khaikin and Bene® concluded that they observe 
an overheating of a solid body. It seems to us, 
that if one starts with such a concept, one can 
not explain all the phenomena which we observe. 
In particular, for the case of an overheating of the 
metal, a drop in emission with an increase in ener- 
gy is incomprehensible (see Sec. 2). One could 
assume that the losses in energy increase as a re- 
sult of the overheating and that the drop in emis- 
sion is tied to a cooling of the wire. Then in 
tests 6a, c the losses should exceed the losses 
at the melting point by more than 16 times (i 
=4.3i,, andi=5i,,). The order of magnitude of 
the necessary temperature can be estimated by as- 
suming that the wire is heated uniformly and emits 
as a Baek body. Then a temperature is obtained 
which is twice as high as the melting point temp- 
erature of tungsten, i.e., it exceeds its boiling 


9S. E. Khaikin and N. P. Bene, Doklady Akad. Nauk 
SSSR 23, 31 (1939) 


temperature ( Tp ~ 3650° K, Ly 6200°K*). 
However, the overheating of a non-melting metal 
over its boiling point temperature appears to be 
unlikely. Moreover a large overheating probably 
would have caused a large increase in the resistance 
of the wire, because the dependence of R on E 

upon overheating should remain of the same char- 
acter as in a metal below the melting point. 
Actually, the resistance of the wire during the 

drop in emission differs from Re, by not more than 
10%, while the wire remains intact after the experiment. 
We note that in experiments with tungsten we can- 
not definitely indicate the start of the drop in cur- 
rent], with relation to points 3 and 4 since these 
points do not appear in experiments 6 and 7, and 
such experiments were not repeated with an im- 
proved technique of taking the oscillograms la 


2. Ignat’eva and Kalashnikov!® studied the de- 
pendence of R = R(E) in metals with j as high as 
5 x 106 A/cm2, using the same method as in our 
experiments. It is stated in this paper that the 
resistance of transition metals, measured at high 
current density, is much larger than the resistance 
at ordinary current, i. e., there is a violation of 
Ohm’s law. In this case the increase in R has its 
maximum value at the instant of switching the high 
current on, i. e., when the metal has not yet re- 
ceived any appreciable energy from the current 
(for example, with j ~ 5 x 10-° A/cm? for plati- 
num, [ V(t )/V,(tJ\r=5Roo). 

In our experiment such an effect was much 
smaller (for example, from oscillograin 4c for 
nickel at j = 5 x 106 A/em?, [Vg (t,)/V,(t,)1r 
= 1.15 R,,). Here the experiment shows that 
the increase of [Vat V/V itt Yir over R, at 

the start of the oscillograms is considerably mod- 
ified by a change in the configuration 

of the wires of the segment of the network, lo- 

cated between the terminals of the plates of the 
oscillograph. Therefore we believe that the dif- 
ference between LV (C7 V(t,)\r and R,, can- 
not be considered as characteristic of the condi- 
tion of the metal and the statement about the de- 
pendence of resistanee on the current density seems 
erroneous to us. The error, in our opinion, is due 


* When the length of the tungsten wire is changed from 
one to several centimeters, the current es is Cc anged 


only by a small amount. Consequently, the losses of 
energy due to thermal conduction through the ends of 
the wire are small compared to radiation losses even 
at the melting point of tungsten. 


ane A. Ignat’eva and S. G. Kalashnikov, J. Exper. 
Theoret. Phys. USSR 22, 385 (1952) 
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to the fact that, during some time after the start 
of the current i, Vand V are considerably dif- 
ferent from ik and ir, because of the influence of 
the inductance L of the segments of the network 
between the connection points of the oscillograph 
plates!.3 ** We believe that it is not possible to 
determine R and E from the initial parts of the 
oscillograms from the formulas 


and 


t 
E (t) =—| Vr (t) V, (t) dt. 


t, 


In the later regions of our oscillograms, in 
which these formulas are valid, there are no signs 
of deviation from Ohm’s law. 

It was also concluded in reference 10 that, for 
a sufficient increase in current density, the ener- 
gy necessary to start melting is decreased, which 
is confirmed by the course of the curve IV (see 
reference 10, Fig. 9, p. 395). However, the dis- 
placement of the entire curve along the energy 
axis is observed only for the curve taken at 7 
= 4.2 x 10° A/cm”. Its course is very different 
from the course of all other curves shown in Fig. 
9, including that of the curve taken at j = 3.9 
x 10® A/cm2. For all these curves the values 
of R and E at point 3 (in our terminology) are 
equal, and do not differ to any extent from the 
usual relationship between R and E, before the 
onset of melting. The values of R and E are al- 
so equal in these curves at the point 4. These 
results coincide with our results obtained at 
6x 104 <j<5 x 10° A/cm? for nickel. 

The decrease in energy FE, observed by the 
authors in reference 10 at the transition to large 
j’s was never observed by us*. 


** Upon cooling the wire with liquid air while keep- 
ing the other test conditions the same, we observed an 
increase in the deviation of [ V (t,)/ V(t Ih r from the 


value of R 0° This can be explained by the fact that 
at the starf Of the oscillogram, when di/dt is large, the 


difference between Vp/ Ri-= Tie + Ri) / Ri and unity 


increases with a reduction in R. The increase inj at 
constant i increases the rate of heating and displaces 
the working regions of the oscillograms to the region 
of distortions of Ve and V 


* Our early experiments in measuring the depende 
R=R(E) fie-ot eee Say cbedevatd Son. Khaen 
J. Exper. Theoret. Phys. USSR 26, 629 (1954) | rather 
indicate an increase in this energy with increasing j 
above 5 x 10° A/cm? than its decrease, 


CONCLUSIONS 


1. At current densities 6 x 104, <j < 5 x 10° 
A/cm? the character of the dependence of R on E 
for nickel appears to be the same as for tungsten. 
The breaking point 4 separates the curve R 
= R(E) into two parts, so that for t <¢, the func- 
tion R(E) does not change with a change in j, but 
fort > t, the shape of the curve R(E) depends on 
j. The value of the energy E(t ) at which R in- 
creases abruptly, decreases when j is decreased. 

2. At the breaking point 3 of the curve R = R(E) 
the values of energy and resistance correspond to 
the start of melting of the metal under ordinary con- 
ditions. The value of energy in point 4 corresponds 
to the end of the melting of the metal under ordi- 
nary conditions. A comparison of the measured 
value of the resistance of the metal in the liquid 
state at the melting point Ri pis difficult, because 


the value Ri phas not been checked by us. 

3. An increased electron emission is observed 
on nickel as well as on tungsten. The anode cur- 
rent, measured upon heating the nickel wire by a 
current pulse ~ 105 A/cm?, is 50 times larger than 
the nickel emission at the melting point and the 
nickel wire is not destroyed. 


4. A drop in emission is observed on nickel and 
on tungsten, while the intake of energy into the 


observed wire is many times larger than energy 
losses, measured during stationary heating in vac- 
uum at the melting point temperature. 

5. In experiments with tungsten, after an abrupt 
interruption of the heating current, the large anode 
current / | decreases, coming close to the value 
[*, corresponding to the law of Boguslavskii - 
Langmuir. Here the rate of decrease of Ne ee ap- 
pears to be larger, the larger the value of 
I /I* independently of the value of i. 

It was not possible to discern the breaking points 
inthe curve R =R(E)( points 3 and 4) in our former 
experiments on tungsten, because the oscillograms 
were not sufficiently sharp. The presence of these 
points shows that the drop of dR/dE observed on 
tungsten near R = I does not occur smoothly, 
but by jumps. These jumps correspond to the 
start and the end of the melting process, if it is 
assumed that there is only 8% change in the re- 
sistance of tungsten on melting. (J.e-; the change 
is very small in comparison with other metals. ) 
This assumption is more natural, as the ratio 
R ,/R, does not change with a change of the cur- 
rent density in large limits. Thus our former sup- 
position }>3 that the drop of dR/dE in tungsten 
near R = Rae is anomalous, is probably wrong. 
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Other phenomena*, observed in our previous ex- 
periments with tungsten at large current densities 
and not observed under ordinary conditions, de- 
pend considerably on the current density. These 
phenomena were considered by us as indications 
of an anomalous state of the tungsten caused by 
a flow of current of high density. The dependence 
of energy at the instant of explosion - E(t.) - 


* The dependence on the energy E(t) on j (t) 
Le.g., see S. V. Lebedev and S. E. Khaikin, J. Exper. 
Theoret. Phys. USSR 26, 629 (1954) and S. V. Lebedev, 
J. Exper. Theoret. Phys. USSR 27, 605 (1954) ], anom- 
alies of emission | e.g., see S. V. Lebedev and S. E. 
Khaikin, J. Exper. Theoret. Phys. USSR 27, 487 (1954) ], 
peculiarities of melting in experiments with interrupted 
pulses [e.g., see S. V. Lebedev, J. Exper. Theoret. 
Phys. USSR 27, 605 (1954) J. 
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on j and emission anomalies is cbserved in the 
experiments treated in present paper, not only on 
tungsten, but also on nickel. New peculiarities 
of emission (see point 4 of the Conclusions) 
were discovered which we also could not explain 
by means of a supposition that the metal is in a 
normal state . We note that the conditions of the 
experiments on nickel and on tungsten were ma- 
terially different because of the considerable dif- 
ference in melting point temperature (for example 
the measured anode currents were different by sev- 
eral orders of magnitude). The identical charac- 
ter of the phenomena observed in these metals 
near R = RS __ shows that they are caused by pro- 
cesses in métals independent of the value of their 


melting point temperature. 


Translated by S. Paskwer 
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The wave function and the energy of the lowest state of a slightly non-ideal Bose gas 
are determined by means of the method of ‘‘ auxiliary variables ”’, with accuracy to terms 
of second order relative to the smallness of the parameter of the energy of interaction. 


I. INTRODUCTION 


T HE problem of the investigation of the wave 
of a system of a large number of interacting 
Bose particles arose in connection with attempts 
at the formation of a microscopic theory of the 
superfluidity of He II. In spite of a series of 
successes in this direction!»2 we are today 
still far from the completion of such a microsco- 
pic theory. 

If we select as a model for the liquid helium a 
slightly non-ideal degenerate Bose gas, then it is 
possible , as one of us has shown”, to explain 
the phenomenon of the superfluidity of He II by 
the properties of the energy spectrum of such a 
system. However, inasmuch as the slightly non- 
ideal Bose gas cannot be regarded an entirely 


aD: Landau, J. Exper. Theor. Phys. USSR 
11> 592 (1941). 

2.N.N. Bogoliubov, Izv. Akad. Nauk SSSR, Ser. 
Bizee Vhe:77, (1947). 


satisfactory model of liquid helium, the necessity 
arises of improving the theory of the non-ideal 
Bose gas, taking into account interactions 

that are not small. Up to the present time only 
such systems with weak interactions between 
particles have been studied theoretically. 

Wave functions of the lowest state of a system 
consisting of a large number of weakly interact- 
ing Bose particles have been determined by 
Bijl?. However the results of his work are in 
error because of the lack of validity of the 
approximations used (i.e., terms that are not 
small in magnitude have been neglected). 

In the present work the correct wave functions 
of the lowest state of a Bose system with weak 
interaction have been determined by means of the 
method of ‘‘auxiliary variables’’ with accuracy 
to terms of second order of smallness. 


3 4. Bijl, Physica 7, 869 (1940). 
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JI. APPLICATION OF THE METHOD 
OF AUXILIARY VARIABLES TO 
BOSE SYSTEMS 


We consider N interacting particles, without spin 
that obey to Bose-Kinstein statistics. To 
describe the system we introduce the variables 

, the Fourier coefficients of the density 
operator, according to the formula 


N 
4 ~iker. 0). 
yn 2° tf; (k#0). (2.1) 


The quantity pon is a constant and cannot 
be Be loced asa variable. 1//N is a normal- 
izing factor. 

The variables 4, appear to be natural 
“‘collective’’ variables for describing oscillatory 
processes in systems that consist of a large 
number of interacting particles, and were applied 
earlier to systems of Fermi particles in the 
works of Zubarev‘, Tomonaga” , and Pines and 
Bohm® 

We shall seek a wave function of the systems 
in the form 

PCL, Py ++ Pepe) (2.2) 
which does not contain explicitly coordinates of 
the particles but only the auxiliary variables 9. 
This representation of the wave function we 
shall call the4-representation in what follows. 
This is a feasible arrangement since the wave 

function of the system is symmetric relative to the 
coordinates r,....,r4y and p, is also a symmetric 
function of the codrdinates particles. 

The number of variables in the wave function 
(2.2) is infinite, and they are not independent. In 
order to go over to the usual representation of the 
wave functions, it is necessary to substitute Eq. 
(2.1) for p, in Eq. (2.2); the resultant function 
will be symmetric relative to r.. 

The Schrodinger equation for a system of N 
particles has the form 


(2.3) 


4 D.N. Zubarev, J. Exper. Theor. Phys. USSR 25, 
548 (1953). 

5s. Tomonaga, Prog. Theor. Phys. 5, 544 
(1950). 

6 D. Pines and D. Bohm, Phys. Rev. 82, 625 
(1951). 85,338 (1952); 92, 609(1953). 


1 
i) >» Ory, —ty, I) ¢. 
dards 
IiFJs 
It is now required to put this equation in the p, - 
representation for a system of Bose particles. 
We express the interaction operator in terms of 
the variables Py.t 


S 2 OS end lh Cee) 
JiFJa 
= yep. + pO — Wr), 
k+0 k 


where v(k) = Sa) e‘k'tdr is the Fourier coef- 
ficient of the energy of interaction. We introduce 
the Bose-Einstein kinetic energy operator in the 
Pp, Tepresentation, carrying out the differentiation 
of the function (2.2) as an implicit function of the 


te 
j 


: kK a cit 
Pos 23, Dm KiKe) Path, Jp, 0,, (2-5) 
k,-k, +0 


h2 Re 0? to) 
* gral OP, OP_ 2 Pe Tey) 


Making use of the Eqs. (2.4), (2.5) for the po- 
tential and kinetic energy, we write the Schrodinger 
equation in the p, representation in the form 


4 09 RR? a 3 
a—=— YS eee. Se afd 
he 2m ( dp, 0p_, + Pk Ee) 


(2.6) 
AN; : 
= ZV (2) Pu? 2} a VN 


h? 00 
XD) an lke) iit. Tp, opr 


K,, k, 
k,+k,+0 


+ (70) — sp (H)}¢ 
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We have thus shown that if the function (2.2) is a 
solution of Eq. (2.6) in which the p, are the inde- 
pendent variables, then the function 


N 
nl : 
(4, So ap) exp {— i (kry)}, .. ) is a solu- 


tion of the Schrodinger equation, symmetric relative 
to Fy 5.--5F y- We can therefore work with Eq. (2.6) 
in what follows, regarding the p,; as the indepen- 
dent variables. 


The Hamiltonian operator in Eq. (2.6) is non- 
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Hermitian, since the transformation to the variables 


is not a canonical one. The principal part of 


tke Hamiltonian can be made Hermitian if we 


introduce a new wave function ® by the substitu- 


tion 
4 
® = exp 5 Tot PrP} @. 
k 
Then ay (2.6) takes the form 
5 f h2p2 o2 
in P21 a “2m 0°,0P_» 


+> Ani (k) + = j 


x 2 im = (, Ke) Pitt, foe =") 7s 
be 
BCE +P) +Fro}e 


Transforming to the variables q,, 


P= V2 Ie 


(Foe) + SE), 


and we obtain Eq. (2.8) in the form 


ino? _ = DIE es ae = +99. ¢) 21) 


k, +k, f 


ky+ 
vn > Zn (i aes a! 


ay re +0 


= me +4, 94,) + 377(0) 


h? k? 
Sem 4m +5” (2)}®, 
where 

h? Reet h? kh? \2 
E(k)=Y yy TAA Fore +(-) 

We introduce the Bose operators 

1 0 
a 2 Gas k = %) 


tm fy(-d +4): 


VN 


(2.7) 


(2.8) 


Der 


(2.9) 


(2.10) 


EZ. 
09x. 


(2.12) 


(2.13) 


with the help of which the Schrédinger equation for a 


system of interacting Bose particles can be written 


in the form 


ine = ete oat 


“henge 


k shy +0 
x [(1 + dic, bn, 
+(%,—1) bi] ©, 


where the constant E\> 


E,=*,9(0) + 5 N(E)— Se ve) (2.15 
k 


has been eliminated by means of the substitution 


D—> Dexp {E,t / in}. 


Thus the Hamiltonian of a system of interacting 
Bose particles consists of two parts: the diagonal 
part, which represents the sum of the Bose density 


fluctuation operators (or elementary phonon 


excitations) with energy E (k), and a non-diagonal 
part, that describes the phonon interaction. The 


Bi (aK) 5 aS s (OO kcbi + b24,—«,) 


+ (te, — 1) bit ][1 + ie,) Bt, 
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(2.14) 


energy of the elementary excitations in a Bose gas | 


agrees with the obtained earlier2. 


The first sum in Eqs. (2.6), (2.8), (2.11), (2.14) 
represents the principal part of the Hamiltonian, 
the second sum is the secondary (and, in general; 
small) part of the Hamiltonian. If the interaction 
between phonons tends to zero, thenA?— 1. In this 
event, sizeable terms remain in the second sum of 
Eq. (2.14). These terms contain the operators 


(+ kot bi, Ps 


as we are interested only in the wave function of 
the lowest state, this term can be omitted, since 
it has no effect on the wave function of the vacuum. 
3. THE RELATION BETWEEN THE METHOD 
OF “AUXILIARY VARIABLES’? AND THE 


METHOD OF BIJL 


Bijl’s method ? consists of the following. An 
approximate wave function of the lowest level of 
a system of N Bose particles is required which 
satisfies the Schrédinger equation (2.3). The 
interaction energy between the particles is as- 
sumed to be small, proportional to a parameter € 
We choose as the zeroth approximation a uniform 
particle distribution density. The usual method in 
the theory of excitation, in which a decomposition 
of the desired wave function is expressed in a 
series of powers of ¢, is not suitable here, since 
the corrections to the wave function of the zeroth 
approximation turn out not to be small, and to be 


However, inasmuch 
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proportional to a positive power of the total number 
of particles, N. For sufficiently large N, the 
correction can therefore be arbitrarily large. Bijl 
showed that it is possible to avoid this difficulty 
by expressing the logarithm of the wave function 

in powers of ¢, rather than the wave function itself. 


Setting 
pees: (3.1) 
Bijl sought a new unknown function S in a power 
series in ¢. We shall attempt to calculate S without 
making use of this decomposition. This precaution 
is necessary, because the coefficients for the 
neglected terms, which are proportional to ¢2, are 
not small, and cannot be disregarded. 

If we substitute (3.1) in Schrodinger’s equation 
we obtain the following for the logarithm of the 
wave function: 


N nl ONE 
2 heen. 
SENSES ee 


~ Fm 23 (3.2). 
j=1 =! 
$5 Or, DHE. 


IivtJas 


In this equation, Bijl neglected the second term 
‘proportional to ¢”); we keep this term. 

We first seek S in the form of a sum of binary 
‘unctions: 


Suites Soor ty) = SS (ry, Samal |). 


Jide 


(3.3) 


We decompose the function S(r) in a Fourier 
‘eries 


1 : 
> Glan)? Ue) eRe, (3.4) 
kK 
nd write (3.3) in the form 
N 
SG as Se ee en) 
k 


laking use of Eq. (2.1). With the help of Eqs. 
2.4) and (3.5), Eq. (3.2) becomes 


N h2 2 k 
V pa (==6 (A) + a) peewe (3.6) 
2/N\2 h2 (k 
+) Zena 
exp {—7(k, + K,)r}p_, p_.,=E—&,, 
there 
ANA 4 N 
etter a7) 9, yy CF) (3.7) 
k 
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An exact solution of Eq. (3.6) is difficult, but it 
is possible to simplify the procedure if we leave 
only the principle part (corresponding to 
k,+k,= 0) in the second sum. This procedure is 
equivalent to a neglect of the correlation between 
particles. For the present, we accept this rough 
approximation, since it permits us to establish a 
simple connection between the method of ‘‘auxil- 
iary variables’’ and the method of Bijl. Below, 
in Sec. 4, a more rigorous method is given for 
obtaining the wave function of the lowest state of 
a system of Bose particles. 

After some simplification Eq. (3.6) takes the 
form 


N gt toe. heK v(R) 
P27 ae PO +e) + sy 


mM 


a Py, P__ =E—E,, 
which can be satisfied by setting 
QNAZK , h? 2 
Pa OH + a) +=0, 8.9) 


whence 


<4 4: Vinee 

oe ae Tne an RR] Dan = eI) 
pes 
= 7%. 


The negative sign is chosen for the radical 
since we are interested in the minimum value of the 
energy. 

The logarithm of the wave function of the lowest 
state will be 


a 4 
a 
k 


% {1 V nv (hk) (h2 2! m) + (h?k? / 2m)? 
SNE EAE a 
hk? / 2m 


(3.11) 


ee P_« 


and the corresponding wave function is 
1 
Pp = EXP ‘7 ee Ps} 
k 


L ieee 


where E(k) is the energy of elementary excitations 
in the weakly non-ideal Bose gas, given by 
Eq. (2.12). 


The first factor in the wave function (3.12) is 


(3.12) 
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identical to the factor which we introduced in the 
wave function of the lowest state in order to make 
the principal part of the Hamiltonian (2.6) Hermi- 
tian. It can be demonstrated by direct substitution 
that the function (3.12) satisfies the principal part 
of Eq. (2.6). 

If we neglect the term in Eq. (3.9) which is 
quadratic in o(k), we get Bijl’s result: 

o (k) = — mv(k) / 2h2A2. (3.13) 

The logarithm of the wave function of the lowest 
state in this case is 


Said my (k)n 
Seles 2n2R? Pk Pe (3.14) 
k 
and the corresponding wave function is 
= _ aw_ va) 
% = EXP | 4 Di am OP} (3.15) 


The function (3.16) satisfies the differential 
equation 


h?k? do 4 
ies Pk Op, . > nv (k) Px pe} 


< (3.16) 


—(—E 9, 


where 
é N? i 
k 


Equation (3.16) differs from the principal part 
of Eq. (2.8) in that part of the kinetic energy 
operator of the phonons is missing from it: 


h2 R? 0? 
~ 2m 0°, OP _% 


This omission is unjustified, and, consequently, Bijl's 
method always gives a rough approximation to the 
wave function of lowest order of the system of 
Bose particles. Thus the doubt expressed by 
Landau and Lifshits7 on the validity of one of the 
author's results”, since they did not agree with 
those of Bijl?, is unjustified. 

Making use of (2.4) and (2.1), and carrying out 
the integration over the variable k, we write the 
logarithm of the wave function in the form 


fae ( QO (r) dr 
BRP Ar [r,—1rj;—t|’ 


(3.17) 


7L.D. Landau and E. M. Lifshits, Statistical 
Physics, 2nd edition. 
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or, after integration over the angular variables, 
ies C 
S=-£45 5 ( o@rar 6.18) 
iy, ‘ij 


Tij 
1 
7, OM rar| 


0 


+} 


ij | Fiery] 


This form of the wave function coincides with that 
deduced by Bijl®. 

In obtaining Eq. (3.18) from Eq. (3.14), we have 
carried out a five-fold integration over the three 
variables k and the two angular variables of the 
radius vector r. It also would have been possible 
to obtain Eq. (3.18) directly, by solving the 
Schrodinger equation in the variables rj, neglect- 
ing the quadratic terms in S, as was done by Bijl* 

The equation (3.11) for the logarithm of the wave 
function can also be written in the form 


1 

S=—yin (3.19) 
rire 242) sin kr, 

x 3A{ \e@-¥ 7 dk, 


t, / 0 


where the integration has been carried out over the 
angular variables. 


4. THE WAVE FUNCTIONS OF THE LOWEST 
STATE OF A SYSTEM OF INTERACTING 
BOSE PARTICLES 


In the preceding section, we detrmined the zeroth 
approximation wave function of the lowest state 
of a system of interacting Bose particles, making 


more precise the method of Bijl. We nowreturn to 
the more systematic method of the Bose system, which 


makes possible the determination of the wave func- 
tions of the lowest state in the form of a decomposi- 
tion in powers of a parameter of the smallness of 
interaction. 

As a subsidiary problem, we determine the 
eigenfunctions of the operator 


ford 
Hy = + > E(#)(—spag t Mx) 


| 
: 


(4.1) 
which is the principal part of the Hamiltonian (2.11) 


The equation for the eigenfunctions of Eq. (4.1) 
can be written in the form 


1 /_@ @? 
em Way fiy he 
: 2 | { i (wasp Y ap? 


+ (9%)?+ (ai) &= 69, 


(4.2) 
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where ¢ and gj are the real and imaginary parts 
of q,- The eigenfunctions of Eq. (4.2) have the 


form 


©, =|] exp (—1.9_0 
(k) 


x H,, (V2q%)H,(V 249). 


Here n,n, are positive integers; He are the 
' 


(4.3) 


Hermitian polynomials; II denotes that the prod- 


k) . d 
uct omits the k which fesnuthe hemisphere (for 
example, k, > 0), since gy and qy are connected 
by the relations qf = 44 and q*=-q* . 


The function (4.3) corresponds to the energy 


6= DAP ta +m). (4.4) 


In the lowest energy state, n,=n,=0 and the 
eigenfunction of (4.3) will be 


1 
®, = exp Ve > aga 
k 


a exp{— Nee | 


2 
ck 4K 


(4.5) 


By means of Eq. (2.7) we get for the wave function 
of the lowest state 


Oo = exp ic pa (1 Nat 2) Py. P_. \ 


which coincides with the function (3.12) obtained 
earlier, since we have, from Eqs. (2.10) and (2.12): 


E(k) = fk /222m. (4.7) 


One can verify directly that the wave function 
(4.5) corresponds to the lowest energy level by 
demonstrating that the 6, --the operators of 
*‘annihilation’’ of phonons-- yield zero when they 
operate on (4.5) 

The wave function of the state in which there 
is one phonon with wave number k is 


oO, => by ®, — V2q_,®, (4.8) 


N 
4 1 G3 
= SWZ xP kes) B,, 


“In a similar way we can obtain the wave function 
of the state in which n phonons are present. We 
note that the p, appear in the eigenfunctions of 
the jdeal Bose gas, corresponding to the energy 
hk” /2m. 

The wave functions (4.5), (4.6) and (4.8) of the 


(4.6) 


lowest and excited states of a Bose gas are wave 
functions of zero approximation only, and are not 
of sufficient accuracy to permit us to find wave 
functions of arbitrary approximation. We shall now 
give an account of the method of constructing such 
functions for the lowest energy state of the sys- 
tem. 

The Schrodinger equation for the system of 
interacting Bose particles in the p, representation 
(2.14) can be written in the form 


{H, +H, +H} = 69, (4.9) 
where 
H.= SY E(k) bth, + 1. (4.10 
3 2 So es 


h? AK 
itk, 
XD Gag (Kak) SE Oe cti, + Ob at, ) 
k,,k, 1 Mg 
k,+k,+#0 


x(1 A) (1 + i) 0-4, 0-x,: 


h? a 
* > Sm (Kike) nthe (Ox,4%, + Deeg ) 
k,.k 


1, Ke a kK, 
k, +k, 40 


X [C1 + dic) (1 — ie) 6 Ba, 
+ (1 Xe.) (l — Xi On bon]; 


1 ie 1) tks 
fy = 7 > gm (Kikz) rir 


X (bere, + O2x,—x, )(1 =e — 22.) bi bt; 


6 =E—E,. 


Here the Hamiltonian operator is divided into three 
parts: H,, H,, and H,, corresponding to the zero , 
first, and second ordec relative tothe emall para- 
meter 


h2 22/4 


eer oo es 
ene tae 0 ee 


In the zeroth approximation we get the equation 


Hy,® = 6®, 


(4.11) 


(4.12) 


which has the ‘‘vaccum”’ solution given in Eq. 
(4.5), D=9),G. = 0. 

The second, non-ideal part of the operator Hy 
yields zero in operating ®), and does not change 
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the wave function in zeroth approximation. 

We attempt to solve the equation (4.9) with the 
aid of the theory of excitations. We seek a solu- 
tion of Eq. (4.9) in the form 


O=0,4+0,40,4.... (4.13) 
G=Go+ 61+ G+ 


where er | ae G1 Go, --- are the correc- 
tions of the first and second order to the wave 


function and the energy of the lowest state. Subs- 
tituting Eq. (4.13) and comparing the terms of 


corresponding order, we get the following equations 
for the functions Orne: 


(Ho — Go) Pi = (G1 — Ay) ®, (4.14) 
(Ho — Go) P2 = (G1 — Ay) ®, + (G2 — Hy) ®,, 


Inasmuch as 
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H,®, = 0, 


the first equation of the set (4.14) is satisfied for 
©, =0, 6, =0, the corrections of the first ap- 
proximation become zero. The second equation of 
the set (4.14), which gives ,i.e., the corrections to the 
wave function and the energy of the lowest state 
can be written in the form 


(Hy — Go) Px = Gx — 


ha ; 
ei Kk) (1M) 
’ kyk 


1°"8 
k, +k, +0 


(4.15) 


x (1—M,)o7, _, ob bit D,. 


We seek the solution of this equation in the form 
of a decomposition in the operator b+ 


®, = S}L (k) bg ®, (4.16) 
k 
+) M(ky, k,) bit bie®, 
k,,k, 
+ DN (ky, Ky) Obi 6, Oi, bi, 
eee 


where the functions L(k), M(k,, k,), N(k,, k,) 
are to be determined. 

Substituting (4.16) in Eqs. (4.15) and equating 
coefficients for terms which contain identical 
operators, we get the following set of equations for 
the unknown functions L, M, N and G2: 


EW) LW) = 73 er Kk +k) (4.17) 
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Ak 2 2 
x eich (1 + Acqur) (1 + Me) x M(k +k’, — k’), 
{E(k,) + E(k,)} M(k,, k,) 
= 0k, oe Te ~(k, k, ale ks) ~ k +k yt 
8 ai May ) LN (— Ik, — Kj, Ks) 
+ N(kj, Kz) -+ N (Ka, ky)}, 


(E(k, + K,) + £(k,) + E (k,)} N(ky, k,) (4-18) 


de 
= 7 aw (hak) * (1 — Rk.) (1 — Me) 
malt > ae k,k,)(1 +22 
G2 =F _ ae 1 2) ( =f Mc,) 


k,+-k, +0 
XI + 2) te *{N(— ky, — ie) + 


si N (ky te k,, hon k,) + eS k,, k, ate k,)}. 


We see from the second equation of (4.17) that the 
function M(k+k’,-k’ ) is different from zero only 
for k = 0, which is impossible, since k # 0, by as- 
sumption; consequently L(k) = 0. 

We find the value of from Eq. (4.18): 


G=—-F (4.19) 


x > (ae ee 2) (1+ 4) (1 +E) Ant, 
k,, Ky 8m Aq Ak, {E (ky + Ke) + E (ki) +£ (Ke)} 
K,-+k, +0 


Meth, Suna ene 
{(aka) Gestte x< (1 = 34,) (1 — kD 


a 
— (k,, k, + k,) oe (he eg eg 


= (ay Ha + Ka) 5 (1 — Pe) (1 — 8 


Because of the practical continuity of the spec- 
trum, we can go from the summation to integration 
in Eq. (4.19) and obtain an expression forg, in the 


form 2 
2N [ ht 
pce ee ices | (te (4.20) 
Ge (2n)*n? ( 
x ( (Kike) 4 yy, (1 — XK,) I AK, eka, 
re My, LE (Ka + Ke) + £ (a) + E (ks)} 
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4N [ fh? if 
*k (27)*n? { 8m | 
(ky, ka + ke) (Kiko) (1 — 24.) (1-2 14.) (1 + M,) Chia ke 
Xe, (E (ka + ke) + E (Ki) + E (ke)} 


For second order corrections to the wave func- 
tion of the lowest state, we get 


(4.21) 


(Kaks) (Ko, kit ke) (1 + 9% 44.) (1— Me) LM) Oh, Ot, Po 
Dic, E (Ki) {E (Ka + ke) + E (ky) + £ (ko)} 
1 
VN 
RAR ikesy ag yd — 


r2) (LAE) Oy te, OL DTD, 


kk, 9m Ay Ag, (E (Ki + ke) + & ® + E(Ke)} 
k, +k, +0 
4 La 
5 Sule 
Noreen: 8m 


(Ka,ky + ke)? 4% (1—Afay,) L—AL) BL O*, D, 
Neb, ie, E (ky) {£ (Ki + Ke) + E (ki) + E (ke)} 


With the aid of Eqs. (4.5), (2.13), (2.9) and (2.1) we 
can represent (4.21) in the form of an explicit 
function of coordinates. 

By a suitable method we can determine ®, and 
higher terms of the decomposition of the wave 
function of the lowest state of the Bose gas in 
powers of the parameter of the smallness of the 
interaction. 

The method of the ‘‘auxiliary variables’’ devel- 
oped above for application to the Bose gas has a 
simple relation to the method of approximate second 
quantization of the weakly non-ideal Bose gas 2 

We express p, (2.1) in the representation of 
second quantization in momentum space: 


1 
= ae Gundy (k a 0), (4.22) 
where aj, a; are Bose operators. We separate in 
Eq. (4.22) terms which contain Bose operators with 


* zero momentum and write p, in the form 


afte, 
i at yao ag Ox (4.23) 
3 VN VN 
4 =) ab. 
+ — >i 4K Qe. 
VN ' 
(f#0, f#k) 


The first two terms in (4.23) represent the Bose 
otras b, and b{ which were used in our previous 
work” 

We note that the wave function of the elementary 
excitations of the zeroth approximation (4.8) is 
identical in form with the function hypothesized by 
Feynman in his work on the theory of superfluidity 
of He II °. The correlation function of the zeroth 
approximation, which can be calculated with the 
help .of the variation derivative of the energy of the 
lowest state (2.15) with respect to the function of 
interaction by the relation 


g(r) 2% BB 


N2 SM (r) (r)’ (4.24) 


is also identical to the correlation function calcu- 
lated by Feynman. Thus we see that the results of 
Feynman agree with the zeroth approximation of 
our method. The further development of the methods 
of the present work can serve as the basis for 
improving the theory of superfluidity of He II. 


Translated by R. T. Beyer 
22 


8 
R. P. Feynman, Phys. Rev. 94, 262 (1954) 
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The system Bi-Rh has been investigated metallographically and by x-rays and has been 
found to contain three compounds: Bikh, Bi,Rh in two modifications, and Bi,Rh in three 
modifications. Crystals have been obtained and the primitive cell and space group de- 
termined for «- Bi,Rh and the primitive cell for «- and B- Bi,kh. 


HE structural diagram of the system bismuth- 


; : state. However a series of essential questions has 
thodium (Fig. 1) has been determined by 2 


remained obscure. The majority of alloys having 


Rie tie eR the compositions Bi kth and Bi kh had super- 


ie 0 20 0 40 0  & conducting transition temperatures 7, in the 
vicinity of 3.4° K. In some cases alloys of compo- 
sition Bi Rh passed into the superconducting state 
at temperatures in the neighborhood of 2.9° K. For 
a series of specimens of Bi Rh it was possible to 
observe both transition points to the superconduct- | 
ing state. After annealing, alloys of composition | 
Bi 4h and Bi Rh lost the capability of becoming 
superconducting while annealed alloys of composi-. 
tion BiRh preserved this capability. The tempera-— 
ture 7’, for annealed as well as for unannealed al- © 
loys of composition BiRh lies in the vicinity of 2°k 
although the transition temperature in various ; 
specimens varies within a range of several tenths 
of a degree. These small fluctuations, as has been 
shown by the work of one of us with Glagoleva®, 
can be explained by small changes in phase compo- 
sition under annealing, since BiRh constitutes a 
phase of variable composition. The clarification o: 
BisBigRh| BigRh the other points mentioned above required a deeper! 
10 


investigation of this system and the employement o 
both metallographic methods of inquiry, x-ray 
methods of analysis as well as measurement of 
micro-hardness and, in individual cases, of the 
density of compounds. 


20 Jo Y(] 30 
Bi % Rh by weight 


Fig. 1. Diagram of the System Bi-Rh 


Rode! on the basis of thermal and metallographic Preparation of Alloys. Bismuth of purity 99.95% 
analysis. and rhodium of analyticaly purity (domestic 
According to the findings of Alekseevskii?, all sources ) were employed for the preparation of the 
compounds in this system (Bi ,Rh, Bi ith and alloys. Part of the alloys were prepared inthe 
BiRh) can be obtained in the superconducting laboratory of N. E. Alekseevskii at the Institute fo 


Physical Problems of the Academy of Sciences, 


- t in the laboratory of the M In- 
aay J. Rode, Communications of the Platinum Institute 7, ee Bet tee ae oa vere 
21 (1929) 3V. P. Glagol dG. S. Zhd E T 

2 ii. n. V. Brandt and T. I. Kostina, . P. Glagoleva and G. S. anov, J. Exper. Theoret; 
tN: Riad Neck 889A, Phys. Ser. 16, 233 (1952) Phys. USSR 25, 485 (1953) 
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43% Rh by wt. Etched by concentrated HNO 3: Magnification 134 
70 %Rh by wt. Etched by concentrated 


11.01% Rh by wt. Etched by KI +1. 


3.5% Rh by wt. Etched by KI +1. 


ZHDANOV 


Surface of laminar and needle shaped crystals, 


3.5% Rh by wt. Etched by KI +I. 


HNO,. Magnification 57. 
Magnification 57. 
Magnification 57. 
Magnification 57. 
Magnification 134. 


SUPERCONDUCTIVITY OF Bi ,Rh AND Bi, Rh 


stitute for Engineering Physics. Melting was car- 
ried out in an atmosphere of inert gas (helium, 
argon ) in sealed quartz. ampules in a high fre- 
quency furnace, in a resistance furnace and in a 
gas jet flame. 

The alloying of bismuth with rhodium was carried 
out in various proportions by weight. Annealed 
alloys were investigated as well as those quenched 
at various temperatures and at various rates of 
cooling. 

Microstructure. For the preparation of section 
slides alloys were poured over sulphur or over a 
spe cial cement. A solution of iodine in potassium 
iodide was employed as an etching agent for 
metallographic analysis principally for alloys with 
a large content of bismuth, and nitric acid and aqua 
regia were employed for alloys rich in rhodium. 

The microstructures which we observed in the 
region from approximately pure bismuth to 50%rhod- 
ium by weight were similar to those adduced in 
reference 1. 

Alloys rich in rhodium, which were not investi- 
gated by Rode, show a double phased structure. 
Alloys ranging from the compound Bikh to pure 
rhodium consist of a mixture of crystals of BiRhin 
rhodium, the number of rhodium crystals increasing 
with the rise in the total content of rhodium in the 
alloy. Rhodium can crystallize in the form of 
dendrites (Fig. 2) as well as in single crystals of 
irregular shape (Fig. 3). X-raygrams taken by using 
x-radiation from copper on alloys rich in rhodium 
support the metallographic observations. 

Precise x-raygrams were obtained from alloys 
which were rich in rhodium and which were annealed 
for 50 hours at a temperature of 1100°C, using x- 
radiation from copper in an RKU camera of diame- 
ter 114mm. These x-raygrams were used to de- 
termine the lattice period of rhodium crystals in 
the alloy. Within the limits of experimental error 
the magnitude of this period coincides with the 
period of pure rhodium, a result which indicates 
the negligible solubility of bismuth in rhodium in 
contrast to our findings of significant solubility 
of bismuth*, as well as of antimony and lead® in 
palladium. It is interesting to note that while 
rhodium and palladium have the same crystal 
structure, comparable lattice parameters and atomic 
radii, and are neighbors in the Periodic Table, they 
behave differently with respect to solubility of 


bismuth. Doubtless this result is connected with 


4. N. Zhuravlev and G. S. Zhdanov, J. Exper. Theoret. 
Phys. USSR 25, 485 (1953) 


5M. Hansen, The Structure of Binary Alloys (1941) 
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the differences in the electronic structures of the 
atoms of rhodium and palladium and shows the in- 
adequacy of purely geometrical investigations of 

solid soluticns, an inadequacy one often finds in 

the metallographic literature. 


THE COMPOUND Bi ,Rh AND ITS 
POLYMORPHIC MODIFICATIONS 


Alloys corresponding to the composition Bi Rh 
(11.01% Rh by weight), under customary conditions 
of cooling, turn out to be heterogeneous as a con- 
sequence of the incompleteness of the peritectic 
reaction. Sections obtained from such alloys show 
the existence of several phases. On the micro- 
photograph of Fig. 4 there are seen initial separa- 
tions of Bi ohh which did not succeed in reacting 
with the liquid alloy, and which appear as gray 
dendrites surrounded by a later growth of a thin 
(1-10) film of crystals of Bi Rh ( shown by the 
arrow in the Figure). The dark etched places cor- 
respond to the eutectic which is composed princi- 
pally of bismuth (99.3 %by weight). In all proba- 
bility, the film of Bi Rh obstructs the entry of 
crystals of Bi,Rh into reaction with the bismuth of 
the eutectic. Continued heating at a temperature 
sufficient for the conduct of a process of diffusion 
between the bismuth of the eutectic and Bi ohh 
permits the reaction to go to completion, resulting 
in the formation of the low-temperature modification | 
of Bi Rh. According to the observations of 
Alekseevskii?, and our findings, this temperature | 
lies above 100° C. A heterogeneous alloy of Bi ,Rh 
annealed for 16 hours at a temperature of 200° C, 
after annealing, showed a uniform structure under 
metallographic and x-ray analysis. Alloys obtained 
through different rates of cooling differ with respect 
to the number of phases. 

A powder x-raygram obtained from a conventional) 
cooled specimen shows, on a strong background, 
many weak lines which are hard to measure. The 
interpretation of this x-raygram is extremely intri- 
cate, since all three phases have complex 
structures with a large number of superimposed 
lines. In addition to the large number of lines and | 
their superpositions, there is involved the effect of 
line diffusion, ensuing from the smallness of the 
crystals of Bi ,Rh and from stresses. 

As noted by Rode, a well defined temperature 
pause occurs in the alloy at the temperature 
~ 310°, and a weakly defined one at the tempera- 
ture ~ 390°; these correspond, according to Rode’s” 
surmise, to polymorphic transformations of Bi hh. 

Investigations by Alekseevskii? on the super- 
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conducting properties of alloys of this composition 
showed that only the unannealed specimens passed 
into the superconducting state thus indicating the 
presence of polymorphic transformations. We made 
an attempt to obtain a high temperature modification 
of Bi ,Rh by way of quenching, in water at 20°C 
and in ethyl alcohol at — 55°C, crystals of the low 
temperature modification of Bi Rh heated to vari- 
ous temperatures from 300° to 430°C. This attempt 
did not lead to the expected results. 

It is interesting to note that x-raygrams taken 
from quenched crystals had clearer lines than those 
taken from crystals separated from annealed alloys. 
This fact is indicative of the relaxation of stresses 
in the crystals. It was decided to obtain quenched 


crystals of Bi Rh by separation from the alloy ingot. 


To this end, an alloy containing 3.5% by weight of 
Rh was used on the basis that, irrespective of the 
rapidity of cooling of such an alloy from a temper- 
ature slightly (10- 20°) lower than the melting point 
of Bi Rh (433°), a two-phase alloy would be 
formed consisting of the eutectic and crystals of Bi ith. 
Such an alloy was obtained. Figure 5 is a micro- 
photograph showing crystals of Bi ,Rh imbedded in 
‘a mass of eutectic. Crystals of Bi ,Rh were sepa- 
‘rated in the form of a black powder by dissolving 
the bismuth in dilute nitric acid. From the powder 
x-raygram of the crystals separated in this way it 
is difficult to judge the crystal structure, since the 


photographs show weak lines on a strong background. 


Evidently the cause of this appearance of the x- 
raygrams is tied to the smallness of the crystals 
(1-25 as determined from the microphotographs ) 
and the magnitude of the stresses in the crystals, 
both of which lead to strong diffusion of lines. 

Crystals of larger size were obtained from a later 
melt, which was cooled less rapidly. Crystals of 
Bi ,Rh, separated by the process of dissolving bis- 
muth in dilute nitric acid, had dominantly needle 
shaped forms, a fact which has also been noted by 
Rossler (see reference 5). In the mass of needle 
shaped crystals there were also observed single 
crystals in the form of thin laminas. Observation 
of the needle shaped crystals under a microscope 
disclosed growths of needles in the form of 
“brooms’’, growths in the form of packets of 
crystals, as well as single needles. Cross sec- 
tions of needle shaped crystals are rectangular or 
close thereto. 

In the microphotograph shown in Fig. 6, the 
afrow a points to a packet growth of crystals of 
Bi Rh; the rectangularity of the crystal cross 


sections can also be seen. Probably these crys- 


tals are associated with one of the orthogonal sys- 
tems. Microscopic investigation of the laminar 
crystals shows that they are of a character sig- 
nificantly different from the needle shaped ones and 
probably belong to a third modification of Bi kh. 
Arrow 6 in Fig. 6 shows a laminar crystal whose 
plane lies in the plane of the microphotograph. It 
is interesting to point out that on the laminar 
crystals which have been studied, cleavage lines 
can clearly be observed inclined at angles of 
approximately 120°. This fact allows the pre- 
sumption that these crystals belong to the hex- 
agonal system with the hexagonal axis being lo- 
cated at right angles to the plane of the lamina. 

The discovery of three habit forms for the 
crystals of Bi,Rh underlies the possibility of the 
existence of three modifications of the compound 
Bi ,Rh which we will call « (low temperature ), 

B (needle shaped) and y (laminar). Modifications 
§-Bi,Rh and y- Bi ,Rh can be obtained by rapid 
cooling from temperatures in the interval 310-390° 
for B-Bi Rh (in accord with the structural dia- 
gram ) and in the interval 390-433° for y- Bi, Rh. 
The quenching temperatures must be reached by 
cooling the alloy from a temperature higher than 
the melting point of Bi ,Rh (433°), this being 
essential if crystals of the «- modification are to 
be eliminated. 

Crystals obtained from an alloy of composition 
3.5 % by weight of rhodium, and quenched at a 
temperature of 350°C, had primarily the needle 
shaped form and represented B- Bi,Rh. Crystals 
obtained from an alloy of the same composition, 
but quenched at a temperature of 420°C, had 
primarily laminar form and represented y- Bi Rh. 
In Fig. 7 a microphotograph is shown of an alloy 
of composition 3.5 %rhodium by weight, quenched 
at a temperature of 350°C, in which the needle 
shaped crystals can be seen in cross section 
( arrow a) among the mass of eutectic and, in 
smal] amount, the laminar crystals ( arrow b). 

As mentioned previously, attempts to obtain 
the modifications 6 and y- Bi,Rh by annealing 
crystals of «- Bi ,Rh in the intervals of tempera- 
tures 310- 390° and 390- 433°, and by subsequent 
quenching in water and in ethyl alcohol, did not 
succeed, Experiments were also made to obtain 
these modifications by way of annealing and 
quenching heterogeneous alloys containing bis- 
muth along with «- Bi 4Rh. Heterogeneous alloys 
were obtained of compositions 3.5 and 9% rhodium 
by weight, containing the eutectic and crystals 
of «- Bi ,Rh; these alloys were heated in argon 
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filled glass ampules up to the temperature 400- 
420°C and held for 3-6 hours, after which they 
were quickly cooled in water. After such quenching 
the alloy became very friable; it was possible to 
separate single crystals from it by mechanical 
means. By measurement of microhardness. and 
checking by x-ray analysis, it was established 
that these crystals represent «- Bi gkh. The fria- 
bility of bismuth attests to the great rapidity of 
cooling, which it was not possible to obtain in 
cooling alloys in quartz ampules. It is interesting 
to note that alloys of composition 3.5 % rhodium 
by weight, cooled from higher temperature, broke 
up into powder as if disintegrating. The quenching 
of pure bismuth at the temperature 700°C produced 
this effect and could evidently be explained by the 
increase in volume of bismuth on crystallization. 
Accordingly, to obtain high temperature modifica- 
tions of Bi,Rh from crystals of «- Bi 4kh, it is 
probably essential that a prolonged period of time 
be allowed for the conduct of the process of dif- 
fusion through which these modifications are 
produced. The reverse diffusion process for the 
passage of high temperature modifications of 
Bi ,Rh into «-Bi,Rh, as was mentioned previously, 
takes place at temperatures exceeding 100°C. 
Powder x-raygrams of the three modifications, ob- 
tained on irradiation by K «- copper, have distinct 
dispositions of lines pointing to the existence of 
distinct crystalline structures. 


THE PRODUCTION OF CRYSTALS AND 
STRUCTURAL STUDIES OF THE MODIFICATION 
«- Bi Rh. 

Crystals of «-Bi,Rh were obtained by growth in 
the mother liquor and subsequent separation by way 
of dissolving the bismuth. An alloy consisting of 
3 %rhodium by weight was chosen which, with ap- 
propriate heat treatment, contained the eutectic and 
crystals of «-Bi,Rh. The alloy was prepared in 


a quartz ampule containing argon. Melting was 
carried out in a resistance furnace. The tempera- 


ture of the furnace was carried to 650-700°C, the 
rhodium dissolved in the bismuth, and the furnace 
was slowly cooled to a temperature of 350-400 C. 
The alloy was held at this temperature for two 
hours (in order that the reaction might be fully 
completed) and was then cooled to room temper- 
ature, together with the furnace. Phase composi- 
tion was checked by metallographic analysis. If 
the existence of two phases was detected the al- 
loy was annealed at 300-350°C for 20-40 hours. As 
a result of such heat treatment there were formed 
large crystals of «- Bi,Rh with linear sections of 


0.3-0.5 mm. In Fig. 8 there is shown a microphoto- 
graph of such an alloy; on the dark background of 
the etched eutectic are seen the bright crystals 


«- Bi 4Rh. The crystals of «- Bi Rh were sepa- 


rated from the alloy by dissolving the bismuth in 
25 %nitric acid. The crystals of «- Bi ,Rh are 
silver-gray in color, crystallize in polyhedral 
shapes, the faces of which give good optical re- 
flections. The more perfect of the separated 
crystals were chosen for x-ray structural studies. 
It was established by Laue diagrams that the 
crystals belong to the cubic system and the dif- 
fraction class O, =m3m, and by vibration x-ray- 
grams that the crystals have a body-centered unit 
cell with the period a = 14.9 +0.2A. After 
greater precision was attained by the method of 
Umanskii and Kvitka® through the reflection of 
1860 at the angle 78°59’ from the radiation of cop- 
per in a camera of diameter 144.4 mm, it was found 
that 


a = 14.928 +0.005 A- 


X-ray density o, = 11.24 gm/cm®. The unit cell 
contains 24 weight units which corresponds to 120 
atoms of bismuth and rhodium. As a result of the 
indications of the series of vibration and rotation 
x-raygrams the extinction law was established, 
and from this followed x-ray group No. 115”, con- 


taining the single-space group 0}°— la3d. 


THE COMPOUND Bi,Rh AND ITS POLYMORPHIC 
MODIFICATIONS 


According to the structural diagram (Fig. 1) the 
compound Bi .Rh is formed by a peritectic reaction. 
Conveteanclly cooled alloys turn out to be hetero- 
geneous as a consequence of the incompleteness of 
the peritectic reaction. Alloys obtained by differ- 
ent rates of cooling differ with respect to the numb- 
er of phases. In such alloys the fundamental 
phase is the high temperature modification B- Bi ,Rh, 
with small quantities of Bi,Rh, and, occasionally, 
bismuth and BiRh. Figure 9 shows a microphoto- 
graph of a conventionally cooled alloy where the 
basic gray mass consists of B- Bi Rh, the bright 
dendrites are Bikh, and the Anayyike etched dark 
places are Bi, Rh. A powder x-raygram obtained 
from such an alloy shows, on a strong background, 


many weak lines which are difficult to measure. 


6M. M. Umanskii and S. S. Kvitka, Izv. Akad. Nauk SSSR, 
Phys. Ser. 15, 153 (1953) 


7G. S. Zhdanov and V. A. Pospelov, J. Exper. Theoret. 
Phys. USSR 15, 709 (1945) 


96 


N. N. ZHURAVLEV AND G. S. ZHDANOV 


Fig. 8. 3%Rh by wt. Etched by KI +I. Magnification 57. 
Fig. 9. 19.81%Rh by wt. Etched by concentrated HNO 


Fig. 10. 17%Rh by wt. Etched by 35 % HNO,. Magnification 57. 


Fig. 11. Section of a high temperature modification. Magnification 57. 
Fig. 12. Surface of the alloy 21.5% Rh by wt. Magnification 55. 


3: Magnification 255. 
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Crystals were obtained of the low and high temper- 
ature modifications of Bi gkh. To obtain «-Bi,Rh 
an alloy containing 17 %by weight of rhodium was 
employed. The alloy was prepared in a quartz am- 
pule in an atmosphere of argon. Melting was car- 
ried out in a resistance furnace. The temperature 
of the furnace was carried to 900-1000°C, the 
rhodium dissolved in bismuth, and the furnace was 
slowly cooled to a temperature of 450-480°C. The 
alloy was held at this temperature for 15-20 hours, 


after which it was cooled together with the furnace. 


In Fig. 10 is presented a microphotograph of such 
an alloy in which the large light crystals are those 
of «-Bi,Rh and the etched places, Bi,Rh and 
bismuth. Crystals of «- Bi,Rh were separated from 
the alloy by dissolving the Bi kh and bismuth in 
35 % nitric acid at 40-50°C. Crystals of «-Bi kh 
had laminar form, were of a dull stay color, and 
the faces were not refiecting. Powder x-raygrams 
of such crystals show the presence of many clear 
lines. Through a preliminary structural x-ray 
study, carried out with a monocrystalline growth, 
it is possible to assign the crystal «- Bi oith to the 


rhombic system with the periods: 


eS OtO0 SA b= 66-405 Ac =7.2 105 A. 


The elementary cell contains 4 parts by weight, 
that is, 12 atoms. 

Alloys containing the high temperature modifica- 
tion of Bi,Rh have a flaky character. From ingots 
of the alloy it is possible to split off mechanically 
very thin (several hundredths of a millimeter ) 
laminas with good optical reflections. Figure 1] 
shows a microphotograph of a split from such an 
alloy. In spite of the great care which was used, 
it was not possible to separate, by mechanical 
means, crystals of B- Bi Rh which would be use- 
ful for x-ray study, because the laminas were too 
easily deformed during the separation. In order to 
obtain underformed crystals of B- Bi oth, alloys 
were employed whose composition was richer in 
bismuth than would correspond to stoichiometric 
proportions. As was mentioned previously, such 
alloys, under rapid cooling, are characterized by 
reticular and needle shaped structures of crystals 
of 8- Bi Rh surrounded by thin layers of crystals 
of Bi Rk (Fig. 5). In the spacesbetween crystals 
the lattice is filled with bismuth. The thickness 
of the layers of crystals of Bi ,Rh depends on the 
rapidity of cooling of the alloys. Crystals of 
B-Bi okth were separated by dissolving bismuth 


and Bi Rh in dilute nitric acid. 


According to the structural diagram, and as was 
shown above, the compound Bi okh can exist in two 
modifications: «- Gi,sth formed as a result of slow 
cooling of the alloys and B- Bi okth obtained as a 
result of rapid cooling of the alloys. The passage 
of the crystals of B- Bi gith into «- Bi,Rh takes 
place comparatively rapidly under annealing of the 
crystals of B8- Bi,Rh at temperatures not exceeding 
498°C. The reverse passage of «- Bi okh into 
8-Bi,Rh requires more prolonged annealing in the 
temperature interval 498-774°C. Probably 8- Bi Rh 
exists in some region of concentrations. The 
variation in microhardness of the crystals of 
«- Bi Rh in various alloys over a wide range (70- 

2 
330 kg/mm2) can be explained in the light of this 
fact. 

Co-crystallization of the two modifications of 
Bi,Rh was observed by us on the surface of 
ingots of the alloy containing a shortage of rhodium 
in proportion to the stoichiometric composition of 
Bi ohh. Hf we exclude the ef fect of differences in 
the rate of cooling in various parts of the alloy, then 
the co-crystallization can be viewed as an indica- 
tion of the difference in the composition of the dif- 
ferent modifications. Figure 12 shows a micropho- 
tograph of the surface of an alloy containing 21.5% 
by weight of rhodium in which the large dark rhombic 
crystals correspond to «- Bi oith (probably «- Bi okh 
crystallizes in the form of rhombic bipyramids ) while 
the light laminar crystals correspond to B- Bi Rh. 
There were also observed a small quantity of the 
dendrites of BiRh shown by the arrow in Fig. 126. 


THE COMPOSITION BiRh 


Investigation of phase composition in the region 
of the compound Bikh supports the structural dia- 
gram of Rode. Facts about the solubility of bis- 
muth in Bikh and the crystal structure of Bikh were 
published in reference 3. 


DENSITY AND MICROHARDNESS OF COMPOUNDS 


Table I lists the densities 0, calculated from the 
results of x-ray analysis and Chyar determined by 
hydrostatic weighing in carbon tetrachloride of the 
crystals of Bi,Rh and Bi Rh. The density of Bikh 
is reduced from the data of Glagoieva and Zhdanov®. 

Microhardness of the compounds was measured on 
the apparatus PMT-3 with a constant loading of 
10 gms on the indentor. Measurements were carried 
out on crystals in the alloys as well as on crystals 
separated from the alloys and in an isolated state. 
Measurements were made on several specimens from 
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TABLE I 
At Room 
Temperature 
Compound gms/cm3 
Cnydr O, 
CASS Miheg colle Maco ao <c Ae OM lene: 
G=Bit Rie er ee re 10.7 — 
Vasa 5s An o> Fs oe NOESY — 
O=Biskiieee setae ie esos NPA AA || 4 bee 
P=BIGRI feet ee ce ee GL ZA Ah Ss 
BiRR 3.5 3th eee 


various alloys and the results were averaged. The 
conditions of measurement and the preparation of 
the surfaces of the specimens were the same within 
practical limits. 

Table I] lists the mean microhardness and the 
limits of its variation for isolated crystals of the 
compounds. 
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Microhardness in kg/mm 2 


Fig. 13. Plot of the microhardness 
of crystals of compounds in the 
alloy. 


In Fig. 13 is given a plot of the microhardness of 
compounds in the system bismuth-rhodium; the 
thick line gives the mean microhardness, while the 
dashed line gives the limits of variation, of the 
microhardness, which fall within the limits of ac- 
curacy of the measurements. The results can be ex 
plained in a number of ways: 


TABLE II 
ba | 8 8 
s an % ‘g a 
Compound Ho : eae 
dv Bl ae 
oul £8 ¢ 
Sau) 4 85 
O-Bighh i. cme gee aoe | 105 | 95—115 
O-BisRi as cs oes arene 65 | 60—70 
y-Bi,Riv a a ae cee 40* | 30—55 
o-BigRi tit ured 230 |210—260 
B-Bighhivc 04) een Goa era) 
BIRW” 2 ee c were nce 440 |370—450 


* Measured with a load of 5 
gms on the identor. 

1) for the compound Bikh the small range of 
hardness may be explained by the solubility of 
bismuth in BiRh?, 

2) for Bi,Rh and Bi,Rh it is necessary to take 
into account the existence of several modifications 
with different hardness, as well as the effect of 
the size of crystals in the alloy; moreover, for 
Bi ohh the possibility of the existence in the com- 
pound of some homogeneous region is not to be ex- 
cluded; 

3) the microhardness of rhodium is measured on 
crystals of rhodium in alloys rich in rhodium; the 
range of microhardness can be explained by the 
effect of crystal size. 

Figure 13 shows that in the system bismuth- 
rhodium the mean microhardness of the compounds 
increases with arise in the content of rhodium, and 
that the microhardness of the compound ( Bikh) 
rich in rhodium is greater than the microhardness 
of crystals of rhodium in the alloy. _ Similarly to the 
microhardness, there can be noted the increase in 
density of the low temperature modifications of the. 
compounds with an increase in their rhodium con- 
tent. 


CONCLUSIONS 


1. In the system bismuth-rhodium the existence 
of three compounds is confirmed: Bi,Rh, Bi Rh 
and BiRh. 

2. The compound Bi ,Rh has three modifications: 
«(low temperature )— with crystals in the form of 
polyhedra, B (medium temperature ) — with needle 
shaped crystals and y (high temperature ) — with 
laminar crystals. { 

«- Bi ,Rh crystallizes in the cubic system with 
the period a = 14.928 +0.005 A. The elementary 
cell contains 24 parts by weight, which corresponds 
to 120 atoms; 0, = 11.24 gm/cm®. The space 
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group is O)o- la3d. By habit the crystals of 
B- Bi Rh belong to the orthogonal system, while 
those of y- Bi ,Rh belong to the hexagonal system. 

3. The compound Bi,Rh has two modifications: 
x (low temperature ) and B (high temperature ). 
«-Bi,Rh crystallizes in the rhombic system: a 
=5.9 +0.3 A; b =6.8 +0.3 A; c =7.2 0.34 
In the elementary cell there are four parts by 
weight, or 12 atoms: 0 = 12.1 gm/cm®; B-Bi ohh 
crystallizes in the monoclinic system: a = 16.2 
+0.1 A; 6 =7.0 £0.1A;c =10.3 + 0.1 A; B 
= 92°30% In the elementary cell there are 16 parts 
by weight, or 48 atoms; o, = 11.6 gm/cm® (see 
Supplement). 

4. Alloys rich in rhodium have a two phase 
character consisting of BiRh and rhodium. 

5. The solubility of bismuth in rhodium is very 


<a and cannot be shown by x-ray analysis. 
. The density and microhardness of compounds 


in the system bismuth-rhodium have been determined. 
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SUPPLEMENT 


THE X-RAY DETERMINATION OF THE 
ELEMENTARY CELL OF B- Bi ohh. 


Crystals of B- Bi okh constitute thin laminas with 
two reflecting faces. Through a Laue diagram the 
crystals of B- Bi Rh was placed in the monoclinic 
system. The period along the monoclinic axis }, 
lying in the plane of the lamina , was obtained by a 
rotation x-raygram, b = 7.0 +0.1 A. The periods 
a, c and the angle between them, were determined 
from the evolvement of three layer lines from an x- 
ray goniometer with a cylindrical film while the 
crystal was rotated about the axis b. It was found: 


a = 16.2 +0.1 A; e = 10.5 +0.1 A; B= 92°30” 
X-ray density o = 11.6 gm/cm 3. with the number 
of parts by weight per unit cell being Z = 16, 


corresponding to 48 atoms. 
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The Problem of the Superconductivity of the Compounds 
Big h and BigRh 
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The temperature of transition into the superconducting state of the crystals of 6 and «- 


Bi,Rh are determined. An explanation is given of unst 


alloys of bismuth with rhodium. 


le behavior of the superconducting 


S reported earlier }, alloys of composition 
Bi,Rh and Bi,Rh show superconductivity when 
they have not been annealed, and have transition 
temperatures, independent of composition, lying 
in the vicinity of 2.9° and 3.4°K. Specimens of 
the same composition which have been annealed 
do not show superconductivity. In order that the 
specimens may again become superconducting, it 
is necessary to remelt them. It was also noted 
_ that the majority of specimens of Bi 4Rh and Bi, Rh, 


TW..E: Alekseevskii, N. B. Brandt and T. I. Kostina, 
Izv. Akad. Nauk SSSR Ser. Fiz. 16, 233 (1952) 


after the second remelting, gave a transition 
temperature in the neighborhood of 3.4°K. In the 
case of several specimens of alloys of composi- 
tion Bi Rh,it was possible to observe a disconti- 
nuity in the critical field curve corresponding to 
the existence of two points of transition into the 
superconducting state from T, = 3.4 and T, = 2.9° K. 
The fact that, after annealing, specimens lost 
the capacity of becoming superconducting was 
considered to be indicative of the existence of 


superconducting high temperature modifications 
of the compound Bi,Rh and Bi,Rh. The disap- 


pearance of superconductivity in annealed speci- 
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mens is explained by the polymorphic transforma- 
tion of the modifications mentioned above. 

The loss of superconductivity after annealing 
at temperatures slightly above 100°C, as well as 
the sharp change in the coefficient of expansion in 
the temperature interval 100-120°C, which was 
discovered during dilatometric measurements of 
two specimens of Bi ,Rh*, give some indication of 
the presence of polymorphic transformations in 
this temperature region. 

Metallographic and x-raygraphic investigations” 
of alloys in the neighborhood of compositions 


Bi ,Rh and Bi,Rh were confirmed by the existence 
of several modifications of these compounds with 
points of polymorphic transition in agreement with 
the structural diagram of this system first inves- 
tigated by Rode?. Investigation of the compound 
Bi Rh showed that it can be obtained in three 
modifications : = Bi ,Rh-low temperature, 
B- Bi ,Rh-middle temperature. and y- Bi 4hh- high 
temperature form. 

Crystals of «-Bi,Rh (separated from annealed 
alloys with 3% by weight of rhodium) crystallize 


into the cubic system with the period a = 14.928 
+ 0.005A. The elementary cell contains 24 parts 
by weight, or 120 atoms of rhodium and bismuth; 
ox =11.24 gm/cm*. The space group is 0}? 

- la3d. The « modification of Bj,Rh does not 
become superconducting down to the tempera- 
ture 0.1°K*. Crystals of 6- Bi,Rh separated from 
an alloy containing 3.5% of rhodium by weight, and 
quenched at a temperature of 300% 390°C, pass 
into the superconducting state at the temperature 
T =3.2°K. Crystals of y- Bi,Rh separated from 
the same alloy and quenched from a temperature 
close to the melting point of this compound, show 
superconductivity at T = 2.7 °K. 

The transition temperatures of specimens pre- 
viously observed at 3.4° and 2.9°K obviously 
were determined by the presence in them of the 6 
and Yphases. The higher % of these specimens 
(in comparison with the @ of the pure phases) 
most probably can be explained either by the par-- 
tial solution of other components of the alloy in 
the superconducting compound,or by the great 
internal stresses arising in a heterogeneous 


2NLN. Zhuravlev and G. S. Zhdanov, J. Exper. 
Theoret. Phys. USSR 28, 228 (1951); Sov. Phys. 1,91(1955) 


3 E. J. Rode,Communicati f A 
Institute 7, 21 (1929) ications of the Platinum 


4N. E. Alekseevskii and Iu. P Gaiduk 
Theoret. Phys. USSR 25, 383 (1953) aidukov, J. Exper. 


* Dilatometric measurements were carried out in the 
laboratory of P. G- Strelkov. 


specimen. 

The compound Bi, Rh can be obtained in two mod- 
ifications: «- Bi ,Rh-low temperature and 6-Bi,Rh 
-the high temperature form. Crystals of «-Bi, Kh 
( separated from annealed alloys containing 17% 
of rhodium by weight) crystallize into the rhombic 
system with the periods a=5.9 +0.34A; 


b= 6.8 +0.3A and c=7.2 + 0.3A. The elementary 
cell contains 4 parts by weight, a ,= 12.1 gm/cm3. 
Crystals of «-Bi, Rh do not pass into the super- 
conducting state down to the temperature 1.34 °K. 
Crystals of 6-Bi,Rh, separated from an alloy 
containing 14 to 17% by weight of rhodium, quenched 
from a temperature close to the melting point of 

this compound, crystallize into the monoclinic 
system with the parameters a = 16.2 +0.1A3 
c=10.5 +0.1A; B= 92°304 0, = 11.6 gm/cm? 
Crystals of 8-Bi,Rh also do not pass into the 
superconducting state down to the temperature 

127 -K. 

In addition to the well-defined determination of 
the temperature of transition into the superconduct- 
ing state, it is possible, in some degree, to explain 
the behavior of alloys obtained under various con- 
ditions and having the compositions Bi,Rh and 
Bi, Rh. 

As has been shown in the work cited in references 
1 and 2, alloys of composition Bi,Rh cooled in the 
conventional way have a heterogeneous character, 
Depending on the rapidity of cooling, it is pos- 
sible to observe in such alloys the presence of 
two modifications of Bi, Rh and three modifica- 
tions of Bi,Rh. Annealing of alloys of composi- 
tion Bi,Rh at temperatures above 100°C leads to 
homogeneous structures. Moreover, the changes 
(loss of superconductivity, a sharp change in the 
coefficient of expansion) noted in the work of 
reference ] under annealing above 100°C probably 
are better explained by the continuation of the 
peritectic reaction producing «- Bi,Rh. 

For specimens of composition Bi 4h there are 
possible five basic variants in the phase composi- 
tion of the alloys, depending on the conditions of 
cooling. 

First Variant. At rapid rates of cooling the 
reaction between crystals of Bi,Rh and Bi does 
not go to completion. The speed of cooling is 
such that only the formation of y- Bi ,Rh is pos— 
sible. In such specimens there is only one tran- 
sition point corresponding to y-Bi,Rh. To this 
variant corresponds specimen No. { and the. 
specimen remelted after annealing No. 6}. 

On Fig. 1 is shown a microphotograph of an alloy 
of composition 9% rhodium by weight characterizing 
the first variant of phase composition. On the 
microphotograph can be seen bright crystals 
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Fig. 1. 
Magnification 134, 


Fig. 2. Composition of 11% 


Magnification 57. 


Composition of 9% Rh by wt. Etched KI +I. 


Rh by wt. Etched KI +1. 


Fig. 3. Composition of 9% Rh by wt. Etched KI +I. 


Magnification 57. 


surrounded by a film. The bright crystals represent 
#-Bi,Rh with a microhardness of 40-60 kg/mm2. 
The coating represents y-Bi ,Rh with a micro- 
hardness of 30-55 kg/mm?. The etched places 
correspond to the eutectic containing principally 
bismuth (99.3% by weight). 

Second Variant. At rates of cooling slower than 
in the first case, the reactions between the crystals 
of Bi,kh and bismuth are carried out to a greater 
extent but are not completed; under such circum- 
stances the formation of the modifications «, (6 and 
Yy- Bi,Rh is possible. Such specimens have two 
points of transition into superconductivity corre- 
sponding to 7 = 3.2°K for 8-Bi,Rh and ] =2.7°K 
for ‘y- Bi, Rh. To this variant correspond samples 
No. 4 and No. 6 obtained in quartz ampules. 

In Fig. 2 is shown a microphotograph of an alloy 
of composition 11% rhodium by weight, character- 


izing the second variant of phase composition. On 
the microphotograph the long gray crystals represent 
8-Bi,Rh with a microhardness of 40-60 kg/mm ? 
(shown by the arrow a). The lighter film of longish 
crystals with a microhardness of 30-55 kg/mm2 2 
represent ‘/- Bi Rh (arrow b). The small four-sided 
crystals with a microhardness of 60-70 kg/mm? 


represent - Bi,Rh ( arrow c ), the small poly- 
hedral crystals -« -Bi,Rh with a microhardness of 


90 - 200 kg/mm? (the upper limit of hardness is 
raised because of the influence of crystal size). 
The etched places are the bismuth of the eutectic 
Third Variant. The reaction between crystals 
of Bi,Rh and bismuth has proceeded to completion. 
The speed of cooling is sufficient for the forma- 
tion of crystals of 8 and y- Bi,Rh. Such speci- 
mens have two points of transition into the 
superconducting state corresponding to and 
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y- Bi Rh. 

The metallographic picture is close to that 
shown in Fig. 2, the difference being merely that 
the longish crystals have smaller microhardness 
and lighter coloring. To differentiate between 


crystals of 6-Bi,Rh and y- Bi, Rh is difficult since 


they look similar on microsections and have 
similar values of the microhardness. In a heter- 
geneous alloy it is not possible to do this even 
by x-ray analysis. This variant of phase composi- 
tion is observed in cases in which the alloy is 
heated to a temperature higher than the melting 
temperature of Bi,Rh by 150-200°, and is then 
cooled to a temperature a little lower than the 
melting point of Bi,Rh, is held at this tempera- 
ture for some time sufficient for the reaction 
between Bi,Rh and bismuth to be completed, and 
is then rapidly cooled. 

Fourth Variant. The reaction between the 
crystals of Bi,Rh and the bismuth of the eutectic 
has run to completion. The speed of cooling 
suffices for the formation of crystals of B- Bi Rh, 
but is not sufficient for the formation of y- Bi Rh. 
In such specimens there ig only one transition 
point corresponding to 6-Bi,Rh. Specimen No. 2, 
melted in‘a thick-walled quartz ampule, corre- 
sponds to this variant, and specimens No. 8 and 9 
prepared in graphite crucibles. 

Fifth Variant. The reaction between crystals of 
Bi, Rh and the bismuth of the eutectic has run to 
completion. The speed of cooling is too small for 
the formation of crystals of Gand y-Bi,Rh. The 


specimens are not superconducting. As an example, 
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we have specimen No. 7 which was melted in a 
thick-walled porcelain container. In Fig. 3 is 
shown a microphotograph of an alloy of composition 
9% rhodium by weight, characterizing the fifth 
variant of phase composition. In the microphoto- 


graph, in the mass of etched eutectic, can be seen 
bright polyhedral crystals of «-Bi,Rh with a 
microhardness of 90-120 kg/mm?. 

Similar to the alloys of composition Bi,Rh, the 
alloys of composition Bi,Rh, when conventionally 
cooled, also have a heterogeneous character. It 
is sufficient to point out that under various condi- 
tions of preparation of the alloys, in addition to the 
modifications mentioned above, at very rapid rates 
of cooling, it is possible to form crystals of Bi.Rh 
which can give one more point of transition into super- 
conductivity ~2°K, as was mentioned in reference 
5. Alloys of composition Bi,Ith obtained by us 
through conventional cooling, as was mentioned 
above, had heterogeneous character and consisted 
primarily of crystals of Bi,Rh and 6-Bi,Rh. The 
latter were responsible for the superconductivity of 
these alloys. As examples, can serve specimen 
No. 1 melted in a quartz ampule, and specimens 
No. 3 and No. 4 melted in graphite crucibles. 

In conclusion we express thanks to I. I. Lifanov 


and to N. P. Ivanov for assistance in the experi- 
ments;. 


—. 


5N. E. Alekseevskii, N. B. Brandt and T. I. Kostina, 
J. Exper. Theoret., Phys. USSR 21, 951 (1951) 


vag by N. E. Golovin 


SOVIET PHYSICS-JETP 


The Theory of the Electrical Resistivi 


VOLUME 1, NUMBER 1 


JULY, 1955 


ty of 


Ordered Alloys 


M.A. KrivoGLaz AND Z. A. MATYSINA 
Metallo-physics Laboratory, Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor February 16, 1954) 
J. Exper. Theoret. Phys. USSR 28, 61-69 (January, 1955) 


The residual electrical resistivity of binary ordered alloys is examined in light of the 


many electron theory. It has been shown that the relation 
the composition of the alloy and the degree of order is the 


etween the resistivity and 
same as in the one electron 


approximation. The correlation in alloys has also been calculated. 


1. INTRODUCTION 


HE quantum mechanical theory of the residual 
resistivity of disordered alloys was developed by 


T 


Nordheim!. The theory of the residual resistivity 
of ordered solid solutions was constructed by 
Smirnov? for the general case of binary alloys 

of different structure, of arbitrary composition and 
degree of distant order. This article also explains 
the observations of the experimental dependence 
of the residual resistivity p,, on the composition of 
the alloy and the degree of distant order. In the 
calculation of p, in references | and 2, two basic 
simplifying assumptions were made. In the first 
place, it was assumed that the absolute value of 
the difference (V4- Vg) of energies of interaction 
of valence electrons with the atoms of an alloy of 
the first and second type was sufficiently small. 
In the second place, it was assumed that the prob- 
lem could be solved by the one electron approxima- 
tion, i.e., the real system of interacting electrons 
could be replaced by a system of noninteracting 
electrons, moving in a potential field that is 
created by the ionic crystal lattices of the metal 
and by the remaining electrons. 

The first of the indicated assumptions apparent- 
ly is satisfied with sufficient exactness for many 
alloys. However, as has been noted repeatedly, 
the solution of the many electron problem with the 
help of the one electron approximation does not 
appear to have a theoretical basis in the case of 
metals. Among the results of theoretical examina- 
tions, some electronic properties of metals ( for 
example, the possibility of passing electrons — 
through an ideal crystal lattice without scattering, 
the appearance of the optical dispersion formula 
of metals) agree in the many electron and in the 
one electron theories®’* . In the present article, 
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12, 337 (1948); Usp. Fiz. Nauk 48, 289 (1952) 
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it is shown that the results in references ] and 2, 
for the dependence of the residual resistivity upon 
the composition of the alloy and the degree of the 
order, are preserved also in the many electron 
theory, if only the assumption about the smallness 
of (V,- Vz ) is used. 
In articles 1] and 2, in calculating py , the 

coupling between the filling up of the various 


sites of a crystal lattice by atoms of the alloy was 
not taken into account, i.e., it was assumed that 
the atoms of the alloy are in a disordered distribu- 
tion at the sites of a sublattice of the given type. 
In the particular cases of alloys with simple cubic 
lattices of stoichiometric systems, the coupling 
was studied with the help of the one electron 
approximation ° . In the present article, formulas 
are developed for the residual resistivity, taking 
correlations into account; these are suitable for 
alloys of various structures and arbitrary composi- 
tion. 
2. DETERMINATION OF THE PROBABILITIES OF 
QUANTUM TRANSITIONS OF ELECTRONS FOR 
CONDUCTION UNDER THE ACTION OF 
DISORDER IN THE LOCATION 
OF THE ATOMS 


We examine the binary ordered alloys A-B with 
the Brava-type crystal lattice having two types of 
sites in a well-ordered structure. Let us assume 
that this alloy was annealed at some temperature , 
as a result of which some equilibrium distribution 
of the atoms A and B at the junctions of the crys- 
tal lattice was established. Let us examine the 
electrical resistivity of this alloy, which has been 
quickly quenched to such a low temperature that 
the effect of the vibrations of the crystal lattice 
of the alloy on the movement of the electrons is 
negligibly small, so that one can assume that the 
ions are attached to the lattice sites. 

For the identification of the stationary states of 


the system, strictly speaking, we should have 


IIn*N" 
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solved the Schrédinger equation for all the elec- 
trons of the metal in the field of all the nuclei. 
Since, however, the inner electrons of the ions of 
the metal are bound considerably stronger than the 
valence electrons, and since they exist in discrete 
energy levels, it is possible to use the adiabatic 
assumption. According to this assumption, one 
can study the motion of the strongly bound 
electrons for given coordinates r, of the conducting 
electrons. Afterwards, it is necessary to include 
this energy of the strongly bound electrons, which 


depends on F, , as a term in the potential energy 
of the conducting electrons. It is not possible to 


take the strongly bound electrons into account 
otherwise. In this case, we mean by strongly bound 
electrons, electrons lying in such deep electron 
shells of alloy atoms that the shells are practical- 
ly unpolarized. All the remaining electrons refer 
to conduction electrons. This separation of 
valence electrons into a discrete subsystem is 
necessary so that it will be possible to formulate 
for just these electrons the smallness condition 
for the difference in interaction energy of the e- 
lectrons with the ions in the lattice of different 


kinds: 


|Va—Val~e. (1) 
Here the smallness of the parameter € implies 
that the solutions of the Schrédinger equation with 
the potential energies V, and V,, differ by a small 
amount. The equation for a stationary system of 
N, valence electrons in the field of the alloy ions 
has the form: 


h2 2 
A) Ve) + Big al (2) 


x att oes) — nn met ees) 
ip : 
where — 5_- A; is the kinetic energy operator for 


the ith electron, V(r;) is the potential energy of 
the ith electron in the field of the ions. As a 
zeroth approximation, as is customary!>?, we shall 
take the state of the system of electrons, which 
are in the field of the completely ordered crystal 
lattice, consisting of effective ions. In this state, 
each effective ion creates a potential equal to 
average potential of the ions and alloy, occurring 
at the site of the given type. The perturbing func- 
tion of the zeroth approximation is determined 
from the equation 


l 


h2 == e2 
Laer A + V(r) + al (3) 
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Equation (3) describes the motion of the system of 
electrons in the region of the periodic field V(r; ), 
creating the effective ions. Using only the proper- 
ties of the symmetric transformations, it is pos- 
sible, as is known, to reduce the solution of Eq. 
(3) to the following form: 


P(e Kya) (4) 
Ne 
= >, (— 1)? Pexp [ » kin | Hao. his), 


where 


Ne 


> 


Pexp [ ki | PR CieMed) We en 
=1 


results from the function 


Ne 
exp Bb kin Un (... 1; ...) by means of some permuta- 
=i 


tions of position coordinates, > denotes the 


summation over all permutations, and (-1)? equals 
+ ] for an even number of transformations, corres- 
ponding to a given permutation, and equals - 1 if 
the number of transformations is odd. The func- 
tion u (...r,...) remains unchanged for a displace- 
ment of all the electrons by the lattice con stant a: 


ia (Tj to A osc) ea ee Lie (5) 


under the action of the perturbation energy 


N 


VCS Cert N eae y [V (ri) E=SVA(t7)| (6) 


i=1 


the system can change from y° to another state, 
that is described by the wave — function 


wv, (GasryeRe2) (7) 
Ne 
= y(- 1)? Pexp [ > kin | Um (2-87). 
Pp im] 


The probability of this transition is proportional 
to the square of the modulus of the matrix element 


Vim = (ur VV dene dtn, (8) 


Ne 
= Soir vind, 
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where 


AV (ri) = V(ri) — V (ri), (9) 


Pam (ti) = \ Bees cBier,) ee Cycecs,< rn,) 


dt, apegte dtd ti44 Sire dcy,. 


Owing to the symmetry properties of the wave 
functions of the system relative to the periodic 
coordinates of the different electrons, the form of 
the function ® in in, ) is not dependent upon the 
number i. Using Eq. (4) and the cyclic conditions, 
it is easy to see that 


Pam (t + a) = e'?Dam (r), (11) 


where 
q = >, (ki — ki). 


Consequently, it is possible to introduce ® _ (r) 
in the form 


Da (r) == ei Unm (3 (12) 


where U__ (r) is a periodic function with period a. 


The potential energy of the ith electron V(r,), 
as also in references ] and 2, can be introduced 
in the form of a sum of potential energies which 
are formed by the separate ions of the alloy, 


V (ri) = > ead (fi Se) h,), 


SX 


(13) 


where R_ denotes the vector drawn to the first site 
of the sth crystal cell, h, is the vector, leading 
from the first site of the cell to the site of number 
x of this cell, V**is the potential energy of the 
electron in the field of the ion, occurring at the 
site of number y of the sth cell, equaling Va or 

V. respectively, if atom A or B exists at this site. 
the summation in Eq. (13) is carried over all the 
sites of the crystal lattice of the alloy. The aver- 
age of the potential energy V(r, ) equals 


V(r) = V* (ti — Rs — hy), (14) 


where V “is the potential energy of the electron 
in the field of the effective ion, denoted by the 
site number y. This energy is not related to the 
number of the cell s. 


Substituting in Eq. (8) the Eqs. (12), (9), (13), 


(10) 
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and (14) and making in each term the change of 
variables 

ri —R; iin h, > liz, 
we obtain 
Vam = Nz 2 exp {iqRs,} (Vim — VE), (15) 
Here 
Vim = exp {igri} V(r) (16) 


x U am (r; =P h,) dt;, 


Vin = ( exp {igri} V* (ri) (17) 


ean (ey ea kh \ahe, 


Rs, = Rs + hy is the radius vector of the site 
of number y of the sth cell, V** equals V, or 
Vgnm depending on which atom occurs at the given 
site. 

The square modulus of the matrix element |V' |? 
on the basis of Eq. (15), equals 


| Vim ft = Ne {> (Vim — Vin) (18) 
xS 


x (Vin — Vim) 


4S exp {iq (Rys —Rys)} (Vim — Vim) 


XS# X'S! 
gine Em 


The first sum in Eq. (18) specifies the residual 
resistivity of the alloy in which there is the ab- 
sence of coupling. This is the form of the sum 
calculated by Smirnov”. From this the following 
results have been obtained: 


OVE Vi Oy 
ys 


Ay As 
=v |p? 3) am + oP? > om |. 


u=1 %,=1 
Here 


(20) 


Xj 7 xj |? 
ae = | Vine ae Vaan 
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2 
? 


= |{ ef9° [Va (F) — Vo (0)] Um (F + th) dc| 


p? is the substitution probability of a site of the 
jth kind by an atom «(j =1,2; «= A,B), x; is the 
number of the site of the jth kind, and N’ is the 
number of cells in the crystal lattice. The func- 
tion U,,,(t +h,,) is different from U,,,, (r) by the 
order of magnitude of |V4 - Vg|_. Therefore, as 
also in reference 2, the terms of all the A‘/, are 
mutually equal 

(21) 


x 
mye SS faery om nee 


correct to the cubic terms in VY, - Vg. Then Eq. 
(19) can be converted to the form: 
Di Vie Way Vie) (22) 
xs 
= IN AG [exce 4g — Pr] ; 


as was also done in reference 2. Here N is the 
number of sites of the crystal lattice of the alloy, 
c, andc, are the relative atomic concentrations 


orate A and B in the alloy (c, +c, =1), 
7 = (p" aCe ) /yis the degree i distant order, 
v is the ratio of the number of sites of the first 
kind to the total number of sites: 


1—v 
=| M 
C2 


The second sum in Eq. (18) equals zero, if 
coupling exists in the alloy 2. If it is assumed 
that the coupling in the alloy is small, then it is 
possible, when computing this sum, to restrict the 
coupling parameter* to the linear terms. Therefore, 
we retain in the indicated sum only those terms 
that correspond to nearest neighbors. The remain- 
ing terms contain terms of a higher degree of 
smallness relative to the coupling parameter. Under 


these assumptions, the unknown sum can be put 
into the form: 


Ga where 


Cy < Y, 
where 
= 


Py 


DYexp {iq (Ry — Rxs)} 


XS#X'S' 


(24) 


x (Vim — V*,) (Vxs'* — Vx") 


nm 


* The coupling parameter can be chosen, for example , 
in the same way as in reference 6. 


M. A. KRIVOGLAZ AND Z. A. MATYSINA 


4 25, een Perna, 
~ Siexp {iq3R >\(Vin Vin — Vim Viim)- 
R= eS 


Here the summation over ys, x 's' is divided 
into a sum in which dR; = R, ,- R,! ,/ is con- 
stant. The summation over k is carried over all 
z nearest neighbors of a given site ys. At this 
site y's’ is determined by the assignment of 


ys and k. The sum 


—EEEEEEEEEE 


MS) ysl yx yr" 
( nm it on nm nm 
S) 


depends only upon the kind of site X and Xs 
Introducing the probability pu of the displace- 
ment of neighboring sites of type j and /(j,l = 1,2) 
to atoms « and Grespectively, («,8= A,B), the 
indicated sum can be transformed to the form: 


(25) 


Ni fain ea ners a ee 
DCE ERNIE 
Ss 


2H) Sloe VAL 


il Xe il 
=i iil, | ni? Visi V Sam ae pe Vian Voom 


Xj xj 


(jl) Xe il Xe 
= PBA Vien Waar is pse Vsan Venn 


seer $ Sa 
— (PVE + pVEin) 
( () yr * (1) Xe ) 
PX Vanm + PB Venm s 


Here it is understood that the site numbers y and y’ 
refer,respectively, to sites of the type j andl. By 
introducing the values €/’, which are determined 

by the relation 


e” = pkp — pps = px — psp (26) 
= — (pxs — pp’) = — (pie — pW p®), 
Eq. (25) takes on the simpler form: 
Dil Vig VERS a Vise Se) (27) 
Ss 
= — Nell (Vin - View) 
(yee eee Vi) os — N'eltAnns 
In the last equation (View — Vain) (yu: — Bhs) 


is replaced by A,,, which is correct only to the 
third order of the 1, - Vz | terms. Performing 
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the summations over x and & in Eq. (24) and 
taking into account Eq. (27), we obtain the follow- 
ing expression for Eq. (24) 


XSFX’s! 
yrs" Tx ea 
(Vina — Vam) =~ — N,s! » cos goRp, 
R,=1 


+ Nos > cos qéRz, 


h,=1 


+ 2N,2!2 bs cos @R,, Anm- 
h 


Fas 


Here N_ = vN is the number of sites of the first 
type, VN. =(1- v)N is the number of sites of the 
second Sec: z, is the number of sites of the first 
kind, adjacent to the sites of the first kind, z, is 
the number of sites of the second kind adjacent to 
the sites of the second kind, and z, is‘the number 
of sites of the second kind adjacent to the sites of 


the first kind. 
if ee Society small, such that for all 4 


qoRr << L, 


then on the basis of Eqs. (18), (22), and (28), the 


quadratic modulus of the matrix element |V;, | 2 
equals 


| i fe =e Anmf (c, Up e), 


where 


Qnm =— i al UF ee 


Vv 
— (1 — v) 2267? — 2Qvzse"" 


and € denotes the set of values € 11, €22, and 
e!2 | Here the coefficients, aim correct to the 
terms of the highest (third) order of smallness 
relative to the |V, - V, |, do not depend upon 

c, n, and €, i.e., they are single valued for all the 
quantum transitions. The latter case is essential- 
ly for what follows. In the case of the one elec- 
tron approximation, inequalities similar to (29) are 
satisfied for all the quantum transitions in the 
case of “‘poor metals”’, i.e., of metals with a small 
number of valence electrons. If the number of va- 
lence electrons is large and the quantum transi- 
tions, for which the condition (29) is not fulfilled, 


2 exp {iq (Ris — Rys)} (VE, — Vin) (28) 


(29) 


play an essential role, then the coupling correc- 
tion in Eq. (30) and (31) is too large in absolute 
magnitude. However,the basic contribution to the 
quadratic modulus of the matrix elements |V“,_ |? 
is the term (22), the calculation of which does not 
have a bearing on the condition (29) of small q. 
Therefore, without the coupling calculations in the 
alloy, Eq. (30) is correct for any q. 


3. CALCULATION OF THE RESIDUAL RESISTIVITY 


The average value of the electron current densi- 
ty can be determined by the equation: 


[= Danian (32) 
nm 


where the series of values @,_, introduces the 

matrix density, formulated by the wave functions 

Wn» which are determined by Eq. (4), and 1; is 

the matrix element of the current density operator. 

In the absence of an electric field, the average 

electron current density equals zero, i.e., 
Sigel 0, 


nm nm 


(33) 


nm 
where @° designates the matrix density without 
the external field. If a large field F is applied to 
the metal, then the matrix element @®im can be 
written in the form: 


— 70 
Ue, = wam + AW am 


(34) 
while the average current density equals 


i= x AWaml nm (35) 
The values of Aw, are determined from the 
stationary condition, which requires 

AWnmjdt = 0. (36) 
in order that the matrix density does not change 
with time. Further, as in the derivation of the 
kinetic equation, we take into consideration the 
fact that the system of electrons exists in states 
of dynamic equilibrium, and the value of w, 
change because of the presence of the field, also 
because of the diffusion of electrons on heteroge- 
neities combined with an incompletely ordered 
distribution in an alloy of two types of atoms. The 
transformation of w _ per unit of time is some 
function of the field as a consequence of the first 
reason. The decomposition of this function into 
a power series in F does not include the zero 
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order and can be written in the following form: 


(O@nm[Ot) tiela = Cam +. - (37) 
Since, according to Eqs. (30) and (31), the proba- 
bilities of any quantum transitions are propor- 
tional to the same function f(c, 7, €), then the 
change in ®, per unit time, connected with the 
heterogeneities of the alloy, is also proportional 
to this function: 


(OW pm|Ot)alloy = Ney i ie N; é), (38) 
where A__ in the assumed approximation 

(\Va- Veal small) does not depend upon c,y, or €. 
The coefficients ) ,,,, appear as functions of the 
matrix elements of the Hensity operator. The 
separation of these coefficients into a series in 
increments of Aw, has the form: 


ham'= Di tprnmANWpr 2 
ei aigpeaat Bie (39) 


Here the zeroth order term is zero, since in the 
absence of an electric field, Eq. (38) reduces to 
zero. From Eqs. (36), (37), (38), and (39), we 
obtain a system of equations for the determination 
of the values of Aw: 


Fie, 7, ®) >) YpramAW pr + Onml = 0. (40) 
Pot 


Here the higher order terms of the decompositions 
(37) and (39) are rejected, which is justified for 
not too large fields, when Ohm's law is obeyed. 
The solution of the system of equations (40) has 
the form: 


AW py = Cpr (41) 


F 
S(c, n, €)° 
Substituting the solution into Eq. (35), we obtain 
the final expression for the average density of 
electric current 


le 
P= Fae UConn: (42) 


Hence, the residual resistivity of the alloy equals 


Po = Af(c, %, &), (43) 
where the constant A does not depend upon c, 
7, OF €. 

It is evident,from Eq. (43), that the many elec- 
tron theory, once the condition (29) is satisfied 


M. A. KRIVOGLAZ AND Z. A. MATYSINA 


leads to a similar relation for the residual resist- 
ivity for a compound alloy, the degree of the 
distant order, and correlation in the alloy, as does 
the one electron approximation. According to this, 
the coefficient A, proportional to |V, - V,, | an 
the many electron theory, determines the same 
parameter as it does in the one electron theory. 
Equation (31) for f (c,7,€) takes a special 
form in the two cases: 
1. For an inhomogeneous alloy, 7 = 0 and the 
function f(c,7,€) equals 


f (6,8) = C\ex— Ze: (44) 
Here the value of €, determined by Eq. (26),is the 
same in an inhomogeneous alloy, for any neigh- 
boring sites, regardless of type, and z is the 
coordination number. The meaning of € can be 
estimated with the aid of the statistical theory 

of conduction, taking into account the interaction 
only between nearest neighbors. According to 
Lifshitz ® € equals 

pelle 
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mie Ts) (49) 


a 


correct to the quadratic terms relative to W/kT, 
where the energy of ordering W = 2|vyapl-|vaa |- 
lupp| (v,. g is the energy of interaction of 
neighboring atoms « and )). 

Equations (44) and (43), with € = 0, change to the 
corresponding equations in reference 1, not taking 
into account the coupling in the alloy. From the 
Eqs. (43), (44), and (45), it follows that the cou- 
pling (of nearest neighbors) diminishes the residu- 
al resistivity of ordered alloys (W > 0) and in- 
creases the residual resistivity of disordered 
alloys (W <0). The effect of the nearest neighbor 
increases with a drop in the temperature 7, at 
which the alloy was quenched. For given temper- 
atures the coupling calculation gives a much 
larger correction to the electroresistivity, the 
nearer the composition of the alloys to the stoichi- 
ometric. We note that the correction of Po» corres- 
ponding to the coupling calculation, is perhaps 
much too large. For example, atc, =c, = %, 
W/kT = 1/z ( the temperature 7 is four times 
greater than the ordering temperature), the coupling 
diminishes in ordered alloys (in the case of ‘‘poor 
metals’’) by 25 per cent. (In the case of metals, 
in which the number of current carriers is not 
small, the coupling appears less influenced by 
the ordering). It would be interesting experiment- 
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ally to find the effect of nearest neighbors on the 
residual resistivity of alloys and to investigate 
this effect at different temperatures of annealing 
and different systems of alloys. 

It should be noted that the reduced equations 
(44) and (45) cease to be correct at temperatures 
approximating the ordering temperatures, in which 
case the correction term z€ in Eq. (44) proves to 
be fairly large. In this case, it is not possible to 
restrict oneself to the linear terms relative to 
W/kT. The coupling not only between near neigh- 
bors must be considered. 

2. In the case of the ordered alloy, in which 
each site is surrounded by neighboring sites only 
of a different type ( for example, in alloys with a 
volume centered cubic. latticé type, 6- brass, alloys 
with a simple cubic lattice, etc.) «1! = €22= 0, 
v=, z,=2 and the function f (c,n, €) can be 
written in the form: 


Fle; N, e) == (Ca ere —s2e (46) 
In this case the value of €1?in the approximation 
of nearest neighbors similar to Eq. (45), is equal to 
18 = (c2 — 72x?) (c2 — 422) a ; (47) 

with exactness to the quadratic terms relative to 
to W/kT. Equation (46) is accurate only at tem- 
peratures considerably lower than the annealing 
temperature, for 7 close to unity, when the 
correction z€!? is small. If it is assumed in this 
equation that €!2 =0, then Eq. (43) converts to 
the appropriate expression of reference 2. In the 
general case, the expression for p, in reference 2 
results from Eqs. (43).and (31) when € 7=0. 

In conclusion, we wish express our deep 
thanks to Prof. A. A. Smirnov for the repeated 
discussions of the article and his valuable advice. 


Translated by D. F. Edwards 
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The conditions for formation and destruction of films at the electrodes in dielectrics 
were studied with respect to their dependence on the type of heat treatment and on the 


action of the electric field. A connection between the chan 


e of electrical conductance 


produced by impurities and the change of properties of the e ectrode films was discovered 


and investigated. 


1. GENERAL REMARKS 
LARIFICATION of the condition for forma- 


tion and destruction of films at the electrodes 
in self-forming dielectrics is of considerable inter- 
est; for occurrences at the electrodes in dielectrics 
and semi-conductors have a bearing on the possi- 
bility of application of technically important de- 
vices (electrolytic condensers and rectifiers, high- 
temperature insulation, etc. ). 

Researches conducted earlier! on the electrical 
conductivity of quartz and of alkali-halide crystals 
showed that phenomena connected with the forma- 
tion and destruction of a film at the anode lead to 
an extremely complex variation of the current with 
time. In the present work these researches are ex- 
tended to a series of other dielectrics: porcelain, 
Eternit (an asbestos cement), mica and asbestos. 
Besides the previously used method of successive 
changes of the direction of the electric field, a new 
method was applied, which enables one to examine 
in succession the separate important features of 
the process of formation of the dielectric. 

In the study of the variation of current withtime, 
two similar specimens were clamped in an iron frame 
a second electrode was placed between them. Thus 
the two specimens were connected in parallel; this 
eliminated the necessity for using insulation. The 
frame was placed in a tubular electric furnace. The 
constancy of the temperature was carefully con- 
trolled; a compensation scheme of thermocouple 
connection was used for this purpose. For photo- 
graphic recording of the variation of current with 
time, the apparatus used was a string electrometer, 
shunted with a wire resistance, and a rotating drum 
with a photographic film. During the photographing, 
the commutation of the voltage occurred only inthe 
circuit of the dielectric under study. In the photo- 
graphs, therefore, the curves for currents in both 
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directions were obtained on one side of the zero 
position; this facilitated their comparison. 

The object under study was subjected to pro- 
longed electrolysis (30-60 min), and then the vari- 
ation of current with time was recorded in the 
“‘permeable”’ and the “‘shut-off’’ directions. 

In Figs. 1 and 2 are shown curves of the vari- 
ation with time of the ‘‘permeable’’ and “‘shut- 
off’? current in fused quartz. From Fig. 1 it is 
evident that in the specimen of fused quartz ( temp- 
erature 550° C, E = 120 V/cm), subjected to pro- 
longed electrolysis, after a change of direction of 
the field there develops a ‘‘permeable’’ current 
that increases abruptly and passes through a max- 
imum (coefficient of unipolarity K = 10). Such de- 
pendence of the “‘permeable’’ current on time oc- 
curs in all the dielectrics studied. At the same 
time, as we shall see later, even in a single spec- 
imen the character of the current in the ‘‘permeable” 
direction depends on the previous treatment; 
specifically, on the action of the electric field and 
on the type of heat treatment. 

The most characteristic features, for all the di- 
electrics,are the curves of variation of current with 
time after a repeated change of direction of the 
field ( ‘‘shut-off’’ current). For different dielectrics 
these curves may differ in the rate of fall of cur- 
rent, but the character of the variation is quite 
similar for different dieclectrics. Comparison of 
the curves drawn in Figs.2a@ and 26 shows that the 
rate of decrease of current in the “shut-off’’ di- 
rection depends on the duration of the current inthe 
“‘permeable”’ direction. This rule is so general 
that it leads us to surmise the presence of an elec- 
trode film in the dielectric even when none can be 
observed by probe measurements of the potential 
distribution. 

It He already been established by probe measure- 
ments that the dependence shown in Figs. 1 and2 
is connected with the destruction and restoration of 
a film at the anode, produced by electrolysis of the 
dielectric. In the present work, as a result of a 
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study of different dielectrics, we arrived at the fol- 
lowing conclusions, the basis of which we will give 
below: 

1) In the electrolysis it is possible for two high- 
resistance films to be formed at the electrodes: 

a cathodic and an anodic. The cathodic film is 
stable; the anodic is unstable and completely de- 
termines the observed unipolar phenomena. 

2) The degree of stability of the anodic film and 
its resistance depend on the conditions of forma- 
tion of the film, and specifically on the character 
of the previous heat treatment and the time of ac- 
tion of the electric field. 

3) Certain conditions (heating, electrolysis), 
which contribute to an increase of resistance of the 
electrode film, produce a simultaneous increase of 
conductivity of the specimen itself. 

4) The magnitude of the coefficient of unipolarity 
for a given dielectric depends on the conditions of 
heat treatment and the action of the electric field. 


2. CATHODIC AND ANODIC 
HIGH-RESISTANCE FILMS 


Simultaneous formation of high-resistance films on 
the cathode and the anode was observed in E- 


‘permeable”’ direction. Duration of ‘ 


‘permeable’”’ current; a, 14 sec; b, 7 


ternit. We shall describe one of the experiments. 
On specimens of Eternit (17 x 10 x 4 mm) there were 
deposited on one side (17 x 10 mm) continuous 
graphite electrodes, and on the opposite side pairs 
of similar graphite electrodes, separated by athin 
strip of the pure dielectric. Two specimens were 
clamped in an iron frame in such a way that both 
continuous electrodes butted against the frame, 
whose holder served to connect these electrodes to 
one of the terminals of the current source. The 
small graphite electrodes were face to face; be- 
tween them were placed iron plates, which served 
to connect the specimens to the other terminal of 
the current source. In Fig. 3 is shown the wiring 
diagram of the specimens. Shown in black in the 
diagram are the plates that cover the graphite elec- 
trodes deposited on the Eternit specimens. The 
terminal C is connected to the continuous electrode, 
terminals A and B to the small electrodes. Here- 
after these same letters will represent the cor- 
responding electrodes. By means of a switch it 
was possible to connect electrodes AC or BC to 
the current source. The frame was placed in a 
tubular furnace and heated to a temperature of 


580° C. 
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Fig. 3. Wiring diagram of specimens 
with auxiliary electrode (B). 


With equal areas of electrodes A and B, the 
initial currents existing at the instant of applica- 
tion of a field between electrodes A and C or B 
and C, were also equal (for E = 225 V/cm, I, 
= iS a4 5. 100 A) Initially the electric field was 
applied in such a direction that electrode A was the 
anode, electrode C the cathode; the auxiliary elec- 
trode B remained free. Eleven minutes after the be- 
ginning of electrolysis, the current had diminished 
to 1.6 x 10° A. At this time the ‘‘permeable’’ cur- 
rent was equal to 3.2 x 10°° A. On the replacement 
of electrode A by electrode B, the current was also 
equal to 3.2 x 10-° A (Fig. 4, point M). As a re- 
sult of further electrolysis, the current between 
electrodes A and C for the ‘‘shut-off’’ direction be- 
came equal to 1.2 x 10~° A, and for the “‘permeable’”’ 
2.4 x 107° A; but upon replacement of A by elec- 
trode B the value 2.4 x 107° A was again obtained 
for the current. Subsequent formation of the speci- 
men between electrodes B and C led to a correspond- 
ing decrease of the current, but the “‘permeable’’ 
current in this case was equal to the current passing 
between electrodes B and C at the instant of ap- 
plication of the field (2.4 x 1075 A). The pro- 


cess described is shown in Fig. 4. 


In These experiments, two circumstances are note-- 


worthy: a) passage of current through the specimen 
between electrodes A and C has an effect on the 
conductance of the specimen between electrodes B 


and C; b) at any instant of time the initial value of 
the current passing through electrode B is equal to 
the value of the “‘permeable”’ current passing 
through electrode A. The decrease of conductance 
of the specimen between electrodes B und C, when 
current flows between electrodes A (+) and C (-), 
shows that the electrolysis is accompanied either 
by an increase of resistance near the cathode, i.e., 
by creation of a cathodic film, or by decrease of the 
volume conductivity. The latter hypothesis is 
easily excluded by means of a similar control ex- 


Fig. 4. Change of current in Eternit 

during and after formation of a cath- 

odic film. 

periment in which electrode C serves as anode. I[n 
this case electrolysis between electrodes A (—) 
and C (+) also produce a decrease of conductance 
between B (—) and C (+) in consequence of the cre- 
ation of an anodic film on electrode C; but now after 
change of the direction of the field between 
electrodes A and C ( ‘‘permeable”’ current), the 
current between electrodes B and C is equal to the 
value that was measured upon first application of 
the field, i.e., before formation. From this it is 
also clear that the anodic film is easily destroyed 
by an electric field in the “‘permeable’’ direction. 

Concerning the cathodic film it is so far possible 

only to conclude that it either is not destroyed at 
all, or is incompletely destroyed, since both inthis 
and in the other case the “‘permeable”’ current is 
less than the current that passes through the un- 
formed specimen. However, it is not hard to show 
that only on the anode does there form a film on 
which the electric field has an effect, and that the 
cathodic film is comparatively stable. For this 
purpose, after passage of ‘‘permeable’’ current be- 
tween electrodes A (—) and C (+) we pass current 
in the “‘shut-off’’ direction between B (+) and 

C (-). The characteristic variation with time of 
the “‘shut-off’’ current is not observed in this case. 
But if we apply to the electrodes a differ- 

ence of potential as in the control experiment men- 
tioned above, then replacement of electrode A by 
electrode B after passage of current in the ““perme- 
able’’ direction produces in the ‘‘shut-off’’ direction 
a decrease in current according to the characteristic 
curve, dependent on the duration of current in the 
“‘permeable’’ direction. 

Experiments conducted on porcelain showed that 

after electrolysis of brief duration (~ 10 min, ¢ 

= 340° C), the initial value of “‘permeable”’ cur- 
rent was appreciably less than the initial value of 
current passing through the specimen at the instant 
of application of the field. However, investiga- 
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tions conducted by the method described above dis- 
closed that in porcelain no high-resistance film 
forms on the cathode. Thus in one of the experi- 
ments (t = 250° C, E = 180 V/cm) the initial values 
of the currents for electrodes A and B were equal to 
2.4x 107° A. During 42 minutes of electrolysis the 
current between electrodes A (+) and C (-) de- 
creased to 1 x 10~° A, and the ‘‘permeable”’ cur- 
rent between these electrodes was equal to 1.5 
x 1075 A; but the current between electrodes B and 
C upon switching on of electrode B did not decrease 
as compared with the initial value of the Currents. 
Observation of the character of the currents upon 
change of electrodes, by the method indicated a- 
bove, showed that in porcelain all the changes con- 
nected with change of direction of the field occur 
only at the anode. 


3. STABILITY AND RESISTANCE OF ELECTRODE 
FILMS 


In the study of electrode films, one is impressed 
by the diverse character of the curves of ‘‘permeable”’ 
current. From photographs presented in Ref. 1 and 
and from Figs. 1 and 2 of the present article, it is 
evident that even in a single dielectric (quartz) these 
curves may be different. Furthermore it appeared 
that for all dielectrics, the course of the variation 
of the ‘‘permeable’’ current with time is determined 
by the conditions of preparation of the specimen. 

A change of direction of the field after prolonged 
electrolysis always gives a ‘‘permeable”’ current 
that rises more or less, and subsequent re- 

versals give a smaller rise and then a constant 
current. This effect is very noticeable in the 
photographs in Ref. 1 (Fig. 8, quartz). It is more 
marked in Eternit and particularly in porcelain. In 
Fig. 5 are shown three curves of ‘‘permeable’’ cur- 
rent for Eternit specimens. The first curve was ob- 
tained after prolonged electrolysis, the second and 
third after the subsequent brief electrolysis (2-3 
min ) necessary for restoration of the anodic film 
destroyed by current in the “‘permeable’’ direction. 
Comparison of the curves shows that in conse- 
quence of the reversals there is a change of char- 
acter of the curves: upon subsequent reversals, 
the values of ‘‘permeable”’ current very appreciably 
exceed the ‘permeable’ current that passed after 
the first change of direction of the field. : 

Detailed study of the dependence of ‘‘permeable 
current on the preceding preparation showed that 
the character of the curves is determined by the 
degree of stability of the anodic film. Special ex- 
periments with use of an auxiliary electrode showed 


113 


“19° 


RWS > S~S WH KH, 


Fig. 5. 


‘ 


that passage of current in the ‘‘permeable”’ di- 


rection is always accompanied by growth of the film on 

the new anode [“‘permeable”’ current between C/+) and 

A (-) is accompanied by decrease of conductance 
between Cand B]. But this film, originating dur- 

ing the short time of passage of current in the 
“‘permeable”’ direction, is comparatively unstable 

(in Eternit), and after a change of direction of the 
field it disappears practically instantaneously. 

If, despite the increase of resistance of the new 
anodic film, an increasing or even constant ‘‘perme- 
able’’ current is observed, sometimes over an ex- 
tended time (1-2 min), this means that the passage 
of “‘permeable’’ current is in this case connected 
with a destruction of relatively stable components 
of the anodic film. This disappearance of a 
tight film on one electrode and growth of a not very 
stable one on the other causes a peculiar unipolar 
effect, which in different dielectrics has a dif- 
ferent relative magnitude. From Fig. 1 (quartz) and 
Fig. 5 (Eternit) it is clear that the fall of the cur- 

rent in the ‘‘shut-off’’ direction after reversal of 
the field starts from a value larger than the maxi- 
mum current in the ‘‘permeable”’ direction. This 
effect is particularly pronounced in those dielec- 
trics in which short-duration electrolysis does not 
cause formation of stable components of film at an 
electrode (for example, in Eternit ). In this case 
the high resistance on the new anode exists only 
for current of one direction; and since passage of 
current is accompanied by a diminution of re- 
sistance at the other electrode, upon change of di- 
rection of the field to the ‘‘shut-off’’ direction the 
resistance of the specimen as a whole is less than 
the resistance for ‘‘permeable’’ current. Vender- 
ovich and Lapkin 2, measuring the distribution 

of potential in porcelain, found that the poorly con- 
ducting film gradually disappears on change of di- 
rection of the field. The authors cited used spec- 
imens that had undergone prolonged electrolysis. 


2A. M. Venderovich and B. Lapkin, J. Exper. Theoret. 
Phys. USSR 9, 46 (1939) 
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In this case there forms on the anode in porcelain 
a comparatively stable film; however, an appre- 
ciable part of the film, as our experiments have 
shown, is always very unstable even in porcelain. 

To solve the problem of the formation of a sta- 
ble component an of its relation to the unstable, 
we again used and auxiliary electrode. 

The specimens were formed initially at tempera- 
ture 320° C; the following values of current were 
obtained: in the ‘‘shut-off’’ direction, Lh =? 

x 107° A; in the “‘permeable’’, I, =8x 1075A; 
between the common electrode C and the auxiliary 
electrode B, ],, = 16 x 10-° A. Under these con- 
ditions there formed a relatively stable electrode 
film. Then the temperature was raised to 420° C 


for afew minutes, andasthe result of brief electrolysis 
the following currents were measured: le =5.2 


x 1075 A; I, increasing from 24 x 107° A to 40 
x 1075 A; lp =40x 107° A. That is, as aresult 


of comparatively rapid annealing at a higher temper- 
ature, the anodic film became not very stable. 
Further observations were made after 1 hour (Fig. 
6a) and after 2 hours (Fig. 65) in an applied 
field (E = 180 V/cm). It was found that in both 
cases 1, = 56 x 10™ °A. The large difference be- 
tween the currents passing through electrode A in 
the “‘permeable’’ direction and through electrode 
B shows clearly that in this case the tight com- 
ponent is large; furthermore it increases in pro- 
portion to the passage of current. 

It is very interesting that the current passing 
through the auxiliary electrode not only did not de- 
crease, but actually increased a little (from 40 
x 107° A to 56 X10-° A). 

This at once shows that the decrease of current 
upon prolonged electrolysis in the ‘“‘shut-off’’ and 
“‘permeable’’ directions is connected with the 
growth and enlargement of a stable electrode film, 
and not with any volumetric effect. 

The stability of the electrode film and its 
resistance are much influenced by the heat treat- 
ment of the specimen. The character of the 
curves of “‘permeable”’ current, and also the 
values of the currents in the two directions at a 
given temperature, depend on the previous heat 
treatment. 

In all cases a cooling of the specimen, especially 
of one previously annealed at a higher temperature 


than that of the measurements ( 580° C for E- 
ternit), produces an appreciable increase of 
stability of the film at the anode and an increase 
of resistance of the specimen for currents in the 


“shut-off” and ‘‘permeable’’ directions. As a 
result of such treatment, there is also an increase 
of resistance of a specimen that has no electrode 
film. The procedure of cooling and subsequent 
heating of the specimen produces quite the same 
change in character of the ‘‘permeable ”’ current 
curves as does prolonged electrolysis. 

To study this phenomenon, the frame with the 
specimens was quickly withdrawn from the hot 
furnace, and then reinserted after partial or com- 
plete cooling. The cooling was done both in an 
applied field and without a field. The reheating 
was usually done with the field off. The electroly- 
sis after the new heating was continued for only. a 
few minutes; for such duration of the electrolysis, 
without preliminary cooling, the effect of the tight 
film was not noticeable. The procedure in these 
measurements was briefly as follows: After pro- 


longed electrolysis, the stability of the film is de- 
creased by a series of successive changes of 
direction of the field; then follow the cooling and 
the reheating. 

In order to determine the effect of cooling onthe 
magnitude of the electrical conductance, the 
specimens were subjected to electrolysis of such 
duration that a practically stationary current was 
obtained, i.e., such in each case that in the inter- 
val of time necessary for the repeated electrolysis, 
no neticeable change of current occurred. By use 
of the auxiliary electrode, it was possible to com- 
pare the change of resistance of the films and of 
the specimen itself. 

In Table 1 are presented the data on specimens 
of Eternit with various preliminary treatments; for 
all specimens, the highest temperature used inthe 
heating was 720°C. 

It is evident from the table that the cooling- 
heating cycle was accompanied by an appreciable 
decrease of the electrical conductance with respect 
to currents in the “‘shut-off”’ and “‘permeable”’ di- 
rections, and also a decrease of conductivity ot 
the specimen itself without regard to films at the 
electrodes. There is no doubt that, in Eternit, 
the resistance of the electrode film changes very 
greatly as a result of cooling and subsequent heat- 
ing. 

A diminution of conductance of electrode films 
and of the specimens themselves, after annealing 
at a high temperature, cooling and reheating, was 
observed also in other dielectrics (porcelain, as- 
bestos, mica, rock salt). 


4. FORMATION OF ELECTRODE FILMS AND 
INCREASE OF CONDUCTANCE OF DIELECTRICS 
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Fig. 6. Change of ‘‘permeable’”’ current 
as result of the action of an electric 
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(a) Without the additional electrode 


The electrolysis of a self-forming dielectric, pre- 
viously annealed at an elevated temperature, is ac- 
companied by two processes, which have opposite 
effects on its electrical conductance: a) an increase 
of the conductivity of the specimen; b) a rise in 
the resistance of the electrode film. The increase 
of conductivity is usually masked by the marked 
rise in resistance of the electrode film; but the 
observations and special experiments confirm that 
the conductivity of the annealed specimen in- 
creases upon subsequent action of the electric 
field. 

In Eternit, as a result of annealing at an ele- 
vated temperature and of subsequent electrolysis, 
the ‘‘permeable’’ current is often no smaller than 
the initial current, passing at the instant of ap- 
plication of the field; with short-duration electroly- 


sis (1-2 min), the ‘‘permeable’’ current may even 
exceed the initial current. 


Special control experiments showed that even at 
high temperatures a cathodic film is formed; there- 
fore it may be hypothesized that the increase of 
“‘nermeable’’ current under such treatment is the 
result of an increase of conductivity of the specimen 
itself. This hypothesis was confirmed by special 
experiments. In one of the experiments, porcelain 
was annealed a long time at temperature 420° C. 
The specimen had an auxiliary electrode. At the 
instant of application of the field (E = 180 V/cm), 
the current between electrodes A-C and B-C was 
equal to 1.6 x 10~3A. After a two-minute electroly- 
sis, the ‘‘permeable’’ current was equal to 2 
x 10-3 A, and in a few seconds it rose to 2.4 
x 107? A; the current between the control electrode 
B and the common cathode C was equal to 3 
x 1073 A (until now no current had passed between 
B and C) : i.e., as a result of electrolysis of the 
annealed specimen, the electrical conductance in- 
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creased almost twofold. 

An increase of conductivity of the specimen, with 
simultaneous creation of a high-resistance film, 
fully explains why, in many dielectrics, the cre- 
ation of electrode films may not be accompanied 
by a decrease of the current passing through the 
specimen. In connection with this, a phenomenon 
observed in asbestos is interesting. Specimens with 
a supplementary electrode were heated to 780° C. 
A brief switching in showed that a current of 
2x 1075 A existed in each of the electrodes A and 
B. Twenty-six minutes after the start of electroly- 
sis, the current strength between electrodes A and 
C was still equal to 2 x 107° A; but instantaneous 
switching in of control electrode B clearly showed 
that creation of an electrode film was occurring 
on electrode A, since at this time the current be- 


tween B and C hadrisen to 4x10°° A. Asa 
result of electrolysis of longer duration, the cur- 
rent in the ‘‘shut-off’’ and ‘‘permeable’’ directions 
decreased (after 75 min, / ,= 0.8x10 °A, /¢ 
= 1.2x10°°A), but the current through the con- 
trol electrode remained equal to 4x 10°5A. 
Observations of the same sort showed that in 
alkali-halide crystals (rock salt), the creation of 
films at the electrodes can even be accompanied by 
an increase of the current passing through the 
specimen. 


5. ON THE COEFFICIENT OF UNIPOLARITY 


The opposite influence of the two factors men- 
tioned __i.e., the increase of conductivity of the 
specimen and the rise in resistance of the electrode 
film __ and also the phenomenon of fixation of the 
elecirode film under the action of the field, and 
the increase of resistance of the film and of the 
specimen itself upon lowering of the temperature, 
make up the very complicated picture that is ob- 
served on passage of current in dielectrics at 
high temperatures, and that gives the ‘‘history’’ 
of the specimen. 

From the discussion above it is clear that the 
coefficient of unipolarity at a given temperature 
and at constant field must depend on the previous 
history of the specimen. For Eternit (17 x 10 
x 4mm), at temperature 580° C and field E 
= 225 V/cm, as a result of prolonged electrolysis 
(30-60 min) we have K ~ 2. With increase of 
electrolysis time, the currents in the ‘‘permeable’’ 
and “‘shut-off’’ directions decrease, but this does. 
not lead to a noticeable change in the coefficient 
of unipolarity. With increase of the temperature 
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to 720° C and annealing at this temperature for 
one to two hours, after subsequent electrolysis 

at temperature 580° C it was found that K = 4. 
With the same heating, accompanied by electroly- 
sis and subsequent lowering of the temperature to 
580° C (with field applied), the value K =~ 10 was 
obtained. In porcelain (16 x 10 x 5 mm), anneal- 
ing at a high temperature, with simultaneous action 
of the field (E = 180 V/cm), produced an even 
greater change in the coefficient of unipolarity. 
With increase of temperature from 300 to 420° C, 
with subsequent lowering of temperature to 300° C 
after prolonged electrolysis, the coefficient of 
unipolarity changed from K = 4 to K = 23. 

The observed increase of the coefficient of uni- 
polarity, measured at a single temperature, is due 
to a decrease of current in the ‘‘shut-off’’ di- 
rection and an increase of current in the “‘per- 
meable’”’ direction. If a specimen, initially sub- 
jected only to heat treatment at an elevated temp- 
erature (720°C) and to electrolysis at a re- 
duced temperature (580°C), is then subjected to 
the action of field and heating, the rise in the co- 
efficient of unipolarity ( at ¢ = 580°C) in this 
case is invariably accompanied by a décrease of 
current in the ‘‘shut-off’’ direction. 


CONCLUSION 


The phenomena connected with the formation and 
destruction of elecirode films can be explained in 
the following way: impurities, present in the di- 
electric or diffusing into the specimen at the high 
temperature?>4, exist in it in the form of col- 
loidal particles®’®, and partly in a dissociated 
state; the possible concentration of impurity ions 
depends on temperature. 

At an elevated temperature, the ions migrate to 
the electrodes and, by giving up their charges, be- 
come transformed to neutral particles. Since, upon 
passage of current and lowering of temperature, the 
concentration of impurity ions near the electrode may 
exceed the equilibrium concentration possible at 
the given temperature, a coagulation occurs, and 
this leads to an increase in the stability of the 
electrode film and an increase of its resistance. In 
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FORMATION OF ELECTRODE FILMS 


the same way it is possible to explain the decrease 
of electrical conductivity observed on lowering of 
the temperature, and dependent on impurities that 
result from annealing of the dielectric at an ele- 
vated temperature. 

Upon change of the direction of the electric 
field, free ions leave the anode; this disturbs the 
equilibrium in the film. As a result, additional 
ionization occurs, which may continue until the 
anodic film is completely destroyed. A similar 
process of destruction of a colloidal film is ob- 
served visually in the formation of a colored film 
on the boundary of two dielectrics (one of which 
must be an alkali-halide crystal ”). 

Simultaneously with the destruction of the more 
stable film on one electrode, a not very stable 
film is formed on the other. The motion of the 
ions emitted by the anodic film progresses in the 
form of a cloud, in which the concentration of 
impurity ions is increased as compared with the 
concentration in the whole volume of the dielectric. 
Upon a new change of direction of the field, there 
again occurs an immobilization of ions at the 
boundary, which leads to a growth of the electrode 
film. 


Tla. N. Pershits, J. Exper. Theoret. Phys. USSR 24, 
347 (1953) 
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The observed changes of the coefficient of uni- 
polarity can be explained in the following way: a) 
annealing at the more elevated temperature in- 
creases the number of impurity ions free to par- 
ticipate in the creation of an electrode film; b) the 
electric field, by transporting ions to the electrode, 
increases the number of ions that become immobil- 


ized in the electrode film. 

Several authors”, on the basis of the researches 
of Warburg and Tegetmeier®, are inclined to 
ascribe the creation of electrode films at the 
anode in all cases to the migration of cations, 
which leave the anode and thus create a high- 
resistance film. From this point of view it is 


hardly possible to explain the effect of annealing 
and of the electric field; therefore it seems to us 
more probably that the anodic film, in the di- 
electrics studied, is created as the result of the 
migration of anions. The role of electronic con- 
duction is also not excluded in these phenomena. 


The electronic component of conductivity may have 
a large value in the neighborhood of the electrode 
film, where a very strong electric field is created. 


8, Warburg and F. Tegetmeier, Wied. Ann. 32, 447 
(1887); 35, 445 (1888) 


Translated by W. F. Brown, Jr. 
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The method of quasi - fields is developed, by means of which an expression can be con- 
structed for the distribution function. It is shown that the distribution function obtained in 
this fashion is the same as that of the ordinary theory. A closed expression for the distribu- 
tion function is given in the form of an infinite-multiple integral. 


INTRODUCTION 


N outstanding peculiarity of the present state 

of the quantum theory of wave fieldsis the 
excellent agreement between the theory of quan- 
tum electrodynamics with experimental data, 
while at the same time the results of meson the- 
ory (by meson theory we mean the present 
theory of the interaction of 7- mesons with the 
field of the nucleus) have only the most general 
and qualitative character, and cannot be brought 
into any satisfactory quantitative agreement with 
experiment. There are two basic viewpoints rel- 
ative to the origin of this failure of meson 
theory. The first is that meson theory, based on 
a formal analogy with electrodynamics, is not ad- 
equate for the physical facts, and the simple 
transposition of electrodynamic concepts into the 
field of meson phenomena is not adequate; and 
accordingly for construction of a proper meson 
theory, a new method is necessary, based on a 
fundamental reconstruction of our ideas as to the 
nature of the interaction between mesons and 
nuclei. 

Such a viewpoint seems to us to be very prob- 
ably true; however, there is also a second possi- 
bility. All mathematical methods of modern elec- 
trodynamics use, to some degree or other, an an- 
alysis of physical quantities in a power series in 
the charge e. Thismight be done directly in the form of 
a perturbation theory *~* or by means of a summing 
of several parts of a number of perturbation 
theories with the aid of solutions of integral e- 
quations*’® in all cases neglecting magnitudes 
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of the order of some power of e. The success of 
electrodynamics at present is based on the small- 
ness of the constant e, and as a result, on the 


possibility of confining oneself to a small num- 


ber of approximations for obtaining very good 
quantitative agreement with experiment. In meson 
theory, in view of the large value of the binding 
constant, such a method may not be altogether 
applicable, or at least applicable only within a 
limited region (for example, very small meson 
energies). Hence for meson theory, the problem 
of first order importance is the search for 
“precise” solutions, that is, solutions not 
based on an assumption as to the smallness of 
the binding constant. The efforts of a large num- 
ber of theoreticians have been concentrated in 
this direction; however,a solution of the prob- 
lem encounters formidable mathematical diffi- 
culties and at present is far from satisfactory. 
Thus the second viewpoint as to the source of 
the failure of meson theory is essentially that the 
theory is basically correct, and that the cause 

of the divergence of theoretical predictions from 
experiment comes from inadequate mathematical 
methods. 

As long as it is not possible to make a cor- 
rect approach to the problem of a “‘precise”’ 
solution, and therefore not possible to distinguish 
the results which stem from the basic theory, 
from those which are introduced because of ap- 
proximate mathematical methods, it will be very 
difficult to make a final pronouncement on the 
degree of correctness of meson theory. 

In this work the attempt is made to construct a 
new procedure in quantum field theory. The 
physical ideas basic to this procedure are cer- 
tain general conceptions regarding the state of 
free particles. As was done inFeynman’smethod2 
for “‘ virtual’? particles, we shall describe the 
state of a free particle by a 4-vector of energy- 
impulse, pp, the components of which are not 
connected by a relation of the type p2-m2. The 
method of Feynman leads to considerable simpli- 
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fication of the results in comparison with the non- 
covariant theory of excitation. However, his 
theory has an essential inadequacy in that it is 
based on the model of a ‘‘ one-particle ”’ rather 
than a secondary-quantized theory, and hence 
leads to complex expressions for processes with a 
large number of real or virtual particles. In con- 
trast with Feynman, we construct a secondary- 
quantized scheme, an advantage of which is that it 
makes possible a simple and uniform considera- 
tion of the properties of a system with an arbitrary 
number of particles. The resulting formalism is al- 
together relativistically invariant and very simple 
in form. 

The theory is constructed according to the fol- 
lowing pattern: The formal structure of the theory 
is developed(the quasi-field framework ). Then, by 
use of Hamilton’s method, an expression is set up 
for the fundamental-operator S, by means of which 
the distribution function is determined for a sys- 
tem of interacting particles. It is shown that the 
distribution functions obtained by this method are 
identical with those of the ordinary theory. 

Because of the simplicity of the formalism, the 
theory goes further into the computation of the dis- 
tribution functions, and finally yields expressions 
for them in the form of infinite-multiple integrals. 
Analogous expressions, including infinite-multiple 
integrals, were obtained in the solution of the e- 
quations of Schwinger®, in the work of Gel’fand 
and Minlos” and Fradkin®. 

The appearance in the theory of infinite-multiple 
integrals obviously comes from the essential prob- 
lem of field theory. Hence one of the central prob- 
lems in the further development of the theory is the 
investigation of the properties of such integrals and 
approximate methods for their evaluation. 

So far no considerable results have been achieved 
along this line. Infinite-multiple integrals comprise 
in themselves a new mathematical concept, and the 
possibility of using them effectively is of neces- 
sity connected with a major upheaval in mathemat- 
ics. Thus, for the solution of the problem of 
quantum theory of fields, it is necessary to take a 
new and possibly very difficult step. 


1. THE CONCEPT OF THE STATE OF A PARTICLE 
For clarity we will speak below of the pseudo- 
scalar meson theory with 4 pseudo-scalar sym- 
metrical variant of interaction. However, as will 
be evident later, the method being elaborated is 
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not limited to the given variation of the meson 
theory, but is obviously applicable for all kinds 
of other variations of interaction both in Fermi 
fields and Bose fields, as well as in the case of 
the interaction of several fields. 

We will use a system of units in which # =c 
= 1. For the Dirac matrix, we use the form of 
Feynman”, The 4-vector a. we shall fix by the 
four actual components, and the scalar product of 
two vectors we write in the form 


ab = ayby = ab, — a,b, — Ab, — 3b. 


We indicate the scalar product of the vector a 


with the matrix vector Yp by the symbol f 


a=,0,. 


The point of departure of the development of the 
method is the general concept of the state of a 
free particle. The state of a nucleon is specified 
by the following physical quantities: the 4-vector 
of the energy-impulse Py? the spin variable « and 
the variable isotopic spin p. Further, the compon- 
ents of the vector p, are not connected by the re- 
lation p? = m?, and can take arbitrary values in- 
dependently of one another. The varying quantity 
« takes four independent values rather than 2 as in 
the ordinary theory. The variable p takes two val- 
ues, corresponding to the proton and neutron states. 
The states of the antinucleons are determined in 
exactly the same way as those of the nucleons. 
The state of a meson is determined by the 4-vector 
of energy-impulse k and variable isotopic spin r. 
The components of the vector k,, are not connected 
by a relation k2 = »? and can take independently 
arbitrary values. The variable r can have three val- 
ues corresponding to charge states of the 7-meson. 
Creation and annihilation operators are intro- 
duced for construction of the secondary-quantized 
scheme. For nucleons two kinds of creation opera- 
tors are necessary: ass (p), bs; (p) , and, 
corresponding to them, annihilation operators 
dap(P), Dap (p)- - Operators for creation and 
annihilation of mesons are designated ct (k) 
and C, (k). We note that the operators a* and 
a, etc., are not assumed Hermitian conjugates. 
More than this, in the following we will not be con- 
cerned with Hermitian properties in the operators and 
therefore will not introduce the idea of Hermitian 
conjugates. In relation to the Lorentz transforma- 
tion, the operators a and b* behave like the Dirac 
bi-spinpr W, and the operators a and 6 like the 
bi-spinor W, operators ct and ¢ are pseudo-scalar. 
In rotation in isotopic space a‘, a, b* and b are 
transformed like spinors, and c* and c, like_ 
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vectors. The operators of creation and annihila- 
tion obey the following commutation conditions: 
[dae{P), Xho (9)]. = Bap ea5 (P — 9), 
[x0 (p) BGs (9), = Bas%eo8 (Pp — 9); 
[c,(k), ct (L)] = i838 (& — 0). 


(TEI) 


Here only those commutation brackets are writ- 
ten that differ from zero. In the remaining cases, 
the nucleon operators anti-commute among them- 
selves and commute with the meson operators, 
while the meson operators commute with one an- 
other. 

Now that the operators of creation and annihila- 
tion have been determined, we can fix the state of 
a vacuum @, as the state in which there is no par- 
ticle. The mathematical property of a vacuum is 
fixed by the equations 

aD 00, — ED, == 0) (1.2) 
Different products of operators of creation, acting 
on a vacuum, generate a state with the specified 
number of particles. As is commonly done, we as- 
sume the state resulting from this arrangement as a 
basis in space for all states of a system of nucleon 
and meson fields. 

The mean value over a vacuum of a certain op- 
erator A is determined in a natural manner, as ex- 
pressed through operators of creation and annihila- 
tion. This mean value we will designate by the 
symbol < A “as In computing the mean in a vacuum, 
the normalization condition must be used 


(®,, ®,)= <1), = 1. 


2. THE QUASI-FIELD FRAMEWORK 


We now specifiy operators playing in our scheme 
the role of field operators of the ordinary theory. 
Although hereafter we will be concerned only with 
quasi-fields, we reserve for them the designation 
used in the ordinary formalism for field operators. 
Operators of the quasi-field are fixed by the fol- 
lowing Fourier integrals*. 

The nucleon operators of the quasi-field are 


4 “ 1 A 
be (x) = rae {(p — m)~ "ap (p) e!?* 
+ (p+ m) ‘ot (pe? dp, 


(2.1) 


* After sending the paper to the editor, the author 
found works in which analogous operators were con- 
sidered ae see lu. V. Novozhilov, Doklady Akad. 
Nauk SSSR 99, 533, ae (1954) and S. Coester, Phys. 
Rev. 95, 1318 (1954) |. 


Iu. A. GOL’FAND 


Vo (x) = aes | fas (P)(P— my e”* 


+ bo(p) (P+ my he"? dp. 
The quasi-field meson operator is 


2(8) = aor (wy ee" 2.2) 
+ cf (k)e"™} dk. 


In Eqs. (2.1 and (2.2) the integration is carried 
out throughout the entire 4-dimensional momentum 
space. Inasmuch as the integrands have singular- 
ities at points lying on the surfaces p~ =m 
and k? = »?(m and p are the masses of nucleon 
and meson respectively ), for removal of duality 
of mass values we assume a difference in mass in 
the form of infinitesimally small negative imag- 
inary particles. 

The square roots of the Dirac matrices appear- 
ing in Eq. (2.1) are fixed by the equations: 


oa eh ie ey sere 
— mM = ——————$————————- 
(P ) V2 Gey V p?—n2) (p? — m?) 
4 oH : a i V p? — m3 
+e m [paws pte Dewi ea ibid ato ES te: A 
e V 2(m—i Vp? — m2) (p?— m2) 


The identity of mass values in the determina- 
tion of the square root will hereafter play no part. 
We notice that the operators of the quasi-field 
[Eqs. (2.1) and (2.2)] do not satisfy any kind of 
differential equation, and the equations of motion 
for the operators are nowhere used in the scheme 

developed here. In the following we depend on 
the commutation properties of the operators of the 
quasi-field (only the non-trivial commutation 
brackets are written out ): 


[Pac(*), YoY) 1. = 0, 
[o,(x), o(y)] = 0. 


(2.3) 


The remaining commutation brackets rotate to 0 
in a trivial manner. In this way all the operators 
of the quasi-field at two arbitrary 4-parameter 


points x and y either commute or anti-commute 
among themselves. 


The meaning of the operators of the quasi- 
field appears on computation of the vacuum aver- 


ages of the product of two operators (only the mag- 
nitudes different from 0 are written ): 


Pag (X) ¥ ga Io = — Vaal) Pacl*) %o 
= Te De (y “a x); 


(2.4): 
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<#,(<) 2,(9)>, = 1/28,,.D"(x — y). 


Here S¥ and D¥ are the well known Feynman 
functions (see, for example, reference 9). E- 
quations (2.3) and (2.4) follow readily from Eqs. 
(2.1), (2.2) and (1.1). 

Relations (2.4) serve as a connecting link 
between the formalism of the quasi-field and the 
ordinary formalism. Actually, Eq. (2.4) leads to 
the known relations of field theory, if the sym- 
bols w and ¢ stand for the ordinary field opera- 
torsin the interaction considered, and in place of 
the product, if the 7-product of the operators is 
used. 

By virtue of Eq. (2.3), the 7-product for the 
quasi-field coincides with the ordinary product. 
It is possible to eliminate from the theory the idea 
of the T- product, which leads to considerable 
simplification. 


3. THE FUNDAMENTAL OPERATOR 


We formulate in terms of the quasi-field the ana- 
logue of the S- matrix, written in the form due to 
Dyson?. For this we determine the interaction 
operator of the field, which for a symmetrical 
pseudo-scalar meson theory, has the form 


K(x) = igd (x) 1,¢,9 (X) 9, (*). (3.1) 


The fundamental operator S is determined by the 
equation 


S= exp {— i\ (x)dx i 

We notice certain peculiarities of Eq. (3.2). 
First, by virtue of Eq. (2.3), the quantities K (x) 
at different points of space commute with one 
another. Hence, in Eq. (3.2), only quantities are 
involved that commute, so that the exponential 
function can be considered in the algebraic 
sense rather than the symbolic sense, as is done 
in the references 10 and 1]. Second, the integral 
in the exponent of Eq. (3.2) is distributed in al] 
of 4-dimensional space. This fact insures the 
validity of the conservation of the 4-momentum 
in each elementary interaction. If, in place of 
the quasi-field, one should set up the ordinary 
field operators, the corresponding integral would 
transform to 0 by virtue of the existence of rela- 


(3.2) 
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tions of the type p? = m2, which naturally does 
not occur in our case. 

In what follows, it will be appropriate for us 
to make the transition from coordinate representa- 
tion to momentum. Also we introduce into the 
space of the 4-momentum a cubic lattice with 4- 
dimensional volume (27)4/Q and will refer all 
quantities to the nodes of the lattice. To shorten 
the writing, we will use the complex indices 


h=(p, a, P), L=(k, an 


and agree that symbols of the type —y and —1 
stand for the quantities 
== (— pa; P), —l=(—, ry 
We replace the operators of creation and annihila- 

tion, introduced in Sec. 1, by the operators 


+e (27)? 


Qy Yo dag (p) 


etc., 


satisfying, by virtue of Eq. (1.1), the commuta- 
tion relations 


[ar, at ]4=[br, bf ]4 = Bw, (3.3) 
[cr, ch] = Sim. 
After obvious development , we obtain the 
following expression for S: 
S=e, (3.4) 
x K = >, (ay ane FA eet rs (es zi idy) (3.5) 
pl 
(ct + C1); 
Diy = — (p= myie@— my" 6) 
PAE AD ye oben (p1%,), v=(q, B, 2), 
t= (ha) 


In Eq. (3.6) the matrix indices of the Dirac 
matrix, and the matrix of the isotopic spin 7 
are not written out explicitly. We notice that 
only Eq. (3.6) is specific for a given variant of 
the meson theory. In what follows we will not 
depend on the concrete form of I’, and hence our 
derivation will hold for all other variants of the 
theory. 

4. DISTRIBUTION FUNCTION 


Through the fundamental operator S the dis- 
tribution function is determined for an arbitrary 
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system of interacting particles. To be concrete, 
we consider the particular case in which both 
initially and finally the states of the system con- 
sist of mesons and nucleons; however, all the 
deliberations clearly carry over to the general 
case. We determine the distribution function for 
our case by the expression 


K(xx; *,*,) =<9 (x1) 9x) 
x Se (x,) F(x). 


(4.1) 


We show that Eq. (4.1) is in identical agreement 
with the corresponding expression of the ordinary 
theory. For this, we consider the Nth term of 
the expansion of Eq. (4.1) in a series in powers 
of g. According to Eqs. (3.1) and (3.2) this term 
is equal to 


Pe aa: = 
Ky{x,, X;; x,X,) = ai (az,. ee 


(dt C(x) 9D? E) 154,92 G24): 
z 


(4.2) 


y ae Nekey @y) Pry (7) ? (x,) cr (x,) ro 


The vacuum average, appearing under the integral 
sign, in conformity with Wick’s theorem !? (this 
theorem is valid also for the quasi-field), is e- 
qual to the sum of all possible components, in 
which all operators are connected in pairs. Yet, 
on the one hand, every system of connection cor- 
responds to some Feynman diagram, and con- 
versely; and, on the other hand, in conformity 
with Eq. (2.4), the equation for connection of op- 
erators of the quasi-field agree with the corres- 
ponding expressions for ordinary fields. From 
this it follows that in Eq. (4.2) contributions are 
summed of all the Feynman diagrams of the 
Nth order, and in this fashion our assertion is 
demonstrated. 

Points x, and x, correspond to the free ends 
of the outer lines of the diagram, the points ¢ 
correspond to the ends of the inner lines, and the 
integration is carried out over them. 

By means of the propagation function 
: K (xx: x,X,) the elements of the 
matrix can be airectly computed by Feynman’s 
tule ~ for the process of scattering of mesons by 
nucleons. 

For later applications it is rather convenient 
to transform Eq. (4.1). We take advantage of the 
fact that, by virtue of Eqs. (3.1), (3.2) and (2.3), 


the operator S commutes with all the operators 


126. C. Wick, Phys. Rev. 80, 268 (1950) 
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of the quasi-field; and we transpose the operators 


d(x ,) and u(x.) over to the left of S. Then 


KGa) (4.3) 

= <2 (x1) 9(%1) 8 (Xa) 9 (%2) So 

= (Bg | (x1) 9 (%1) 9 (%2) 9 (2) | Fos 
where ¥o = S®, (4.4). 


In this manner the determination of the prop- 
agation function boils down to the computation of 
the vector Sa after which the problem takes on 
an algebraic character. Essentially the vector 
WY does not depend on the specific process to 


0 . . 
which the given propagation function is related. 


5. THE RESOLVING OPERATION 
The vector ¥,,, determined in the foregoing 


section, as well as all vectors in state space, can 
be put in the form 


y= U®,, (5.1) 
where the operator U is expressed only through 
the operators of particle creation. If we compare 
Eqs. (4.4) and (5.1), we see that to the operator S, 
which is expressed in terms of operators of cre- 
ation as well as operators of annihilation, there 
corresponds the operator U which contains only 
operators of creation. The transformation from the 
operator S to the operator U, we will call 
the resolution of operator S and define the trans- 
formation symbol U=S>0. A further problem will 
be to devise certain general inethods of resolution. 
On the basis of relations which are valid for ar- 
bitrary operators x and a: 


e* qe-* = bY a]. (5.2) 
n= 


{ for proof of Eq. (5.2) see Appendix [] and the 
corresponding commutation Eq. (3.3), it is easy to 
establish the validity of the following equations: 


_o—- + : 
ePa, e-? = ay —ib_,, ePb*,e-P (5.3) 
= bs; r favs, Coe? =C; +¢_| 
where 


P= Diayb—v, (5.4) 
u 
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Q= = ee 
m 


From Eqs. (5.3), (3.4) and (3.5) it follows that 


the operator S can be expressed in the form 


Sice eP 19 eke e—(h +9). (5.5) 
where the operator 
Ko=iDjatTotct (5.6) 


vl 


contains only the operators of creation. 
We introduce the symbol 


> yp Ass bt, =atAbr, 
py 


where A is a matrix. Then 2G can be written in 
the two equivalent forms 


K, =i >) xc = atP (ct) ot, (5.7) 
l 
where 
Wem 6 id be 


Pct) =i Dey. 
l 


(5.8) 


From the properties of the vacuum [ Eq. (1.2) | 
it follows that in resolution, one can reject terms 
in which an operator of annihilation is found on 
the right side. Hence, from Eqs. (5.5) and (5.4) 


comes the relation 


ag eet ike». (5.9) 


6. ‘* DIFFUSION’? EQUATIONS 
We have for resolution expressions of the type 
in Eq. (5.9) for which it is characteristic that all 
operators of annihilation are to the left of the 
creation operators. Let F (ct) be some function of 
the meson creation operators. Then 


QF>o=—-5 Dem, [cms FI] 


m 


ev a 0°F 
=—- )) —— 5 
2 i oct dct 


that is, the resolution operator Q, standing on the 
left of the function depending on c*, acts like the 


differential operator 
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o2 
det deh. 


i 
oe 


3M 


(6.1) 


- 5 ote - 
Likewise, if F (at, bt isa function of ny- 
cleon operators of creation, in the resolution of 


which the overall number of A 
operators a ie 
Ss even, then 3 a 


PRS ote eae 


iv 


(6.2) 


that is, P can also be considered a differential 

operator, but with this difference, that differenti- 

ation is carried out with respect to the anti-commut- 

ing variables* a* and b*. 
Hence, in view of Eq. (5.9), 

U = S>, = eF eek , (6.3) 

where P and Q are operators whose actions are 

determined by Eqs. (6.1) and (6.2). For evaluat- 

ing expressions of the type of Eq. (6.3) we use 

the following relation. If i is some function, 

and L is a linear operator, the function 


Pe f, 
can be considered a solution of the equation 


OFi/dz=LF tor z2=0, F=f.oene 4s 
if we set z= 1. Equation (6.4) has the character 
of a “‘diffusion’’ equation. Analogous equations 


are used for computing S-matrices in references 
12 and 13. 

In light of the simple, character of the operator Q, 
the computation of eYe ° can be carried out di- 
rectly. We consider the case L =P. In this we 
are limited to a class of functions F depending on 
the variables 


Kye Ant t= 1 ee) 


Operator P does not develop a function of this 


class, and Eq. (6.4) takes the form of Eq. (6.5). 


[ The notation is introduced j;, = Sp An 
== ya (A")up. The derivation ot tq. (6.5) is 


pe 
shown in Appendix II] 


* We will not introduce any special symbolism for 
this differentiation. 
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oR . 
See x kntn Tena Oia + Yonge - (6.9) 
The solution of Eq. (6.5) for Fy =e lis equal 
to 
( foe) 
F(z) = exp 12 Lah ee. (6,6) 
n=1 


n 


(xn + hn zal 


7. THE EXPRESSION FOR THE OPERATOR U 


Taking into account Eqs. (5.7), (5.8) and 
(6.1), it is easy to establish the equality 


e®eXs == e2 exp i >; xt | (7.1) 
1 
="exp li Duct — M2 1x1) : 
l 
Further, from Eq. (6.6), for z = 1 and A 
=1(c*), it follows that 
ePeks =e? exp {at (c*) 0°} (7.2) 


exp {3 >) (— 1) [a*P(c*)b+ + + Sp re (c¥)] 


{r=1 


Results analogous to Eqs. (7.1) and (7.2) and 
corresponding to resolution of one of the fields 
are achieved by the methods of ordinary theory in 
references 10 and 14. 

Simultaneous resolution of two fields is 
performed as follows: We consider the formal ex- 
pansion of e° in an infinite-product Fourier 
integral 


. ae 
eke =exp{ i >) xc } 


l 
=\exp{i dna 81 bexp(7 > cits | 


x exp = >, siti ds dd 


l 


(7.3) 


= \ exp {a*I(s) b*}exp \i 2 avt\ 


x nS iD suts\ dsdt, 
I 


14k Yamazaki, Progr. Theor. Phys. 7, 449 (1959) 


where 


jaVeonis 1 V 2x 


In Eq. (7.3) variables pertaining to nucleons 
and mesons are separated . Applying the re- 
sults of Eqs. (7.1) and (7.2), we obtain, in con- 
formity with Eq. (6.3), 


US e's leks \ exp {> (—1)r-? 
mt 


[atrn(s)o* + = Spr 2 
Xx exp {iz Pc t; — Siti — mi tt ee 


Integration with respect to t can be carried out 
directly inasmuch as the infinite-product integral 
is broken down into the product of double inte- 
erals. As a result we obtain the following in- 
finite product expression 


U= | exp {> (She [er (s) b* (7.4) 


\ 
+a Sp Tis) ]f 
xX exp [> da =< s)(e.,= s—)| as.- 
l 


By means of Eqs. (7.4) and (5.1) it is easy to 


obtain the distribution function as was shown in 
Sec. 4. Analogous expressions for the distribution 
fun'ctions were obtained by Fradkin® from 
Schwinger’s theory °. 

In conclusion the author expresses his deep 
gratitude to Academician J. E. Tamm for his 


great influence on this work and for general re- 
view of the results. 


APPENDIX 


1. DEMONSTRATION OF EQ. (5.2) 
n 
In Eq. (5.2), the repeated commutator [x a | 


wey 


is determined by the recurrent relations 


[z.al=a, ["S. a]—[x[X. al]. 


The formula is easily demonstrated by the induc- 
tion method 
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p+q=n 
Hence 
sii q 
e*ae—* = Py a xPax4 
P, q=0 
co 
= >> —- > (—1)"( ) xPax4 


II. DERIVATION OF EQ. (6.5) 
Let the operator a have the property that the 


commutator [4a,%*,] commute with operators 
x,, for all m andn. Then the following relation 
holds* 
OF 
[eri xr — > 1a, Xl ae pat) 


proof of which is almost gbvious. 
Expression (A), in particular, is applicable for 


* The derivatives OF/ Ox, have the ordinary meaning 
Since the operators x, commute with one another. 


a@=a, and a= b_ 
4 and b* occur in pairs in the expressions for 
, the action of the operator P on the function F 
is SL HE by Eq. (6.2). 
For direct computation, use is made of (A) and 
the relation: 


Inasmuch as the operators 


[a, bc]. =a, bl.c—b[a, cl, 
[a, b¢]=[a, 6],c—b[a, cli, 
We then get 
pease O?F 
oa, aes se OX 0X 


OF 
a a Sp An, 


which agrees with the right side of Eq. (6.5). 
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New Means of Control of Compensating the Earth's 
Magnetic Field in Investigations on a 
Vertical Astatic Magnetometer 
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Krasoiarsk State Teacher's Institute 
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A new method is given for checking the required intensity of a current in the windings of a 
vertical astatic magnetometer for compensating the vertical components of the earth s magnet- 


ic field and other external parasitic fields. 


HE method offered here is based on the utiliza- 

tion of the magnetic temperature hysteresis*5, 
i.e.,on the irreversible variation of the intensity of 
magnetization in a weak, steady magnetic field 
upon heating and cooling of a ferromagnetic speci- 
men. 

Figures 1 and 2 display, respectively, the curves 
for the magnetic temperature hysteresis of speci- 
mens of Fe-Si alloy and polycrystalline nickel in a 
field of 0.06 oersted, according to Shur and 
Baranova 4, taken with the use of an A type cycle, 
i.e. heating followed by cooling. 


Fig 1. Magnetic temper- 
ature hysteresis of a sample of 
of iron-silicon’ alloy (3.7% Si) 


He = 0.06 oersted 


lya.S. Shur and VY. I. Drozhzhina, J. Exper. Theoret. 
Phys. USSR 17, 607 (1947) 


2 V.I. Drozhzhina and Ia. S. Shur, Izv. Akad. Nauk. 
SSSR Ser. Fiz. 11, 539 (1947) 


3 Ta. S. Shur, N. A. Baranova and V. A. Zaikova, 
Doklady Akad. Nauk. SSSR 81, 557 (1951) 


4 Ja. 5S. Shur and N. A. Baranova, 
Phys. USSR 20, 183 (1950) 

5S. V. Vonsovskii and Ia. S. 
Moscow 1948, p. 426 
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Fig. 2. Magnetic temper- 
ature hysteresis of a sample 
of polycrystalline nickel. 

H = 0.06 oersted 


It is observed from these Figures that, as one 
approaches the Curie point, the magnetization of 
the samples grows suddenly up to a maximum 
(Hopkinson’s effect 6), and then falls down to zero. 
On cooling, a sudden increase in magnetization 
appears again, with a maximum which lies far above 
the Hopkinson’s maximum. 

If these phenomena are observed in absence of 
current in the magnetizing coil of the magnetometer , 
it is obvious that the sample lies in a weak steady 
field due to the vertical component-of earth's mag- 
netism or in a constant parasitic magnetic field. 

On selecting the appropriate current in the compen- 
Sating winding of the magnetometer one can achieve 
a situation such that a crossing of the Curie point 
on cooling will not be followed by an increase in 
the magnetization of the sample. At the same time 
this will serve as a proof of the full compensation 
of the influence of the vertical component of the 


earth's magnetic field and of any external parasitic 
fields. 


6 Hopkinson, Phil. Trans. 153, 443 (889) 


VERTICAL ASTATIC MAGNETOMETER 


Thus, if one investigates with the magnometer a 
process related to temperature change, then, in 
order to select the right current in the compensating 
winding, there is no need to build a complicated 
additional device such as a ballistic coil in series 
with a galvanometer ”, i.e. an induction inclinator®, 
or an arrangement of switches and potentiometers 
in the magnetic circuit in order to obtain in it an 
alternating current with a smoothly damped 
amplitude. If one studies a process at room 
temperature, in order to choose the current in the 
compensating windings, one substitutes a nickel 
sample (Curie point 360 °C) for the original one, 
by placing it inside of the bifilar winding of the 
furnace; this is much simpler to do than to 
manufacture an induction inclinator or to arrange a 
set of potentiometers which would smoothly de- 
crease the amplitude of the alternating current. 

Thus, on working with a vertical magnetometer, 
for compensating the external fields one has first 
to compensate the effect of the magnetic fields of 
the magnetometer coils on the astatic suspension; 
this is achieved by moving the movable coil of the 
magnetometer / and by using a shunt in the magnet- 
ic circuit?. Then, with the magnetizing circuit 
open, the sample is placed in the fixed coil and is 
heated up.to a temperature above the Curie point. 


7 Spezialny Fizicheskii Praktikum, Moseow State. 
Univ. 2, 115 (1945) 


80. D. Khvol'son Kurs Fiziki (Course in Physics) 4, 
2 ( Rikker Edition) (1915)p. 164 


9 J. Richard and R. M. Bozorth, J. Opt. Soc. Amer. 
10, 593 (1925) 


Translated by B. Cimbleris 
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The light spot reflected from the mirror of the 

‘Static suspension is to be positioned on the di- 
vision of the scale which corresponds to a zero 
magnetization of the specimen. After that, cur- 


rent is fed into the compensating coil and the 
furnace is disconnected. 

On the cooling of the sample the crossing of the 
Curie point is usually followed by a deviation of 
the spot in a direction which depends on the 
intensity of the current in the compensating winding. 
By repeating similar operations one can select a 
“‘compensating current”’ of a magnitude such that 
the crossing of the Curie point on cooling of the 
sample will not be followed by a deviation of the 
spot from the zero position. 

There is no need to cool the sample down to the 
room temperature on each operation. For Ni, for 
instance, it is sufficient to cool down to 320 °C 
to detect a deviation of the spot from the zero 
position of magnetization. Therefore, the time lost 
in each operation is not more than 3-5 minutes and 
the total time for compensating the vertical field 
components is about 20-25 minutes, i.e., almost the 
same as that in using an induction inclinator. 

The accuracy of compensation by the proposed 
method is increased considerably because the very 
high sensitivity of the static suspension is 
utilized. Fields of the order of 10 ~4 oersted are 
‘‘caught”’ by this method; with a magnetizing field 
of 0.015 oersted this represents a relative error of 
only 0.6% 

If the dimensions of the magnetometer coil permit 
the making of a very sensitive induction inclinator, 
the proposed method can be used to control the 
correctness of the compensation of the vertical 


——— 


components of earth’s magnetic field and external 
parasitic fields. 
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The momentum spectrum of protons at an altitude of 3200 meters above sea level was ob- 
tained in the range of momenta 0.4<p < BeV/c. The absorption lengths of the protons in 
air and in lead are determined. The spectrum of protons generated in lead is investigated. 


1. DESCRIPTION OF THE APPARATUS 


HE results reported in this paper are 

based on measurements made with two 
versions of a magnetic spectrometer. The first 
was described in detail previously!. The second, 
which provides great accuracy, will be de- 
scribed briefly here. 

The particle momenta were measured in a field 
produced by an electromagnet, of strength 5800 
oersteds, vertical length 80 cm, width 20 cm, and 
gap 10 cm (Fig. 1). Four trays of coordinate 
counters , K,,K,,K, and K ,, were used to de- 
termine the radii of curvature of the particle tra- 
jectories. The counters in trays K,, K, and K, 
determined the radius of curvature, while those in 
tray K, 
terminations. In order to improve the accuracy of 
determination of the particle paths the counters 


were distributed in two layers in the trays?, 
These counters were 10 cm long and were of in- 


side diameter d = 4.6 mm. From the point of view 
of specifying the path of the particles, these 
counters were equivalent to counters of diameter 
1/3 qd = 1.53 mm distributed in a single layer. The 
counters in trays K, and K 


served to check the accuracy of these de- 


3 were made of alumin- 
um to reduce multiple scattering effects. The oth- 
er counters had copper cathodes. 

So that particles scattered from the poles of the 
magnet could be rejected, the counters, 7’, 1 cm 
in diameter, were placed on the poles at intervals 
of 3 cm, as indicated in Fig. 1. Two plates of 
lead, II and IJ‘, 5 cm in thickness, and ] cm in 
thickness respectively, a total of 68 gm/cm?, were 
placed above the magnet. These were removed for 
some of the measurements. 

Seven double layer trays of copper-walled count- 


N. M. Kgcharian, M. G. Aivazian, Z. A. Kirakosian and 


S. D. Kaitmazov, Doklady Akad. Nauk Armenian SSR 17, 
33 (1953) 


2N. M. Kocharian, P. S. Saakian, M. G. Aivazian, Z. A. 


Kirakosian ang S. D. Kaitmazov, J. E 
Phys. USSR 23, 532 (1952) pie ak os 


ers were located underneath the magnetic field, 
with absorbers re ie nee i Ly and II, 

placed between these, as shown in Fig. 1. The 
first of these, I], consisting of 4 cm of lead, was 
for the purpose of absorbing electrons, while the 
other absorbers were, respectively, 1, 4.2, 1.8, 6 
and 2 cm of copper. Thus the total thickness of 


absorbers was 0.28 in 1293 Ne where rpb 


and A a yare the nuclear interaction lengths, as- 
sumed to be 160 gm/cm? and 108 gm/cm2, re- 
spectively. 

All of the counters, with the exception of those 
in K ,, and 7 were individually connected to ne- 
on bulbs. The system was actuated only when a 
particle passed through counters in each of the 
trays K,, K, and K,. When this occurred the ap- 
propriate neon bulbs indicated through which par- 
ticular counters the particle had passed. The mean 
Square error of momentum determination in this 
assembly, due to the finite size of the counters and 


to Te scattering in the counter walls, is giv- 
en by 


B (1) 


where £ is the particle velocity in units of the 
velocity of light and p the particle momentum in 


units of BeV/c. 
2. MOMENTUM SPECTRUM OF THE PROTONS 


Using the arrangement described previously, 
6085 protons were observed which had momenta 
2 0.4 BeV/c and which were stopped in copper and 
lead absorbers of an equivalent thickness for ion- 
ization of 198 gm/cm”. Of these 6085 protons, 
1740 had momenta > BeV/c and were stopped in the 
absorbers by nuclear collisions. Table 1 shows the 
distribution of these particles by range. 

The protons and mesons were well separated in 
each of the range intervals of Table 1. For thisrea- 
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Fig. 1. Layout of the magnetic spectrometer, a) in the vertical plane parallel 
to the magnetic field, and 6) in the vertical plane perpendicular to the field. 


Table 1 


Number of Protons Stopped in the Indicated Range Intervals 


Number of Stopped 
Particles 


Range in gm/cm” 


MSs eR SIPb dyig. ss = «cape 
57 Ph<R<S5S7SPb+22Cu.... 
57 Pb + 22 Cu<R<57 Ph + 48.4Cu . 
57 Pb + 48.4 Cu <R S57 Pb + 101.7C 


son it was possible to derive the momentum spec- probability. Involved in w is the probability that 
trum of the protons stopped in the absorbers. This all of the products of nuclear interactions of pro- 
spectrum would not necessarily be the true spec- tons with p > 1 BeV/c terminate inthe absorbers, 
trum of the vertical proton flux, however. In order and hence do not set off counters in the last tray 
to obtain the true specturm it is necessary to di- underneath all of the absorbers. This probability is 
vide the observed numbers in the differential spec- a function of the energy of the particles. 

trum by the probability of the particles stopping in Since protons of momentum p < 1 BeV/c neces- 


the system of absorbers. Let ‘‘w’’ represent this sarily will stop in the absorbers because of ioniza- 
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tion loss, in such a case w = 1, and the observed stopped in the absorbers along with their second- 
spectrum is the true one. aries. Consequently, for 1 <p <2 BeV/c, 

In order to evaluate w for p > 1 BeV/c a careful 
analysis was performed of the nuclear showers pro- W = 1 —er*lr, (2) 


duced by the protons in the absorbers underneath the 
magnet. This analysis led to the conclusion that in where Xo fe the total thickness ofabhenrheralanany 


most cases penetrating showers were produced by the inelastic nuclear scattering length. 
protons of p > 3 BeV/c. Penetrating showers were Laboratory experiments on the scattering of fast 
here defined to be those events in which more than neutrons ® at energies of several tens of MeV show 


one counter was set off in one of the trays situated 
between absorbers, and in which at least one of the 
products penetrated at least one of the following ab- 
sorbers. In cases of momentum p < 2 BeV/c only 
very rarely was more than one counter in atray set 
off. This implies that for such momenta the star pro- 
ducts had little energy and so were usually absorbed 
in the same absorber wherein they were formed. In 
the rare cases at these momenta that such an event 
did occur, the star products were almost always ab- 


that the inelastic scatteringlength A, increases 
with increasing energy. It first increases rapidly, 
but then at about 200 MeV approaches a constant 
value, 2A,, where A, is the inelastic scattering 
length corresponding to the geometrical cross see- 
tion of the nuclei. Recent experiments*’® show 
that this constancy holds up to proton energies of 
2.2 BeV. Thus, in the momentum range under dis- 
cussion, 1 <p < 2 BeV/c, it is correct to take A 
a 


sorbed in the next following absorber. Hence, itcan = 2 a and, for the experimental arrangement used, 
be asserted with great confidence that particles = 
with momenta p < 2 BeV/c are not capable of pro- W@W = | — e—*l2o — 0.48. (3) 


ducing any appreciable number of fast secondaries 
able to penetrate all of the absorbers. From this it 
follows that the number of protons with momenta 
1<p < 2 BeV/c which are not stopped in the ab- <e 
sothers by ionization is equal to the numberof stars protons stopped in the absorbers can be extended to 
produced by particles in this range of momenta. Here, momenta of the order of 2 BeV/e. For momenta 

by stars are meant those inelastic collision events Pe 2 BeV/c, the probability, w, will not have the 
that give rise to more than one secondary. Thus, ripoes oF Eq. (8). ’ ‘ 

teen tee 1 2 pee Neve hetobe: n Fig. 2 is shown the differential momentum spec- 
trum of protons on a log-log plot. The abscissais 
labeled in units BeV/c, while the ordinate indicates 
the intensity of the vertical flux of protons in air per 
unit momentum interval. The circles plotted are the 
results of the experiment described above, while 

the dots represent the results of the second version 
of the measurements. As is evident in the Figure, 
the spectrum can be approximated in the region 
1.2<p <2 BeV/c by a function of the form 


On the basis of Eq. (3) the deduction of the true 
differential spectrum from the observed numbers of 


bility of stopping, w, approaches the probability of 
nuclear interaction, since at these momenta practic- 
ally all protons suffering inelastic collisions are 


20x }o 


N(p)dp = dp (4) 


with Y = 2.65* 0.23, and a = 1.46£0.16 x 1073, 
where p is in units of BeV/c. For values of 
P < 1.2 BeV/c the inclination of the curve de- 


Number of protons N(p) cm=2 sec—1 


sterad ~1 (BeV/c)7! 


3V. I. Gol’danskii, A. L.Liubimov, and B. V. Medvedev, 
Usp. fiz. nauk 49, 3 (1953) 
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vertical flux of protons in air at 
3200 meters above sea level. 


°G. A. Snow, T. Coor, D. A. Hill, W. F. Hornyak and 
L. W. Smith, Bull. Am. Phys. Soc. 29, 54 (1954) 
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creases, and becomes zero at p =0.7 BeV/c. 

The intensities of the vertical proton flux are 
: ; cm “ sec “* sterad ~} 
in the momentum intervals 0.4 space VLC, 
1 <p <2 BeV/c, and p > 2 BeV/c, respectively. 

In order to increase the accuracy of the above 
determinations ‘additional measurements were made, 
using the apparatus described in Sec. 1, which per- 
mitted more precise determination of particle mo- 
menta. In 267 hours 1581 particles of 
p > 0.35 BeV/c were observed. Of the total num- 
ber of stopped particles, 492 had momenta 
P > 1.11 BeV/c and were stopped by nuclear col- 
lision. Within the limits of error the results of the 
two experiments are in agreement. 

The author is not familiar with other work in 
which the proton component was studied at 
mountain altitudes with sufficient care and atten- 
tion to detail. An attempt has been made® to de- 
termine the proton spectrum with a cloud-chamber. 
Not included in this spectrum was the momentum 
interval p > 1.2 BeV/c, for which we found the 
power law dependence with exponent Y = 2.65. In 
the work cited the particles were identified by their 
ionization, and for this reason it was difficult, for 
p > 0.5 BeV/c, to separate unambiguously the pro- 
tons from the mesons (as was noted by the auth- 
ors). For this reason the shape of the spectrumis 
strongly distorted. There the maximum occurs at 
about p = 0.4 BeV/c and then falls off at higher 
momenta, as compared with our spectrum where the 
maximum is at about p = 0.7 BeV/c and begins to 

. fall off above a value of p of about 0.8 BeV/c. 

The proton spectrum at 3400 m was carefully in- 
vestigated by others’. The spectrum was calcu- 
lated by an analysis of the positive excess in the 

For 

p > 2 BeV/c the spectrum obeys a power law with 
exponent y= 2,5 +0.5. Although the general fea- 
tures of this spectrum resemble ours, the intensity 
of protons is approximately one-and-a-half times 
larger. Perhaps the explanation lies in the insuf- 
ficient accuracy of the method used. It should be 
noted, however, that the intensity of the proton flux 
calculated in that paper’ from experimental dataof 


_ the paper previously cited® agrees well with our re- 


sults. 
6C. E. Miller, J. E. Henderson, D. S. Potter, J. Todd, 
Jr. and W. Wotring, Phys. Rev. 79, 459 (1950) 


7W. L. Whittemore and R. P. Shutt, Phys. Rev. 86, 940 
(1952) 
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Now the intensity of the total flux of protons with 
p > 1 BeV/c can be calculated. The total intensity 
for such particles is given by 


m/2 
1=2r \ J(0)sin 6 a6 
6) 


m/2 
= 2nJ, ( 


0 


exp [1 — sec 0)|sin 00, 


where J is the intensity of the vertical proton flux. 
We have, above, that be = 0.887 x 107? cm~2 sec! 
sterad '. From the angular distribution of protons 
obtained in a previous work® we had L = 120 gm/cm2 
Substituting these quantities into Eq. (5), one ob- 
tains 


1/=0.69 x 1073 cm? sec! 


3. THE ABSORPTION LENGTH OF PROTONS IN AIR 


The absorption length in air of the proton com- 
ponent can be calculated from comparison of the ob- 
served intensity of protons at 3200 m with the inten- 
sities at other altitudes. By the absorption length 
we mean here the reciprocal of the absorption coef- 
ficient for protons of greater than the given energy. 
We assume that the absorption of particles is ac- 
cording to an exponential law 


n(p, S.) = n(p, sy)e—Ss-S/E, (6) 


where n (p, $ p and n (p, S,) are the intensities of 
the vertical flux of protons with momenta greater 
than p, at depths s, and s, measured from the top 
of the atmosphere, while L is the absorption length 
for protons of momenta greater than p. 

Solving Eq, (6) for L gives 


Sz — S 
L = Thales) —Innp, 5) * (7) 


Since the integral spectra at the depths s, and s, 
have the form 


ay 1—y,- 
6 Mees iP é 


n (p, Si) Er 
and 


ag 1i—Y, 
n(p, 8s)= ep, 


8N.M. Kocharian, M. T. Aivazian, Z. A. Kirakosian 
and S. D. Kaitmazov, J. Exper. Theoret. Phys. USSR 
25, 364 (1953) 
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respectively, then Eq. (7) can be re-written 
Sg— S$; 


| ie ae bey 
ay (y¥3 — 4) 
in (2) +n 2 + (re) op 


(9) 


At the same time one may consider a differential 
absorption length, which can be defined by the fol- 
lowing expression: 


1 S2— Si 


a In N (p, S;) —1n N(p, S2) ” (10) 


where N (p, s,) and N(p, s,) are the ordinates of the 


differential momentum spectra at depths s, and s,.. 
In another work ®, the values of the differential 
momentum spectrum at sea level was found to be 
N(p, 1030) = 0.91 + 0.19 x.10~4 and 1.21 + 0.23 
x 1074 cm~? sec”! sterad~! (BeV/c)~! for momenta 
0.59 < p < 0.77 BeV/c and 0.77 < p < 0.93 BeV/c, 
respectively. For the same momentum intervals at 
a depth s = 705 gm/cm”, the corresponding quanti- 
ties were found here to be 1.52 = 0.03 x 107° and 
1.38 + 0.04 x 1073 cm~? sec”? sterad~ |! (BeV/c)~?. 
Inserting these values into Eq. (10), one obtains 
(116 +9) GM / cm? (11) 
for p=0.7 BeV/c, 
U(p) = 
(133 + 10) 6M/ cm? 


for p.~ 0,85 BeV /c. 


Measurements have been made previously ® of the 


proton intensities at 2750 m (depth s = 750 gm/cm JE 


The results reported were that N(p,750 ) = 0.96 

+ 0.12 x 1073 and 0.79 + 0.12 x 1073 cm™? sec™ 
sterad! (BeV/c)~! for 0.59 <p <0.77 and 0.77 
<p < 0.93 BeV/c, respectively. 


These can be compared with the results of the 
present study. Using Eq. (11) to correct the lat- 
ter to the same depth: viz., 


1 


N (p, 750) = N (p, 705) e—*!4 


See a for 


p= 0.68 BeV/c, 
(1.00+0.11)-10°3 for 


p= 085) BEV ic, 
where x = 750 ~ 705 = 45 gm/cm”. The two sets of 


results are seen to be consistent ‘within the experi- 
mental errors. 


9A. Z. Rosen, Phys. Rev. 93, 211 (1954) 
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In another study }° the proton spectrum at sea lev- 
el was measured with a magnetic spectrometer, and 
it was found that the intensity at p = 0.7 BeV/c 
was about 1074 cm™2 sec’! sterad * (BeV/c) *. 
Comparison with the results of this work at 3200 m 
leads to 


1(0,7) = V19gm/cm? , 


The expected error in this result is large, as the 
statistical errors in the results of the work 1° were 
appreciable. 

Now let us consider the absorption length of pro- 
tons and the comparison of the integral spectra at 
different atmospheric depths. At sea level it was 
found !° that the intensity of protons of momenta 
p > 1 BeV/c was 0.55 x 10°cm72sec”! sterad™! while at 
3200 m we obtained n (1705) = 0.887 £0.01 x 1073 
cm™? sec” sterad~ 4, which results imply an ab- 
sorption length L = 118 gm/cm*. This value appears 
to be low. In the work cited!® the number of pro- 
tons observed to stop in the absorbers had to be 
divided by the probability of their being stopped; 
viz., by 1 — eW*/L where L was taken to be 
160 gm/cm”. According to our method of calcula- 
tion it would have been necessary to use instead 
1 ~ e~*/320_ Since the total thickness of absorb- 
ers in that experiment was 226 gm/cm2, one should 
correct the observed intensities by (1-e7*/ ne i 
(1-e7%/ 320) _ 115, Consequently, the sea level 
intensity of protons with p > 1 BeV/c would be 
0.55 x 1.5 = 0.83 x 1074 cm~? sec”! sterad™!, and 
from this value one obtains L = 137 gm/cm2. 

It is of interest to compare the intensity of the 
primary component with that of the protons at the 
depth s = 705 gm/cm2, We shall proceed fromthe 
results of Vernov et al!!. [t was found that the ener- 
gy spectrum of the primaries can be approximated 
by a power law with y = 2 and that their flux at31° 
latitude was 1.8 min=! em~2 sterad!. At that lati- 
tude the cutoff energy for protons is about 6.8 BeV 
while at the geomagnetic latitude of 35°, where our 
experiments were conducted, cutoff occurs at about 


5.3 BeV energy, or 6.2 BeV/c momentum; from the 
31° flux one can derive the flux at 35°, which comes out 
to be 0.0383 particle cm™? sec”! sterad“. On the other 
hand one can calculate from the spectrum observed 


10M. G. Mylroi and J. G. Wilson, 


404 (1951) Proc. Phys. Soc. 64A , 


*1'§, 1. Vernov and A. I. Charakhchian, Doklady Akad. 
Nauk SSSR 91, 487 (1953) 
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Spectra of protons above and below 68 gm/cm? of lead, and the absorption 
lengths in lead. 


Momentain (p)x10° N(p)x 10° 
BeV/c 


0.502 


NUDMOOkRNNe 
RKOMOUMANNUM 


RN oad el ol el 


at 3200 m for protons with p < 2 BeV/c that the 
flux of those with p > 6.2 BeV/c is 4.33 x10°° particle 
cm~* sec”?! sterad™! if it is assumed that the ob- 
served power law holds for the higher momenta. One 
should compare the primary flux with the total number 
of nucleons at 3200 m, or twice the number of pro- 
tons; viz., 8.66 x 10°° particle cm “sec”! sterad”}. Using 
these values, one obtains for the absorption length 
in air of protons with p > 6.2 BeV/c the value L 

= 115 gm/cm?2, 


4. ABSORPTION LENGTH OF PROTONS IN LEAD 


Using the second version of the spectrometer with 
68 gm/crr? of lead above the magnet, 2742 protons 
with p > 0.35 BeV/c were observed in 523 hours. 
The spectrum obtained under lead was compared 
with that in air, and the results of this comparison 
are shown in Table 2. In this table N ,(p) and 
N ,(p) are the values of the differential spectra in 
air and under lead, respectively, and n ,(p) and 
n,(p) the number of protons with momenta greater 
than p. In the last two columns the differential, 

1, and the integral, L, absorption lengths in lead 
are given as functions of the momentum. 

It has been seen from Table 2 that both / and L 
increase with momentum, the latter reaching a 


constant value of 


L = (315 +49) GM /cm?. (12) 
for p > 1 BeV/c. These measured values of the 


absorption lengths are not immediately comparable 
with those obtained by others, as, for example, the 


photographic emulsion measurements 12-14 of the 
absorption lengths of the N-component of cosmic 
rays. In these studies the absorption length of the 
N-component was found to be appreciably (some- 
times three times) larger than the interaction length 
Xo corresponding to the geometrical cross section, 
while in the present work it was found that the ab- 
sorption length of protons was only 1 !/2 to 2times 
larger. The reason for the difference between the 
proton and the N-component results may be due to 
the inclusion in the latter of meson, deuteron and 
heavier particle interactions, which tend to increase 
the absorption lengths. 


5. SPECTRUM OF THE PROTONS PRODUCED BY 
NEUTRONS IN A THIN PLATE OF LEAD * 


In the second arrangement of the experiment, two 
lead plates, 5 and 1 cm in thickness were placed 
above the magnet. Between these, as indicated in 
Fig. 1, was a double layer of counters whose de- 
tection efficiency for charged particles was prac- 
tically 100% In this way we were able to study pro- 
tons and []-mesons produced in a thin( 11.3 gm/cm”) 
layer of lead. 


12). Barton, Proc. Phys. Soc. 64A, 1042 (1951) 
13-7 G. Stinchcomb, Phys. Rev. 83, 422 (1951) 


14s A. Azimov, N. A. Dobrotin, A. L. Liubimov and 
Tite nee Izv. Akad. Nauk SSSR, Ser. Fiz 42, 80 


* Note added in proof: The spectrum of protons gen- 
erated by neutrons in thick plates of lead has been 
studied by Dadaian and Mirzon feed See-amGs 
Dadaian and G. I. Mirzon, Doklady Akad. Nauk SSSR 86, 
259 (1952) |. 
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In 523 hours 146 protons were observed that orig- 
:nated in the 1 cm lead plate and were absorbed in 
the absorbers underneath the magnet. Of these, 114 
particles had momenta p 2 0.35 BeV/c, and 17 pro- 
tons with p > 1.13 BeV/c stopped as a result of 
nuclear interaction. In order to derive the true spec- 
trum of the protons produced in lead it is necessary 
to consider the ionization losses of the particles 
in the absorbers in which they were born. This was 
done approximately by assuming that the protons 
were generated uniformly throughout the thickness 
of the plate. 


N p(BeV/c) 
500F 


-) ae eet eal a cic ce 
. 


Fig. 3. Pulse spectrum of protons pro- 
duced by neutrons in lead of thickness 
11.3 gm/cm2, 


The curve of Fig. 3 was obtained by analyzing 
the data as described in Sec. 2. It is seen thatthe 


spectrum of the generated protons can be approx- 
imated by the power law 


N(p)dp ~ p-“dp 


where y = 2.55 =0.3. The number of protons of 
momentum 1.0 < p < 2.33 BeV/c was 34, and those 
of p > 1 BeV/c (430 MeV) was 46. Assuming that 
the same law holds for p 2 2.33 BeV/c, one obtains 
that the number of these is 12. In order to cal- 
culate the number of protons with momentum 

P > 1 BeV/c produced in 1 cm of lead, one must 
divide the number 46 by s wtxk = 3.38 x 10 

cm? sterad sec gm/cm% where s = 140.8 cm? 

is the area of the coordinate counters, w =0.0144 
sterad the solid angle of the apparatus, t 

= 523 hours = 1.88 x 10® sec the time of observa- 


tion, x = 11.3 gm/cm? the thickness of the lead 
plate, and & = 0.78 the overall counting efficiency. 


N. M. KOCHARIAN 


Since these observations of the production of pro- 
tons were made under 5 cm of lead, the number ob- 


ee 62/ 
served must be multiplied by a factor e ans 


where 315 is the absorption length of protons in 
lead. Thus one obtains 


2 


n = 1.66 x 10° protons cm sec! sterad 


(gm/cm? ) 7}. 
Il-mesons are created in the lead as well as pro- 
tons. In this experiment it was assumed that ob- 
served particles were mesons if they were negative- 
ly charged, or if, though positively charged, they 
exhibited a greater deflection than that of protons 
stopping in the same absorbers. There were 17 
negatively charged and 12 positively charged parti- 
cles with deflections greater than that of the pro- 
tons, implying that in this range of the spectrum the 
ratio of negative to positive mesons was 1.5. How- 
ever, 3 negative particles were observed with de- 
flections about the same as that of the protons, so 
that if the same ratio holds there must also have 
been two positive mesons. Thus, the total number 
of I]-mesons observed was 34 andtheir momentum was 
p > 0.16 BeV/c ( E > 73 MeV), if we assume that 


the mesons were produced, on the average, at a 


depth of 5.6 gm/cm® in the lead. Considering the 
efficiency of the apparatus one concludes that the 
number with E >73MeV was 54. Assuming that the 
spectrum of the mesons produced is the same as that 
previously reported !5, one can calculate that the 
number that penetrated through all of the absorbers 
without stopping was about 4. Consequently, there 
were 58 mesons and 46 protons with E > 430 MeV, 
and from the spectrum of the protons produced one 
concludes that there were about 40 protons with 
E > 500 MeV. 

From this it may be concluded that in lead the 
ratio of mesons to protons in nuclear stars is 1.5, 


. 


as compared with about 3 in photographic emulsions !© 
The explanation of this difference may be that in 
lead the mesons created may suffer secondary in- 
teractions in the nucleus, thus losing a consid- 
erable part of their energy, or perhaps being com- 
pletely absorbed. In the course of these investi- 
gations there occurred instances where several of 
the coordinate counters in a tray were set off simul- 
taneously in a way which precluded an unambiguous 
interpretation of the particle momenta, but this 
happened in less than 7 % of the cases. Conse- 


15 js 
J. G. Wilson et al, Progress in Cosmic Ray Physics 
Amsterdam (1952) , pp. 358 and 360 r4gm 


16 
W. O. Lock and Yekutieli, Phil. Mag. 43, 231 (1952) 


PROTON COMPONENT OF COSMIC RAYS 


quently, the number of shower particles observed 
was for all practical purposes the total number of 
shower particles that were produced in the layer of 


lead during the time of observation (523 hours ). 


Apenslai by V. A. Nedzel 


————— eee 


SOVIET PHYSICS - JETP 


VOLUME 1, NUMBER 1 


JME Ye slo S5 


On the Theory of Energy Losses of Charged Particles Traversing a Ferromagnetic Material 


D. IVANENKO AND V. N. TsyTovicu 
Moscow State University 
(Submitted to JETP editor March 5, 1954) 
J. Exper. Theoret. Phys. USSR 28, 291-296 (March, 1955) 


An investigation of the effect of saturation of the energy losses of a charged particle 


passing through a ferromagnetic material is presented!-3, An analysis of the separation of 
the losses into ionization losses and Cerenkov radiation losses is also given. 


A Pa energy losses of a charged particle 
passing through a ferromagnetic material has 
been investigated in a series of papers}. 
It is known‘4?® that when high velocity charged 
particles traverse a dielectric the energy losses 
approach saturation. These energy losses do not 


increase without limit as the energy of the charged 
particle increases but they are higher in materials 
which have a lower electron density. In addition 
to this, at higher velocities the losses by Cerenkov 
radiation play a special role®®. 

For the case of a charged particle traversing a 
dielectric the analysis of the separation of the 
losses into ionization losses and Cerenkov radia- 
tion losses showed the essential dependence of 
this separation on the value of the damping coef- 
ficients in the dispersion formulas, which coef- 
ficients must not be assumed equal to zero®’?. 

The analogous situation can be expected to occur 
in the analysis of the separation of the losses into 
ionization losses and Cerenkov radiation losses 
when a particle traverses. a ferromagnetic material. 


iD. Ivanenko and B. C. Gurgenidze, Doklady Akad. 
Nauk SSSR 67, 997 (1949) 


*1D. Ivanenko and B. C. Gurgenidze, Vestn. Moscow 
State University 2, 69 (1950) 

3Ch. Weizsacker, Ann. Physik 17, 869 (1933) 

4. Fermi, Phys. Rev. 53, 485 (1940) 

5N. Bohr, Atomic Particles Traversing Media (1950) 


6p. A. Cherenkov, Doklady Akad. Nauk SSSR 2, 451 
(1934) 

7]. M. Frank and J. E. Tamm, Doklady Akad. Nauk SSSR 
14, 107 (1937) 

8M. Schonberg, Nuovo Cim. 8, 159 (1951) 


_9P, Budini, Nuovo Cim. 10, 236 (1953) 


In addition, in a ferromagnetic material as in a di- 
electric, the question of this separation cannot be 
calculated correctly if the effect of damping is not 
considered finite?. 

When a high velocity charged particle traverses a 
substance, the loss of its energy depends essenti- 
ally on the interaction between the atoms of the 
substance. In a ferromagnetic material the mag- 
netic properties are determined, first, by an ex- 
change interaction of the electrons of the substance 
(exchange energy ) and secondly, by a magnetic 
interaction of the elementary magnetic moments 
(energy of magnetic anisotropy( see, for example, 
Vonsovskii and Shur?°). In the following dis- 
cussion, however, it will be shown the exchange 
interaction is not essential for the energy losses 
of charged particles which pass through a ferro- 
magnetic material. A relatively small energy of 
magnetic isotropy, however, gives a contribution 
to the energy losses, but it is negligibly small in 
comparison to the ionization losses and Cerenkov 
radiation losses associated with the dielectric 
constant ¢€ of the ferromagnetic material. Also in- 
cluded are some unexpected results of the analysis 
of the energy losses in a ferromagnetic material. 
We note also that the effect of saturation of the 
losses in a ferromagnetic material is analogous to 
the effect of saturation of the losses in a dielec- 
tric, where the losses in the ultra relativistic region 
depend only on the number of electrons, but not on 
the character of their coupling in the material. 

If point charged particles, moving in a medium 
characterized by values of dielectric constant and 


10S. V. Vonsovskiiand Y. S. Shur, Ferromagnetism, 
Moscow (1948) 
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ermeability ¢ and ir kinematics denoted exp {ikR, — ioT 
Uy FRED aad'v td) (pectin a eter Sac \cglermrenetie a pea ae 
é position and velocity of the 
particle ) then the potentials of the field obey the Here 
equations: b OLS (7 
Ve An cae eS re) 1 i oe eae 
c of c . ee (1) The potentials in Eqs. (4) and (5) permit finding 
ep. 2 Te the energy losses for any moving charged particles 
Vee oF pre eA ed (r — re). (2) re(t), ve(t). With these we can develop, in par- 


ticular, the theory dealing with the analysis of the 
energy losses of charged particles having rela- 
tivistic motion in a magnetic field in certain trans- 
parent media (recombination phenomena of the 


electrons ‘‘luminescence”’ and ‘‘ superlight’’, that 
12) 


Since we are interested in both ionization losses 
and Cerenkov radiation losses we will consider the 
values of € and p to be complex. 

It is well known!?>?? that in calculating 


Green’s function of the field equations for trans- - hore 
is, Cerenkov radiation 


parent media, a well-defined expression is not ob- : d : 
In case of uniform motion along the z axis, we 


tained because of the presence of poles on the 


real axis in the expression of the integrand. In order have 
i ; d : 

to circumvent these poles correctly we can use a e \ dx exp {ix(z — vt)} Ky (Cr), (6) 
either retarded, advanced, or other types of func- Te 
tions!3,14_ [n the cases we are considering, be- where 
cause of the complex values of ¢ and p, the poles y ni H(i a - 

. ‘ Cr) == itr a ( 
of the integrand of the Green’s function will not lie Ko (or) 2s ae Cal v (7) 
on the real axis. The requirements for radiation Here 


will be fulfilled if the coefficients in the imaginary Jae 

part of « and p are positive (¢ = e edu ). The C=xV1—epf? Sign Rex V1 — eB, (8) 
latter circumstance, corresponding to a doeipation (1) 
of energy by moving elementary charges and currents, and H 
is dependent upon a given value of € and p. The For determining the energy losses due to col- 
condition of positive coefficients in the imaginary lisions with the parameter of the collision greater 
parts of ¢ and p, where the damping goes to zero, than b, we calculate the flux of the Poynting 


iS a cylindrical function. 


leads directly to a retarded potential for the vector through the surface of a cylinder of radius b, 
transparent media. which surrounds the trajectory of the particle: 
Thus for the Green’s function of Eqs. (1) and (2) 2 
we obtain the expression: Wo= anu \ [EH] dS (9) 
1 b 
Citas (3) sotlalenssbate ol 
; — 22 Re ( iodo (+ —v6*) CK, (Cb) Ky (Cb). 
\ exp (KR — 107) dade, p 
k* —(eu.w?/c?) 
Here E and H are the values of the electric and 
where R=r-—r’, T=t-~-t% Hence, for the po- magnetic intensities created by the charged parti- 
tentials ¢ and A, we have cle, dS is an element of surface of the cylinder. In 


the derivation of Eq. (9) we used the relations +? 


tt Zh exp {{kR, — iwT} 4 . 
‘ in &(@) [2 — (wep) dwd*kdt’, (4) A,y=Ay=0, Az= epnBq; 
og : 0 
Ez, = 5, (enB? — 1), E, =—, 
11), lvanenko and A. Sokolov, Classical Theory of 
Fields, Moscow, 2nd ed. (1951) a oe H; = 0: 
5 ee Oy’ Fae ih 


V. N. Tsytovich, Vestn. Moscow State University 1] 


27 (1951 0 
( ) Hy = 0 36 Hy = — p22, 


ES 
R. Feynman, Phys. Rev. 76, 749 (1949) 
14 : : 
Article edited by D. Ivanenko: ‘‘ Most Recent 


Developments in Quantum Electrodynamics’’, Moscow and used for ¢ the expression (6), as well as the 
(1954) formulas: 
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Ki (2)=—2 Ki (2); e(— 0) =e (0); 
p(— 0) = p"(0). 


In the following we shall consider the small 
value of the collision parameter which limits us in 
Eq. (9) to the first members of the series for the 
Bessel functions Ke (Gb ) and K, (C*b): 

eg 1 4 

Ky (C b)= 7% Ko (Cb) = 2 In 347CR * (10) 
The relations in Eq. (10) can be used if 
|¢| 6 <1. For a ferromagnetic material, with 
«= 1] and p determined by the dispersion formula !® 
the generalized classical formula of Arkadév is 
used [ see below, Eq. (19)]. This condition is 
given for ultrarelativistic motion by 


= |V1— Bp max |O<1, (11) 


where ax iS the maximum value of the magnetic 


permeability occurring in the region near the reso- 
nance frequency @,. If we neglect damping, then 
condition (11) is violated. Therefore in the fol- 
lowing it is very essential to have a finite value of 
the damping. However, in the final result, after 
combining the ionization losses and the Cerenkov 
radiation losses, the damping can be neglected. 
The situation here is somewhat more complex than 
in the case of dielectrics!®, because the range’ of 
the integration with respect to frequency for Ceren- 
kov radiation losses and for ionization losses partly 
overlap. 

Thus, for a small range of the papameter we 
have 


e c : il 2 4 
Wo= = Re \ ioda (] —p8*) In 317 oF 
0 


(12) 


Assuming «= 1, p= Rep +ilmp, + =V3.17 


hats 6? Imp 
tand = —~ 7 —pPRew 


(13) 


we have 


2e 


: fe eae Not Pet 
= =a \ odo {Im Py In yo \V1— Bel b (14) 
0 
+ en — René) 


15]. D. Landau and E. M. Lifshits, Sow. Phys 8, 
157 (1935) 


16 Kunin, Article in ‘Mesons’’, edited by I. Tamm, 
Moscow (1947) 
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For small values of the damping coefficient, in- 
stead of Eq. (13), we can write 
ee tee when 6? Rep > 1; i 
@ Rep—1 2 a ) (15) 
62 Im wu 3 . 
Crerrris nehe when Ge Rep < I. (16) i 


The relation (15) corresponds to the Cerenkov i) 
frequency, and Eq. (16) to the Bohr frequency. i 
Substituting Eqs. (15) and (16) in Eq. (14) we 
obtain the formulas for ionization and Cerenkov 
radiation losses in a ferromagnetic material with 

GS kr 


2 
wor > \ (1 —Re 8?) odo, (17) 
Re p@*>1 
2 
Wor =< (18) 


\ ede Imp {In 3,177? | 1 — up?! 4 \. 


0 


In the following we will assume a concrete dis- 
persion formula for the magnetic permeability*. 


4m 1—iyx 
ple t= ae “2 
where 
e e 2k 
he ae Mo = 7, Bls, y= —- Pe, P= A? 


I. is the spontaneous magnetization, k is the co- 
efficient of magnetic anisotropy, m is the mass of 
the electron. 

We now stop to analyze the ionization losses 


[ Eq. (18) ]. Assuming the value of p in the loga- 
rithmic part is equal to unity, we obtain the 
formula for the ionization losses, neglecting the 
polarization effect? . In the’ calculation of the 
ionization losses the value of p is essentially the 
value near resonance’. Therefore we set 


- Uo — 1 
ees a= 1— x? -— 2iyx 


(20) 


* We emphasize that in Refs. 1 and 10 Le.g., see Ref. 1, 
D. Ivanenko and B. C. Gurgenidze, Doklady Akad. Nauk 
SSSR 67, 997 (1949) and Ref. 10, S. V. Vonsovskiiand 
Y. S. Shur, Ferromagnetism, Moscow (1948) ] there was 
a typographical error in the expression of the relation- 
ship between p and frequency. We use this occasion to 
note that the paper of Sitenko [e.g., see Ref. 17, A. G. 
Sitenko, Zh. Tekhn. Fiz. 23, 2200 (1953) | , to which 
our attention was directed after the present paper was 
sent to the printer, is devoted to a closely related prob- 
lem. However, the final results of the indicated paper 
do not agree with the reduced Eqs. (23) and (24), ap- 
parently as a result of some terms neglected in the cal- 
culations of Sitenko. 


17 4 ©. Sitenko, Zh. Tekhn. Fiz. 23, 2200 (1953) 
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and we obtain the analogue of the Bloch formula!®!? 


(see also Budini’) for the ionization losses in a 
ferromagnetic material with 


In 7 ___ 1 
\ 3,17@2L7(1 — 8) } Gy) 


In deducing Eq. (21) we use the relation 


lon ewe (Uo °— 1) 


We 2¢2 


1m pax = + (to — 1). (22) 
The logarithmic rise of the ionization losses 
follows from Eq. (21). 
Taking into account the effect of polarization 
and combining the total ionization losses with 
the Cerenkov radiation losses we can neglect the 
damping in the final result. Then we have 


3,17 b?e02 (23) 
—In(i—s)— 1h, p<, 
e a 
ewe : Ay? 
Wo= sar (bo — 1) {In 3,17b202 ey 
— In 82 Me fh Pek ese 5d 
6 (to 1) Pat Me Vig ) 


The total losses, as is easily seen from Eqs. 
(23) and (24), in contrast to Eq. (21), approach 
saturation at high velocities, while in the limiting 
case of ultrarelativistic motion the losses de- 
pend on the value of the coefficient of magnetic 
anisotropy. Actually, in the ultrarelativistic 
case Eq. (13) gives 


Wo(v~ c) = 2m (e) , 


mv? \ mc? 


mc me? 
1 3 Tinben Ge (25) 


Here n is the electron density of the medium, and 
k® =k/n denotes a value which is the order of the 
energy of interaction of two elementary magnetic 


ei F. Bloch, Ann. Physik 16, 285 (1933) 
°F. Bloch, Z. Phys. 81, 363 (1933) 
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dipoles at a separation of the lattice constant, 
and in comparison with the rest energy of the 
electron is a negligibly small value ~ 107°. 

‘The value ot the spontaneous magnetization / 
of the ferromagnetic material does not occur in 
Eq. (14). Only the energy of magnetic aniso- 
tropy associated with the magnetic interaction of 
elementary magnetic dipoles plays an essential 
part for losses when v/c ~ 1 (see above). 


Comparing Eq. (25) with the formula obtained by 
Fermi‘ for the energy losses in dielectrics, 


mc? 


ie ase) 26 
3,17167e7n ’ ( ) 


2nne2? 
Wo (v a c) = ae In 


we see that it is possible to neglect the energy 
losses connected with the magnetic permeability 
in the ultrarelativistic case. This is particularly 
clear when, in the calculation of the losses ac- 
cording to Eq. (12), use is made of Eq. (11) to- 
gether with the concrete dispersion formula 


4mne? 4 
en | Sar hi ania 
+ m of — o— 2ty’o (27) 
then 
4rne* / 2k° 
Wo(v~e) =F (1 + 5) (28) 


mc? 


2R°\" 
3 A7mb2en| 4 + ) 


mc? 


In 


Since a ferromagnetic material is usually a metal, 
it is expedient to consider the energy losses of a 
particle traversing a ferromagnetic material as 
losses in a conducting medium. 

We note in conclusion that with the aid of Eq. 
(12) formulas may be obtained by an analogous 
method for the ionization and Cerenkov radiation 
losses both for a charged particle traversing a 
ferroelectric material and a magnetized particle 
traversing ferromagnetic material. 


Translated by F. P. Dickey 
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The mean free See of a non-localized exciton in an atomic crystal is calculated under 


the assumption o 
INTRODUCTION 


F RENKEL! first introduced the concept of 
excited electrons of dielectric crystals, 
which are not accompanied by a current of charged 
carriers, and formulated a quantitative theory of 
that phenomenon. Thus, the excited electron, by 
virtue of the translational symmetry of the crystal, 
does not remain bound to a particular point in the 
lattice, but can behave as a quasi-particle, pos- 
sessing a wave vector k and a certain quasi- 
momentum p = hk. Frenkel called these quasi- 
particles excitons. 

Frenkel ? also introduced the concept of existence 
of two types of excitons, non-localized and local- 
ized. Non-localized excitons may be character- 
ized as those that move in the excited crystal not 
accompanied by a localized or bound deformation 
of the lattice. Conversely, the localized exciton 
behaves as if, to quote Frenkel’s figurative ex- 
pression, ‘‘it were carrying the heavy burden of 
atomic displacements’’. Quite recently, Dykman 
and Pekar® have shown that states corresponding 


to non-localized and localized excitons are obtained 


automatically if one takes into account the polar- 
ization conditions in an ionic crystal. It has also 
been found that the localized excitons are formed 
in an ionic crystal only if fairly rigid conditions 
are satisfied, namely, if the ratio of the effective 
masses of the hole and the electron is larger than 
ten. After the appearance of Frenkel’s original 
work, a number of research papers devoted to the 
theory of the exciton were published. These papers 
dealt mainly with the basic point of the theory of 
the exciton — the conditions for its existence‘. 
Wannier® has shown that the states of a non-local- 


lia. I. Frenkel, Phys. Rev. 37, 17, 1276 (193) 


21a. I. Frenkel, J. Exper. Theoret. Phys. USSR 6, 647 
(1936) 


31. M. Dikman and S. |. Pekar, Trudy In. Fiz. Akad. 
Nauk SSSR 3, 92 (1952) 


43. C. Slater and W. hig EEN Rev. 50, 705 (1936); 


W. R. Heller and A. Marcus, Phys. Rev. 84, 809 (1951) 


5H. Wannier, Phys. Rev. 52, 191 (1937) 


interaction with thermal lattice vibrations. 


ized exciton can be regarded as similar to the bound 
hydrogen-like states of an electron and a hole ex- 
periencing mutual Coulomb attraction. However, 
this condition may be regarded as a direct conse- 
quence of the effective mass method. One should 
not neglect to mention the investigations of Davy- 
dov®, who generalized the concept of the exciton 
and applied it to the study of spectra of molecular 
crystals. 

In studying the internal photoelectric effect in 
copper oxide, Zhuze and Ryvkin’? arrived at the 
conclusion that their observations could not be 
interpreted without the introduction of the exciton 
concept. Further, the experimental investigations 
of the external photoelectric effect. conducted by 
Apker and Taft® should be mentioned; the exciton 
concept is necessary, in the authors’ opinion, to 
explain their results adequately. Finally, the work 
of Gross® and his co-workers permits us, apparently, 
to speak of a direct experimental proof of the ex- 
istence of the exciton. Thus, the excitons are be- 
coming not merely theoretically permissible states 


of a crystal, but, evidently, ones that can be ob- 


served experimentally. It thus appears timely to 
conduct a more detailed study of the properties of 


the exciton; attention should first be given to the 
determination of the mean free path of the exciton, 
which determines the speed of migration of energy 


excitation in a crystal. The paper dealing with the 
interactions of the excitons and the phonons?°, 
published some time ago, contains only numerical 
values of the mean free path of the exciton in 
various crystals. In the present study, the mean 
free path of a non-localized exciton is computed, 


on the basis of its interaction with the acoustic 


© A. S. Davydov, Theory of the Absorption of Light in 
Molecular Crystals, Kiev (1951) 


7V. P. Zhuze and S. M. Ryvkin, Izv. Akad. Nauk SSSR, 
Ser. Fiz. 16, 93 (1952) 
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9. F. Gross and |. A. Karryev, Doklady Akad. Nauk 
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branch of vibrations. It is assumed here that the 
internal state of the exciton is not changed by either 
its emission or absorption of phonons. We are not 
considering any of the competing processes, 

such as the disappearance of the non-localized ex- 
citon by the way of transition into a localized 

state, or the recombination of an electron and a 

hole accompanied by the transformation of the ex- 
citation energy into heat and light. 


WAVE FUNCTION OF THE EXCITON AND ITS 
INTERACTION WITH PHONONS 


Using the approximate method of effective mass, 
the wave function of a non-localized exciton of low- 
est excited state can be given by 


b meee erik: 
Spi ae Aes 


—e | Gexc 


(1) 


Here V is the fundamental cell of the crystal, k is 
the wave vector of forward motion of the exciton, 

R and p are the radius vectors of the center of in- 
ertia of the exciton and position of the electron with 
respect to the hole, that is, 


R= UyT1 + Wels 


Yi +e ” — Fa, 


(2) 
where Ha Hy andr,,f, are the effective masses 
and radius vectors of the electron and hole (in 
what follows, the index 1 will refer to the electron 
and 2 to the hole),a. is the ‘‘radius of the ex- 
citon 


exe xh? / ne?, (3) 
where < is the optical dielectric constant and p 
=P) H,/ (pH, +H.) is the reduced mass. If p, 

=, =m, =the mass of the free electron, then a 

is 2 K times as large as the atomic unit of length, 
equal to 0.53 x 107® cm. The large size of the 

y- cloud of the exciton justifies the approximate 
method of the effective mass. The state of the ex- 
citon [ Eq. (1) ] corresponds to an energy 


oa REY Indpipae ear Es (4) 


where the mass of the exciton Eco = By t Bo: The 

internal energy of the exciton AE is 2 K? times 

(for 1; = #, =m, ) lower than the ionization energy 

of a hydrogen atom, that is, it is comparable to 

thermal energies, even for not too high temperatures. 
In what follows we will be interested only in such 


collisions between excitons and phonons for which 
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internal excitation or dissociation of the exciton 
will not occur. For collisions of the exciton, pos- 
sessing a wave vector k, with a phonon having a 
wave vector q, and for minimal internal excitation 
of the exciton, we have the conservation laws 


kad. (5) 


h?k? h2k’2 3 
+ hog =, — +86, (6) 
exc /exc 
where v, is the velocity of sound, and the upper 


0 
sign coiresponds to absorption, the lower to e- 


mission of a phonon. 


From Eqs. (5) and (6) follows 


igi: Head’e 
q= + (&coso — “sxe *) 

i Foxe \?_ SHexcAE 

+ (4cose— Tee) — ese 


where 0 is the angle between k and q. It is easy 
to see that for absolute temperatures of more than 


a few degrees, 6 not too near 7/2, k cos 9> p 
exc 


v_/% for the overwhelming majority of excitons 
which are in thermal equilibrium with the lattice, 
and, consequently, 


q = F kos 6 + VR* C08 — (BirexcAE] QR). 


In order that excitation may not take place, it is 


necessary that the expression occurring under the 
radical be negative, that is, 


Sigcce 
Set (7) 
For the overwhelming number of excitons we can 
substitute € ~ k \T in this expression. Then a 
criterion of the applicability of the theory can be 


seen to be 


se ea E 


{= 3” ued <i. 


(Za) 


If ph; =p, =m, and xk = 15, then y=k_ T/0.023 eV, 
from which it can be seen that this theory is appli- 
cable only for temperatures lower than room temper- 
ature. 

Considering such collisions of excitons with 
phonons, for which excitation (dissociation) of the 


excitons does not occur, we must set AE =0 in 
Eq. (6), whence 


7 = F 2K COS + Merce | h. 


If we again neglect the term 2H oe Mo/ tm then 
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cosé = + q/ 2k, 


where the upper sign corresponds to the absorption, 
the lower to the emission, of a phonon. From Eq. 
(8) it can be seen that phonons with wave vectors 
q~k in general interact with the excitons. As q 
is positive by definition, it follows from Eq. (8) 
that the wave vector of the phonons can vary be- 
tween the limits of g|,, =O tog, ax 7 2k: 
PROBABILITY OF TRANSITION OF AN EXCITON 
W...’ BY ABSORPTION AND EMISSION OF PHONONS 


For the calculation of the probability of transition of 
an exciton from a state with wave vector k to a state k’ 


by collision with a phonon, we assume as the perturbation 


energy the deformation potential of Bardeen and 
Shockley 1} 


U(r, 2) = C,A (r,) — C,A (r,). (9) 


Here C, and C, are constants of the order of mag- 
nitude of the energy of the atom, that is, 1- 10 V 


and A(r) = divu, the relative contraction, where 
u(r) is the displacement of a given point of the iso- 
tropic continuum. We will assume C, > 0 and 
C, > 0, and generally C, #C,. 

We investigate the elastic harmonic wave (phonon) 

dive iar) 1% gi (ar) 
U(r) = + Cai [aqie + age’): (10) 

Here N is the number of atoms in the unit volume 
of the crystal, e_, is the vector of polarization, 


a. and aj are the normal coordinates ( amplitudes) 
J * 
ofthe vibrations. 


Substituting Eq. (10) in Eq. (9), transforming from 
the coordinates r : and r, to p and R, we obtain 


U(r, r2) = Up (0, R) (11) 


1 i an 
= Te age St [C, exp {i vf -. vA (qe)} 


Uy 
1 + Ue 


—- C, exp 3 (qe)\| + compl. conj. 
where we have made use of the fact that only longi- 
tudinal elastic waves interact with the exciton. 
The complete unperturbed wave function of the 
crystal has the form 


W (k, Nz) = (12) 
14 ickR) 1 


Se = é a exc] | Yn, (aq), 
V V n03,. q 


11y, Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950) 
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(8) where Yy (a) is the oscillator wave function of the 


normal vibrations of the crystal (N, is the 
quantum number of the oscillator with frequency 


@, = Vo9)- 
The matrix elements of the transition are 


Mow =)" (k’, Nj) Up(6, R) 


(13) 
W (k,N,) dagd Rdp. 
Integration over da | and dR gives 
h 

Cay Ss az Ne 3 (14) 

* aaa’ 

(Qa) gt, Ny = V Tatas (No +1) 

k’ =k +q, (15) 


AV eitts#.® gp — fs if 
Vy 0, if kW #keq. 


Here M is the mass of an atom of the crystal. It 
can be seen that Eq. (15) expresses the law of 
conservation of momentum [Fgq. (5) ] for the col- 
lision of an exciton and a phonon. 

The integral remaining over dp from Eq. (13) can 
be seen to be 


ae ra) (16) 
x exp{—z*} dp 


= [exp (a0) exp {— 22} otdp aa, 


e 
exc Be 


? 


q and dQ is the element of 
Cine 


where q, = + 


solid angle. 

For integration over dp the function 
p? exp 4— 201A. xch has a maximum of p=a,,.. 
Consequently it is desirable to evaluate the mag- 
nitude of the quantity 


Hy 


yess ey8 
| exc | TF Fp ue 


xh? 1 
pe? 2 V uae 


(17) 


where we have used the condition that in general 

excitons interact with phonons with q = k. 
Equation (17) shows that in the limits of appli- 

cability of the theory (y < 1) the magnitude 

Zaz st is of the order of unity. It can be seen 

that it may be equal to 2 - 3, depending on the ra- 

tio between p., and p1,, the effective masses of the 
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electrons and holes; therefore, in the general case 
it is impossible to assume | 4 as 2 <a it 

rss oX 1, which does not omradict the condi- 
tions of applicability of the theory, then / = 1 and 
the matrix element M,,- has the same appearance, 
both for electron and hole separately. It can easily 
be seen that for this case the mean free path of the 


exciton is equal to 


/ mM? hs / 

el gO eR Ra (18) 
OQ,u2_(C, —C,)*2,T 

where (2, is the volume of the crystal cell. This 


Soe is analogous to the Sepreeston for the 
mean free path of an electron hole *” 


replaces Hu.) and G=(Ge) DY foe 


Cy -C ~< 1 is realized 
for the great majority of excitations with y <1, 
that is with low temperatures and small dielectric 
constant k. 

Carrying out the integration of Eq. (16) we obtain 


, if one merely 
=p +p, and 
9: It is obvious that q,a,, 


=(1+ 8g Ts (19) 
where 
4 xh? We 
hae 74=|na ask ee (19a) 


and similarly for 8,. Thus B, , is of the order of 
magnitude ofa... Asa result, the probability of 
transition of a exciton, coupled with emission of 
absorption of a phonon, contains the factor 


Gi Cy 2 
DS cerry a oa eer) 29) 
G G 
Tae + Ba?) 
2C,C2 


[1 + B2q?}* [1 + Baq?]? 


Calculating by the usual method }%, we obtain for 
the probability of transition, with absorption and 
emission of a phonon, the expressions 


® (q) ; 
Ww = a N48 (En — ek — hq); (21) 


n D4 (N, aE 1) 6 (ex — Ep, + hvq), (21a) 


Wr = * NM, 


I Bed Davydov and I. M. Shmushkevich, Usp. Fiz. 


Nauk 24, 21 (1940) 


H. Bethe and A. Sommerfeld, Electron Theor of 
Metals, Handbuch der Physik, vol. 24, p- 
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where 6 is the delta function, expressing the law 
of conservation of energy for the collision. 


MEAN FREE PATH OF AN EXCITON 


For high temperatures (for our case exceeding 
several degrees Kelvin) the relaxation time Tmay 
be calculates ae the icrnpha 

a-- 3 (eer win 
T k, 
where Ak, =k, —k, is the change in the com- 
ponent of the wave vector due to the collision. 
We subsitute in Eq. (21) N_ for the mean 


From the 


oii ee 


re (22) 


number of phonons in equilibrium. 
Planck formula we have 
Ng = [exp (hvog/RoT) — 1]. (23) 
Taking into account that for the phonons, which 
mainly interact with excitons, hvog/ ky T 
lms hv ,k/RyoT << I; 


we obtain 


Ny = Ny +1 = kT hog. (24) 

Replacing the summation in E.q{ 22) by an in- 
tegration in polar coordinates, with the polar axis 
coinciding with k, we get 


4 neT vu (Ay 
ice Mh Ma LO a Ses 
t NMuph aa \ Ry (9) (25) 


X [8 (en — er — hug) 


+ (sa —e + hvoqg)] q2dq sin 6dédo. 


Integrating over @, on which only Ak, /k_ de- 
x 
pends, gives 


petal § 
la is = de = — 2ng?/2R?. (26) 
Integrating over @ eliminates the delta functions 
and gives a factor | hr kq in place of each of 
them. Thus the mean free path of an exciton / 
=Tv=Thk/p, |, is given by 

Cy —C2)?RoT 4 aA 0 (q) 


__ Do%e : 
ZR | Gc 79- 


éxe\ 


4 
re nmMvphs 


(27) 


We ge: first the particular case when Py 
=, =p", then 


4 
H. Frohlich, Proc. Roy. Soc. 160A, 230 (1937) 
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(7) = (Cy —C,)°/[1 + 829214, (20a) 


where 


8 cS = exe: 


Substituting this form of ®(q) in Eq. (27) and 

carrying out the integration, we obtain 
mMrgh* (1 +- be) 

Owe (Ci — C,)*2,T 4+ Yate’ (18a) 
where ¢ =% 7k 2/2p, is the energy of the ex- 
Citon and = [ p* [8/4 2)-1. It can be easily 
seen that for the criterion (7) to be justified it is 
necessary that € <0.75/b. From Eq. (18a) it is 
seen that for the particular case considered here 
the mean free path of the exciton is a monotonic 
function of the energy. For small values of the 
energy ¢ the numerical value of / is given by Eq. 
(18). For the maximum energy GPK Hes 0.75/b the 
expression for / is 4.3 times larger. 

For the general case a simple calculation gives 


4 i ® (q) gdqg =(—4 ipeeedate 


kA (Cy > v2)” Cy— Ce (1 + bye)? (28) 


Vit 2 a ee a Ce 
C= C;) (1 + dee)? (Cy — C2)? (b, — be)? 


Sa al ee 
4+ dee 


x? + sae bye + Pot + 26, doe? 
6; — be 


(1 + bye) (1 + bee) 


where ¢ is the energy of the exciton and 


ae ts met \-* Hrs ( Ue — Uee* i. 
1 \ ya tee 2h2x?) 2? By + pe ch?x? 


are coefficients, with dimensions of inverse ener- 
* gy and of the order of magnitude of the inverse of 
the internal energy of the exciton. 

It seems expedient to write Eq. (27) in the form 


2 
nMy2hs 


(29) 


= ery Pia: V/ PRYOR YD, : = 30 
beat (82) — LF (30) 
where 
z= be, s=C,/(Cy—C,), ¢ = Pelt (30a) 
and 
1 1+ 1/sg°z ie 4+ 1/,z 30b 
Ca 1? ayzp (30b) 
: ge+i, 1+ 
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(4 + z) (1 + gz) J 
It should be noted that z = be = 5/4( py /He dy 
= y/g, but y <1, from which 
0<z<1/g. (30c) 


It can be easily seen that for z > 0, the function 
F converges to unity for all values of s, that is, 
Eq. (30) transforms into Eq. (18). 

We see from Eq. (30) that the mean free path of 
excitons, just as that for electrons (holes), is in- 
versely proportional to the absolute temperature. 
On the other hand the mean free path of an ex- 
citon, in contrast to that of an electron (hole), 
depends on its energy. 

Since this problem is completely symmetrical 
with respect to the electron and the hole, let us 
consider only the case of g > 1, which cor- 
responds physically to the more probable as- 
sumption that the effective mass of the hole , is 
larger than the effective mass of the electron pj. 

It appears that C, > C,, as it can be imagined that, 
for a given relauive chia ge in the volume of a 
crystal, the displacement of the lower edge of the 
conduction band is larger than the displacement of 
the upper edge of the valence band. 

To give visually an idea of the behavior of the 
function F(z; s, g) for various values of its argu- 
ments, graphs of F(z) for several vaiues of g and 
s have been constructed. In Fig. 1 the behavior of 
F(z) is depicted, for g = 3, and several values of | 
s, from unity (C, = 0) to infinity (C, =C,). Fig- 
ure 2 shows the same relationship, for g = 9. _ 

In the case of s = 1 (Cc, = 0), the function is 


F(z) = (1 + g%z)*/(1 + */s g%2). 


If C=C, =C, and consequently, s =, then 


(2 Gl Oe eee 
Fig (1+ g72z,§ © (1+2)° 
yon [St in te? 
Ke? —1)*z* (et —1 1+2z 


_ (ge +1) 2 + 2g%28 |} 
(1 +z) (1 + gz) J? 


and in this case we shall designate as F(z) the 
inverse of the quantity contained in the brackets on 
the right hand side. 


In discussing the graphs shown it is necessary 
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F(2:5g) 


1S 


10 


IS 


0 O05 C0 O06 C20 025 002 


lire Ik BS shies ik C,=0; liz os = 1.1; 
Cy ~ 11C,; JME SS ise Cy = 3C 4; IV: s 
S08 C= 2C 43 VsaS=s59 Ci= 15C,; VI: 
s=11;C,=1.1C,; VII: s =00; C, 

= C,. The ordinates of curve V/ are 
magnified 10 times. 


to keep in mind that the ordinates of the curves V// 
in Figs. 1 and 2 are magnified ten times, while the 
ordinates of the curves / and // in Fig. 2 are re- 
duced ten times. Also, the curve V// for s = © is 
not shown in Fig. 2, as it is similar to the curve 
Vil in Fig. 1. The ordinates of the curve V/ of 
Fig. 2 are of the order of 0.014 for values of 

z > 0.02. 

Now if we regard Ly as given (i.e., the difference 
C, — C, is given), then a number of conclusions 
can be drawn concerning the behavior of the 
dimensionless factor F, which, when multiplied by 
a determines the mean free path of the exciton. 

We see that in all cases, when C, is of the order 
C,,.i.e., their difference is of the same order of 
magnitude (curves ///, ]V, and V), the function 
F(z) has a maximum in the energy interval in which 
the excitons can exist, thus increasing the mean 
free path (with respect to Ly) by a factor of 10 - 40. 
The larger the value of Cy as compared to C,, the 
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Fig. 2. g =9. Curves /-VI are cal- 
culated for the same values of the 
parameter s, as in Fig. 1. The ordin- 
ates for curves 7 and JJ have been re- 
duced 10 times, those for curve VJ 
have been magnified 10 times. 


higher will be the values of the exciton energy at 
which the length of the mean free path reaches its 
maximum. In the cases when C, differs only 
slightly from Cc, (curves V/), and the energy of the 
exciton is not overly small, its mean free path is 
several dozen times smaller than /). 

Let us determine the temperature 1s which cor- 
responds to the energy =k 7, for which F has a 
maximum, for the case of g = p,/p,=3 and s = 2. 
Assuming, for example, x = 15 and p, = 2m,, we ob- 
tain 7’, = 96°K. It is easy to see that for g = 9, 
the maxima of F are located, generally speaking, at 
somewhat lower temperatures, of the order of 


10~- 20°K. 
We see that the dependence of the length of the 


mean free path of the exciton on energy is ma- 
terially connected with the relative magnitude of 
the effective masses of the electron and the hole, 
and of the interaction constants Cy and C,. Of 
course, no exact quantitative determinations of the 
mean free path of the exciton can be made unless 
the constants #1, #4, C,,C, are known. As far 
as that is concerned, the conditions are similar 
to those encountered in considering the theory of 
the mean free path of an electron (hole). 

The corresponding calculations for an exciton in 


a polar crystal will be published in the very near 
future. 


Pienglated by O. L. Tiffany 
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A statistical method representing a semi-classical approximation employing the self- 
consistent field method is developed for application to heavy nuclei. The method takes 
into consideration unfilled spin and charge states for various charge-symmetry functions of 


interaction between nucleons with the separation dependence having the form— 


ye 


Equations have been derived and analyzed both for the case of completely filled state of 


nucleons as well as for the * 


charge” or “spin” states. Formulas have been obtained for 


the basic “isotopic” and supplementary term of the equation expressing the energy of a nucleus, 
A discussion is included regarding the influence of various properties of nuclear forces on the 


behavior of a complex nuclei. 


INTRODUCTION 
4 De investigation of a heavy nuclei by a 


Statistical method which takes into ac- 
count the properties of nuclear forces, predicted 
by theory and qualitatively substantiated for a sys- 
tem consisting of two nucleons, is of interest both 
for the explanation of properties of heavy nuclei, as 
well as for the study of nuclear interactions. A 
number of recent papers have been devoted to the 
study of nuclei using statistical methods. Ivan- 
enko and others!>2 used the methods of Thomas- 
Fermi in their analysis of nuclear shells. The 
nuclear potentials were considered to be functions 
of distance f(r) of the type of Yukawa potential 
(without exchange and independent of spin). In 
the work of Kompaneets3 the self - consistent 
method was applied to the study of a nucleus with 
saturation spins and charges, with an interaction 
function, representing one half the sum of ordinary 
exchange forces, having the same co-ordinate de- 
pendence f(r). 

In this paper a derivation for the statistical 
theory of nucleus is presented, which permits analy- 
sis of both the case of the saturation of spins and 
charges ‘and the case where one or the other is in- 
complete for various charge-symmetry functions of 
interaction between nucleons (without regard to 
tensor forces). The solution obtained is in a 
general form in the sense that the derived formulas 
contain coefficients which depend upon the form of 
operator of the function of interaction, and there- 


1D, D. Ivanenko and D. Rodichev, Doklady Akad. Nauk 
SSSR 70, 605 (1950) 


*p. D. Ivanenko and A. A. Sokolov, Doklady Akad. Nauk 
SSSR 74, 33 (1950) 


SAS. Kompaneetz, Doklady Akad. Nauk SSSR 85, 301 
(1952) 


fore yield concrete results. An expression has 
been derived for the energy of a nucleus which 
takes into account the kinetic energy of nucleons 
the energy of ‘‘direct’’ and ‘‘ exchange ”’ inter- 
action , as functions of two densities p, and p,, 
which represent respectively the density of 
neutrons and protons under conditions of complete 
filling spins and incomplete saturation of charges, 
and densities of particles with spins directed 

“‘ upward ’”’ and ‘‘ downward’’, under the conditions 


of complete saturation of charges and incomplete 
saturation of spins. On the basis of the variation 


method and equation for nuclear potentials, a sys- f 
tem of equations has been obtained which speci- 
fies the distribution of the total density of nucleons 

P) =P, +P, and the charge or spin density p | 


=P, — Py. In view of the small magnitude of | 
p/p, equations have been obtained for py in the | 
first approximation which are independent of p, 

and which have the same form as they do in the 
case of complete saturation of spins and charges. 
In this case p is determined by linear differential 
equations with coefficients dependent upon py. 
Study of the equation for p, along with the equa- 
tions for energy leads to the selection of inter- 
action fynctiors which insure complete saturation 
of nuclear forces; the ratio of “‘exchange’’ forces 
to ‘‘ ordinary ’’ has proven to equal four. By making 
use of the magnitude of the parameter g2/,, de- 
termined by the condition of existence of deuteron, 
the possibility is established that heavy nuclei 

can exist in stable state having binding energy 
proportional to A, and radii R =r, A ve P 
is roughly equal to the radius of action of nuclear 
forces. On the basis of these parameters, which 
determine the interaction function of two nucleons, 
independently of the exact form of the potential 


where r 
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hole, expressions are also derived for “‘ isotopic ”’ 
and supplementary term 6(A, Z ) of the semi-empir- 
ical equation for the energy of a nucleus [Ref. 4, 

Eq. (1.8) |. 


meter -- having experimental value ry -- it is pos- 


With the aid of the supplementary para- 


sible to compute coefficients of the various terms 
of the expression for the energy of nucleus and to 
estimate the mass of the meson. The parameter y 
also appears in the theory, taking into account the 
dependence of nuclear forces due to spins. It has 
only a small quantitative effect on the results and 
is used merely for qualitative deductions made 
during analysis of distribution of p. 


1. GENERAL THHORY 


Let us examine the function of interaction be- 
tween two nucleons expressed in the following 
form: 


Us, 2= PU, 2) f(r») ) 
where 


J (Cpa 27 (eS be 715 J (2) 


P - an operator which can assume any one of the 
following forms: 


jag lel beg hm ee EOI) (3) 
a ipa ae ta ra) 
Peps ea 3a) 


or can be a linear combination of these quantities. 
Operators Be Rs correspond, as is known, to 
rearrangement of spin, charge and space co- 
ordinates of the two nucleons. Let us express 
the energy of a nucleus in the following form: 


= (IT) + Ti (las (4) 
+ $\IAi(:) + A2(¢)) a 


+ 4,9 \ Aw (61,62) dt 
& 


2 a\\ [¢1 (1) py (2) + p, (1) p, (2)] f(n, 2) dz, d=, 
+ By, 2 \( P: (1) p2 (2) f(r, ») dt dt, 
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where the first term represents kinetic energy: 


T 1 (1) + Ts (2) (5) 
3 NMisew? fu F 
= 50) (= aa) =a (e;!* + g!*); 
the second and third terms are ‘‘ exchange ’”’ inter- 


actions, respectively, for ‘‘like’’ and “‘unlike”’ 
particles, the fourth and fifth, analogous forms 

of ‘‘ direct ”’ The coefficients a, a1 > 
£, B, . depend upon the form of operator used in 
Eq. (1) and are computed in re same manner as 
the functions 4,, A, Aly , with the aid of 
the wave favetion y of eres in the form of a 
determinant composed of the individual wave 
functions ¢, (X; ) of all N nucleons (X, represents 
the various space co-ordinates, spin and charge 
co-ordinates of nucleons). It is assumed that 


$ (Xi) = Yi Xe Yi, 21) W(G)E (i), 
where 7 and € are functions only of operators 


7 : 
,° 7, Tespectively. 


all nucleons can v3 PaPrORaRS as follows: 


Vinge DANE, (1) 95 (2)Us,29: (2) 


Ua al 


interaction. 


(6) 


The energy of interaction of 


(1) 0; (2) dX dX, 


NOY. 
SUD VGOGe@ aes 
(1) 9; (2) dX, dX, 
Spee ae 5 Ky. 
J ey, 


Taking a summation over the spin and charge 
variables in the expressions for Ji,; and 

Ki,; from Eq. (7), and taking into account Eq. (6), 
we express the direct interaction J in Eq. (7) by 
ordinary dens ties 


=J+K= 


exchange interaction K by the mixed densities 


N, 
a (1,2) = > 4; (1) ot (2), (8) 
i=1 
N, 
fo (1,2) = D) 94.1) 95 (2) 
J=1 
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(N,,N,-- the number of particles of both 


““types’’ correspondingly ), and introduce the 
notation: 


\\ berth. 2) | ‘Timo jlduas = \ Ai (es) dz, 
\\ |p (1, 2) | a Fire quiet — \A, (0,) dz, 
(Va (1,2 Oris ef (n.2) asd, 


= \Ai, 2 (01, P2) At, 


we derive the values of coefficients given in 
Table 1 for the four cases of Eq. (3). 

In the case in which the operator P (1,2) in Eq. 
(1) consists of a linear combination of any of the 
operators of Eq. (3), a situation which corresponds, 
physically, to the possible forms of interaction, 
the coefficients a, By »: Bp; one are evaluated 
with the aid of the corresponding linear combin- 
ations from coefficients of Table 1. In Table 2 are 
represented the values of coefficients and some 
other quantities for a number of possibilities con- 
sidered in the following Sections. In both tables 
in the column ‘‘ Type of Saturation” line ‘‘a’”’ 
¢orresponds to saturation of spins, line “‘b’’, to the 
saturation of charges. 

The functions A,, A, and A, , were computed on 
the basis of Eqs. (2), (8) and (9), assuming that 
wp» VY; have the form of plane waves, and sub- 


(9) 


stituting summation over 1, j, by integration in 
momentum space p, P.; the weight of each state 
was taken, as in Fig. (5), to be equal to two (two 
spin states or two charge states of nucleons). This 
computation is analogous to the computation of the 
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exchange energy of an electron system (Ref. 5, 
Sec. 2) with the replacement of the Coulomb force 
by Eq. (2) and with consideration of the fact that 
the maximum momenta Pu,» Pu, 2 We in our prob- 
lem, different for particles of the two 


Making use of the relation 
p, = 2(*/,7p8 ,)/ (2h)? (10) 


and analogous relation for P.,, we obtain the magni- 


“‘types’’. 


tudes of A i A; ay 9 as functions of densities 
Py ans Po? 


Ayr= — $F (11) 


er te ! (lp e2 (pis es pp!*)2 
— ls ale. #) /s | a 
= Ly, (e, T Poy )| 7 ee e? (p1/* — e,!*)2 
— */y° (Px + Pe) arctan e(pi!s a5 p,!*) —- (0; — fe) 


x arctan ¢ (p4!s =< p!s)] 


1 4 1 
—Yo8* pile pile tm 8 (eh pet pipa's)), 


= ge xAl/ 1 2 2, 
A= —"S lla +a 


X In (1 + 4c? pis) 


(12) 
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A Bia Rel 


Type of | 


Saturation | 
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Operator 


aa le 
>|N >|N 
<= |s a | ~ jie 
Se Geer 
| | 
om | c9 jst o | 2 
co | cm | om | oO|N 
>| >|sH 
SAIN “- | ne he 
alo =x as 
>| >| 
are | ne <i fio 
>| >| 
s\n + | ile) 
>| > 
= | le a 
= | si | 
uotyemjeg jo oddky Filial o a Saar 
os ao so a 
ppe 9 [is 
‘3 | 1- e18urg es % : ee 
aie | 
eee ppo | 
as oD [uD oD [Lu 
S23 7 - r9pdray, 2 = | 
zs | | 
See uadAa 
oe 
me) . < 
Sa e| pias ii | r | 
oo = — 
Ps 
= uaaa = 
: - 7 edt, ny + =a iS 
= x 
ae 
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4 1 4 
aia e® p, arctan2ep)!* + stp!» — an a pil | f 


e = (3/n)'s (x / x); (13) 
Ag is analogous to A,, with P 1, Substituted for 

P>: For the case of saturation of spin and charge 
states p)=p,,and A,=A,=A 1,2: Introducing 
new variables py = Pp; + p, and p= p, ~ p, and at 
the same time decomposing Eqs. (5), (11) and (12) 
in powers of p/py, ignoring powers higher than the 
2nd, we obtain an expression for the energy of 
nucleus [Eq. (4) ] in the following form: 


Beem Peis Eos (14) 
where 
Ey = */r1o zl polsd= — ay (« + %, 2) (15) 
(IC + 3x%) In (1 + x) 4 xarctan 


+f, x4 — x2] de — (g /4)(B + Bs, 2) (0 Vode, 
eT fac! 5 1 
ay M rat Copls —— ay [(% + %,2) (16) 


x (x4 x? In (1 + x) — oy, xt In (1 + x2) bd 


—(g/4)@—Bs.2) \eV de, 


2 x (17) 
3 \"/, 7? h2 gx 
co—(oe) “yrs So eee (18) 
, Sy hie See 
Vo(t) = po (e") (19) 


V is analogous to V), with py”) substituted for 
p(n’). . 

Making use of the variation method, the equation 
for p, and pis found from the condition 


SEGa,P aa? (20) 

with the supplementary conditions 
(0 di = N= A =const, (21a) 
\eds = J = const, (21b) 


where / is the isotopic number A - 2Z, if p rep- 
resents the charge density, and spin number 2s 
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(s - the resultant spin in the components of 7% ) if | 
p represents the spin state density. 


On the basis of Eqs. (14) - (21) we obtain the 


following system of equations 


i) 
+ CoPyl* —(% + a, 2) — [x! (22a) 


Po 


+ x?In (1 + x?) — 2x8 arctan x] 


e? | . 
2 ea [a(tbS alg 
+ %,0(2—2 $9) — ind + x))]} = 15, 
7m Ly £0 04'* — a x4 {(2 + ay, 2) (22b) 
x (1— 20S) — ay,21n (1 + x*)])\ 


—£(8—b,2)V=—), 


which must be solved simultaneously with the dif- 
ferential equations for nuclear potentials V 
and V. Here \, and 4 are Lagrange’s multipliers 


corresponding to the Fiqs. (21a) and (21b). 


2. NUCLEI WITH SATURATED SPINS AND CHARGES 
The density distribution of nucleons p, is de- 


termined in this case (p = 0), on the basis of Eqs. 
(19) and (22a), by the following system of equa- 
tions: 


; 4 to ie & 
Coy! =~ (% + %, 2) [xt + x? In (1 = x) (23) 


— 2x? arctan X]— (8 + Bi, 2) Vo = — 2ho, 


AV, —*?Vy = — 428 fo, (24) 
where oe must satisfy the condition of finiteness 


at the center of the nucleus and condition 
(d/dr) [In (r Vo) ]-=2k = — * 


(R - radius of nucleus). The solution of this 
system depends upon the values of coefficients 
iiss saci. and B + By o- On the basis of Eqs. (23) 
and (2ia), Eq. (15) for the energy Ey assumes the 


following form: 
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Ey =p 0 Veh d= — (a +m, (2 
-09 = 9 Co $%” = —(% + %, 2) GB 5a) 
i 
Ve (xd = 7h 
where 


(x)= (1 + 2x2) In (1 4+ x?) — 2x arctan x (25b) 


44), x4 — x2, 


Lagrange’s multiplier ro is connected with E ) 


by the relation 


ho = —(0E/OA);= — (dE, | aA) (26) 


and represents the binding energy of one nucleon. 
If A, does not depend on A, the effect of saturation 
takes place: Ey =), and it is this specific con- 
dition which limits the choice of the function of 
interaction. It is easy to see that saturation, with- 
out any doubt, takes place for forces which lead to 
the disappearance of direct interaction in Eq. (15), 
i.e., in the case B + B, .=9. Actually, in this 
case, the term which contains V, in Eq. (23) also 
disappears, and P 9, determined by this equation , 
is constant within the bounds of the nuclei (the 
boundary conditions for Vg, on the basis of Eq. (24) 
and with constant density pg within a nucleus of 
radius R, with p, = 0 with r > R, are satisfied auto- 
matically here. From Eqs.(25a) and with the aid of 
(26), with Pp = const, we obtain the following 
equation: 


4 2 
ho = — 7g Coho" +2(u+ am, )%o(x), (97) 


Here, on the basis of Eq. (17), 


X = 3(m/3)'ls (1 fxr), (28) 


where r — radius of the space belonging to one 
nucleon. From Eq. (23), with B + Paso 0, and 
from Eig. (27), taking into account Eqs. (28) and 
(18), it is possible to determine A, and ry through 
the constants g, K, a + @) 93 therefore A, and r, do 
not depend on A in this case, which characterizes 
the effect of saturation. Excluding A, from Eqs. 
(23), (27), and taking into consideration iq. (28), 


we obtain the following equation: 


10 2 
xP = OE (wt ay, 5) f(x), (29a) 
where ’ 
f(x)=14+7—In(1 + x?) (29b) 
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In (1 -F x?) 
ee 

The root of this equation X), and therefore also 
the magnitude of 1/xry depend not on the exact 
value of g and x, but merely on the magnitude of 
g?/k which on the basis of theory of deuteron is 
approximately constant.’ 

With the aid of relationg?/x ~ 77h 7/4M, and 
employing operator 3, Table 2 ( which satisfies the 
conditions B + B, . = 0), we find x, = 5; taking 
operator 4, likewise satisfying this condition, with 


2. 2 
ys 015, (Ce RI Ye a 
obtain xX) ~ 4. On the basis of Eq. (28) an approx- 
imate equality is obtained for the radius of action 
of nuclear forces 1/x and the radius of space avail- 


able for one nucleon, r,, which agrees with the ex- 


0’ 
periment. The values of xy determined in this 
manner, assure a positive value of Ag which can be 
computed on the basis of Eqs. (27) - (29) from the 
relation 

d =i5 (= i casi | (Xo) —;] 

210 Nee METS Ye Xe SARS) 

With X) = 4,7) = 15x 10~!3 em we obtain for Xo 
the value of approximately 3 Me V. At that, from 
Kig- (28) I/k = 2x 10-13 em, which corresponds to 
the mass of a meson p = 200 m.. The experimental 
value A, ~ 8 Me V is obtained from Eq.(30) with 
ry = 0.9 x 10713 cm. It should be noted that the 
magnitude of r, computed in this manner must ac- 


(30) 


tually be somewhat smaller than the experimental 
value, as a result of ignoring not only Coulomb 
forces of isotropic and surface effects but also the 
peculiarities of the method of variation. 

It must also be pointed out that for the forces 
we have considered, which lead to saturation [i.e., 
to the disappearance of the term containing V 9 in 
Eqs. (15), (23) ], the condition JE ,/9R=0is 
automatically satisfied, thus insuring stability of 
the surface of the nucleus. 

Let us now examine the question regarding pos- 
sible existence of a solution to the system of 
Eqs.(2 3) and (24) with 6 + B, . #0 which gives 
approximately constant py in the major part of vol- 
ume, i.e., the solution, the zero approximation of 
which, within the nucleus ( away from the shell), 
has the form: 


1 


He Tre 


Po = const = 


? 


Vipess22een ai | gay 
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If such a solution is possible then Eq. (27) remains 
roughly correct and with the condition (31) from 


Eqs. (23) and (27) we obtain the generalization 
(29) in the form 


(32) 


+ («% + a4 ,2) f(x] : 


which determines the equality y = ¥ 

If operators 1, 2 (Table 2) are chosen, the solu- 
tion of Eq. (32) is obtained in the form : y = xs 
= 0.6. From this (1/x):r9 ~ 0.2. Also A turns out 
to be negative, i.e., this solution does not cor- 
respond to a stable state of the nuclei. On the 
basis of general considerations regarding the role 
of negative direct interaction and also on the basis 
of investigation of the polarity of second differ- 
ential of Es we also come to the conclusion that 
it is impossible to have stable states of nuclei 
under the existence of forces whose expressions 
contain operators of type 1, 2, and which are satur- 
ated. The same applies to forces examined in Ref. 
3, which differ from forces corresponding to oper- 
ators of type 1 (Table 2) by the polarity of their 
exchange operator and which lead, therefore, to 
positive energy of exchange and to disappearance 
of the entire interaction for the condition of two 
nucleons with even l. 


3. NUCLEI WITH UNSATURATED SPINS 
AND CHARGES 


The distribution of Spin or charge density p on 
the basis of Eq. (22b) is determined by the expres- 
sion: 

_ (8/2) (8 — Biz) V—A 
P K (0 0) : 
where K(p,) is the expression in curly brackets 
in Eq. (22b), divided by p,; moreover, V is related to 
p by the equation 


AV —#V = — 4xgop. 


(33) 


(34) 


From Eqs. (33) and (34) we obtain the equation for 
potential V: 


AVEO VT, (35) 
where auth 
ke pot ese es 36 
ee KEN 2 4 
L = 4rgh/K (5), (36b) 
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from Tables 1 and 2, K and Le? are positive for 
ordinary, exchange and ‘‘mixed”’ forces. 


Assuming further that P, is approximately i 


constant within the nucleus, we obtain solutions 
to Eq. (34) which are spherically-symmetrical and 
regular at the origin, of the form: 


Via (eee te 


r aoe (37) 
We then get, from Eqs. (33) and (36), i 
Sables (sag ei ig ene 
Cir (=e h Kia) he (38) 
Constant C and the related constant B are de- 
termined from boundary condition 
d ; 
lar In Vi] = (39) 
This yields 
_. = (68— 8.2) ang" xR + 1 
oi ku? xshpR+ uchuR® (40) 


On the basis of Eqs. (21a), (21b) and also (38) and 


(40), we obtain the follow’ 1g expression for A: 


1. =— py Kt Al(1 —) F(R) + 5 | (41) 
Se 
where | 
3 1—(thuR/uR t 
F(R) = Gaal + *R) Tpit: C2) | 


dis negative since, for all forces of interest, | 

pee RSS I, \ 
Further, taking into account the values of coef- 

ficients B — cae for the different cases(from 


Tables 1 and 2), we note that B is positive for 
exchange and “‘mixed’’ forces and is equal to zero 
for ordinary forces; therefore, Eq. (38) for distribu- 
tion of p contains a term (determined by exchange 
forces ) which increases from the center of the 
nucleus toward the periphery (with Po* const ). 

This means that “‘excess’’ neutrons in a nucleus 

with unsaturated charges and saturated spin states 
experience additional mutual repulsion; and similarly, 
mutual repulsion exists between “‘excess’’ nucleons 
with parallel spins in the case of saturation of 
charges and unsaturated spin states. 

We wish to point out that the above effect of ad- 
ditional repulsion does not disappear even in the 
presence of spin dependence( for example, for the 
case of forces corresponding to operator 4, Table 
2), as a result of the small magnitude of y. How- 
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ever, the effect diminishes for the case of unsatur- 
ated spin states and saturation of charges and in- 
creases in the case of unsaturated charges and 
saturation of spin states because of the “‘spin”’ 
terms. This means that, for example, for a nucleus 
of type A = 4n+2, whichis of great importance from the 
energy point of view, (if Coulomb forces and dif- 
ferences of mass of proton and neutron are ignored ), 
a state exists with unsaturated spin states and 
saturated charges, which corresponds to a singlet 
charge state and triplet spin state with two “‘ex- 
cess” nucleons (proton and neutron with parallel 
spin ) in the shell model. 

In this manner, the statistical model, as well as 


the free particle model, can explain the existence 
of nuclei of type ‘‘ Z - odd, A - even’’ with spin 
equal to unity, by taking into account spin inter- 
action. 

The expression for E can be studied in more 
detail on the basis of the newly found distribution 
of p. 

On the basis of Eqs. (16), (22b), (21b), we obtain 


E; = — ()/2) J, (43) 
from which, taking into account the value of A from 
Eq. (41),we obtain 


eee 1 OK [2 
= + 5 CR FRY + Oa) A 


(44) 


mor OG 
AS 


The magnitude of F(R) is small for heavy nuclei 
and changes slowly with changes in R = ele 25 
for this reason the magnitude of b, which de- 
termines A, and E£,, is practically independent of, 
A, 

From Eqs. (41) and (44) it follows that : 

n= — (JE; /01), = — (OE/OL), , (45) 

which is in accord with the physical meaning of 
the Lagrange multiplier 4 which corresponds to 
condition (21b) of the variational problem. For the 
case in which p signifies charge density, / = A 
—2Z, and Eq. (44) assumes the form 


Ey = 26(5— Z) JA. (46) 


We have obtained, in this manner, the ““isotopic’’ 


term of a semi-empirical formula for the energy of 
a nucleus [ Ref. 4, Eq. (1.8) ] with coefficient 2b, 
determined by Eq. (44). This coefficient can be 


tt h? 


STs 


presented in a more expanded form by taking into 
account the value of Kpy, as well as Eqs. (18) and 
(28) and the relationship between py and r: 

fe @ fe 4. 


T Tan 


(47) 


x XxX 


[1 — (%?/u?)] F(R) + («?/y?) 
Also, on the basis of Eq. (36a) 


x2 [ p? = /[') — (8 — Bisa) (Q?/*) x1, (48) 


where w is the numerator of the fraction in Eq. (47). 


On the basis of these formulas it is possible to 
determine the numerical value of the coefficient 
2b in Eq. (46) for different types of forces, con- 


sistent with the requirement p, ~ const. 


For the interaction which contains an operator of 
type 4, Table 2, with parameters rp, g2/K, y, we 
obtain from the previous section, 2b= 100 Me V, 
which agrees in order of magnitude with the experi- 
mentally determined value of 77.3 Me V. 

In the case when p signifies spin state density 
with saturation of charges, ] = 2S in Eqs. (43) - 
(45), and we obtain a positive term in the expres- 
sion for the energy of the nucleus having the form: 


Es = 20S?/A (49) 


(S- resultant spin of the nucleus). But nuclei 
with saturated charges (the number of protons 
equal to the number of neutrons) and unsaturated 
spin states must belong to the group ‘‘A - even, 
Z - odd’’, and specifically for them, the additional 
empirical term in the expression 5(A, Z ) for the 


energy of a nucleus [ Ref. 4,°Eqs. (1.8) and (1.9) ] 
is positive. 

The coefficient 2b is computed, by use of the 
same formulas (47), (48), as in the case of an iso- 
topic member, but with different values of the co- 
efficients a, 5, PB - B, 4 in correspondence with 
Table 2 (case ‘‘b’’ instead of case ‘‘a’’). The 
computed magnitude of 26 in this case, with the 
operator and constants used in the computation of 
2b for isotopic term is approximately 80 Me V. 

Although Eq. (49) differs in appearance from the 
corresponding empirical term (~A~°/‘), it is 
interesting to note that for the heavier, stable 
nuclei of the type studied (N14). we have the 
theoretical value Ey = 6 MeV, and the empirical, 


=4.7MeV. The same type of correlation is ob- 
tained also for nuclei of other types. 


2 2: 
g — [aa oth (L +24) — (a 4: a, 2) (1— 20 *)) 


a 
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Taking into consideration the roughness of our 
approximations , particularly for the case of un- 
saturated spin states (in connection with the 
neglected tensor forces), the correspondence in 
sign and order of magnitude of the theoretical 
formulas and empirical formulas indicates that the 
effect of unsaturated spin states, as also the 
isotopic effect, is correctly indicated by the 
statistical theory. 

In closing we wish to call attention to the fact 
that the results of the present work indicate the 
applicability to research on the properties of heavy 
nuclei of the statistical method, which was devel- 
oped here on the basis of nuclear forces that re- 
tain their basic properties predicted by meson 
theory (the type of distance function, exchange and 
spin terms). By choosing the parameters expres- 
sing these forces, corresponding both with the 
basic properties of the deuteron and the phenomenon 
of scattering of slow nucleons by nucleons, as well 
as with the property of saturation found in complex 
nuclei, proper orders of magnitude and sign have 
been obtained for various terms in the expression 
of binding energy of heavy nuclei. Also, the cor- 
rect relationship between the radius of action of 
nuclear forces to the radius of space available to 
one nucleon has been found, as well as the explan- 
ation for the behavior of certain types of complex 
nuclei based on the analysis of influence of ex- 
change and spin terms. 

The method used here can be generalized to in- 
clude tensor and Coulomb forces, which would im- 


prove the accuracy of the results of computations®’? 


©¥. I, Kligman, J. Exper. Theoret. Phys. USSR 14, 323 
(1944) 


“FI. Kligman, J. Exper. Theoret. Phys. USSR 18, 346 
(1948) 
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dealing with the quadrupole moments of the nuclei. 
It must also be pointed out that, in the work re- 
ported by Gombas® which appeared after the prep- 
aration of this article, the statistical method is 
analyzed for application to nuclei with saturated 
spins. This work differs from ours both in the 
types of nuclear interactions (purely exchange 
forces between proton and neutron, and also, as 

in Bethe andBacher °, Sec. 6, spin dependent forces 
between like particles) and also in the method of 
derivation of theory (by means of solving various 
problems and analysis of related questions). The 
interactions studied by Gombas® are equivalent in 
their effect to saturation of forces, and have in 
their expressions operators of type 3, Table 2, given 
in this paper. 

Taking into account the difficulties of interpret- 
ing experimental data pertaining to scattering of 
fast nucleons by nucleons!° on the basis of semi- 
empirical nuclear forces, it may be appropriate to 
call attention to the semi-empirical character of the 
modern nuclear statistical theory the further re- 
finement of which will be apparently concerned 
with the development of the meson theory of 
nuclear forces. 


Translated by B. S. Maximoff 
ol 


a Gombas, Usp. Fiz. Nauk 49, 385 (1953) 
9H. A. Bethe and R. F. Bacher, The Physics of Nuclei, 
Revs. Mod. Phys. 
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iti i ili ici iti the thermo- 
Necessary conditions for thermodynamic stability and sufficient conditions for I 
dynamic inetability of a homogeneous phase are obtained in terms of the theory of the radial 
distribution function. The proposed problem of the determination of the radial distribution 


function is correctly formulated. 


INTRODUCTION 


T HE use of partial distribution functions togeth- 
with the ‘‘superposition approximation’”’ 
allows the application of the general apparatus of 
the Gibbs canonical distribution--- which is of very 
little effectiveness in the case of the liquid state--- 
to a certain nonlinear problem concerning eigen- 
functions and eigenvalues)? . Let Fy (q), 
F (q, q'), F. (q, 9’, 7") be the unitary, binary and 
ternary distribution functions, respectively. If we 
consider only a homogeneous phase (that is, a gas 
or a liquid), then the asymptotic expressions forthe 
first two of these functions, when (by removal of all 
limits on the volume V up to infinity ) the volume V 
of the system and the number of particles N of the 
system are allowed to increase without bound [but 
with v = lim (V/N) = const J], are 
AQ=1A@T=sla—G)- (1) 


\ 


The function g(r) is the so-called ‘‘radial distribu- 
tion function’’. For the sake of simplicity we will 
assume the absence of strong external fields and 
will deal only with the simplest type of liquid (or 
gas), the intermolecular potential of which depends 
only on the distance between the centers of the two 
particles. If we allow that with sufficient exacti- 
tude, we may assume 


Fi(q, 7. g)=g (la—q')) (2) 
£(lg—¢" |) g (lq’ —q"}) 


(‘‘superposition approximation’’), then the function 
g(r) is Hoe cnad by the intermolecular potential 
®(r) of the system, its temperature T and density 
1/v, by means of Bogoliubov's equation! 


-—kT Ing (r) = P(r) (3) 


1N.N. Bogoliubov, Problems of Dynamical Theory in 
Statistical Mechanics, State technical publishing house, 
1946. 


21. Z. Fisher, Usp. Fiz. Nauk 51, 71 (1953) 


co r+oe 
Me (G é 
4 7) faye tdt| (g (0) — 1) pde, 
where 
t 
E(t)=\0' @g(t)dt, i= 2nat/y. (4) 


Hert & is’ Boltzmann's constant, and we have in- 
troduced the dimensionless unit of length r' =r/a, 
where a is a certain characteristic molecular 
distance, for example, the diameter of a particle. 
In (3), as also from here on, the prime on the r has 
been omitted. 

The function g(r) must, moreover, satisfy the 
normalization condition 


R 
ma ‘ 
lim je \(g (r) — 1) rdr =0, (5) 
0 


arising from (1) and from the significance of UA (q) 
and F, (q, g') in terms of probability. 

Equations (3)---(5), taken together, present the 
complicated nonlinear problem of the determination 
of the eigenfunctions g(r;\)' and the eigenvalues X. 
The question of the spectrum of values A (for a given 
temperature 7’) is very important for the theory of 
phase transitions from a homogeneous phase, as 
has already been pointed out by the author?. How- 
ever, the problem of the determination of the spec- 
trum of values X for a given (r) and T is unusually 
complex on account of the nonlinearity of qs. (3) 
and (4). It will be shown below that this problem 
can be solved, to a certain extent, by means of an 
investigation of the behavior of the solutions of 
Eq. (3) as r — oo. It will then become apparent 
that the problem defined by Eqs. (3)-—(5) has, in a 
certain sense, not been formulated altogether 
correctly, and from this will arise the necessity of 
correctly formulating ‘‘boundary conditions’ on 


Eq. (3). The present communication is devoted to 


3 ‘ 
I. Z. Fisher, J. Exper. Th t. Ph 
nea pe eoret. Phys. USSR 21, 942 
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the solution of this problem. In the correctly 
formulated problem the discontinuous character of 
the spectrum of eigenvalues of the parameter ) 
arises automatically. In subsequent communica- 
tions the general theory will be applied to the 
solution of actual problems of the liquid state. 


2. BEHAVIOR OF THE RADIAL DISTRIBUTION 
FUNCTION AT GREAT DISTANCES 


For what follows it is convenient to change over 
from the function g(r) to the auxiliary function 
u(r) such that 


& (7) = e—PUDIET Y (p), (6) 


If, at the same time, in place of E(t) we introduce 
the function E(t) according to the relation 


t 
EW) =~ gE =\(eromy aya, 
we then obtain from (3) an equation determining 
u(r), 
co r+e 
rin u(r) =i\{ | E() tdt} (8) 
0 


\r—0| 


te @OuETy (9) — 1} p do; 


which contains only \ as_ a parameter of the inte- 
gral equation ( to employ the terminology of the 
theory of integral equations ). The temperature 
enters into (8) in a more complicated manner, in 
the combination @~?”!"7 , and must be given 
together with the potentiai O(7). 

We are interested in the behavior of g(r) or u(r) 
as r—»co. The potential ®(r) is assumed to ap- 
proach zero sufficiently rapidly for r > ~. Then 
from (5) and (6) there follows the requirement that, 
in any case, u(r) > 1 asr > o. Hence we may set 


u(r)=1 4-¢e(r)r, (9) 


where |¢(r)/r| > 0 as ro. As a consequence of 
this we may linearize the logarithm in (8) for large 
r. Moreover, to the extent that E(t) rapidly ap- 
proaches zero with increasing t, only the values of 
p which are near r will be of consequence in the 
expression under the integral, while for r + 0 we 
may replace €—®(°)/kT by unity and extend the 
upper limit of the integral to infinity. If we denote 


foe) 


K(z)= \ E(tdt (10) 


|2| 


©o 


=e) (e-01rY w (0) (e* Ade, 
2| 


where the last expression is obtained by integrat- 
ing by parts, taking account of (7), we finally 

arrive at the following equation determining f(r) __ 
for r — co: | 


deste K (|r |) 9 (0) do 


(roo). (11) 


In order to simplify the following discussion we 
now assume that the intermolecular forces have a 
finite radius of action, that is, that there exists a __ 
number o such that for r > o we have ®(r)=0. This _ 
condition, we note, limits the generality of the . 
problem only very slightly, since if ®(r) extends i 
to infinity (but falls off sufficiently rapidly), then 
the ‘‘radius of cut-off’? may be chosen arbitrarily 
large. Moreover, in the final results of the theory _ 
it is not difficult to go over to the limit ¢ > «. So, — 


P(r) =0; g(r) 


I 


u(r) isk. (12), 

\ 
Then E(t) = K(t) = 0 for ¢ > o and in place of (10) 
and (11) we have 
i 


K (z) = 1/2 \ (e~®@/FT y' 1 (t) (2? — 2) dt, (13)° 


iz\ ” 
rte i 
e()=2 | Kir—ele@)de (r>0). (14) | 


( 
NM 
In order to find the non-trivial solutions of this _ ' 


equation, we assume 


fo) (r) fs errr. 


(15) 


if 
Substitution into (14) leads to the equation for the i) 


determination of y= y(A) 


PAG | 


(A > 0), (16) 


where £(7 is the Fourier transform of the kernel 
K(z) 


L(r= | K@eraz. (17) 


—o 


Equation (16), generally speaking, has for every 
> 0 several, or even infinitely many, roots, 
complex numbers in general: yy, = 6(A) + ix,(A) 

(n = 1,2,3.....). From the nature of Xi and K(z) it | 
follows that these roots occur in complex conjugate _ 
pairs, and from the evenness of the function K(z) 

it follows that for every root ‘y,(A) there is a | 
corresponding root -‘y,(A). Hence we conclude that | | 
to each number 7 there correspond four roots: t 6, 
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(A) tix, (A). However, the roots with negative 
imaginary parts lead,according to (9), (12) and (15), 
to results for g(r) which manifestly fail to satisfy the 
normalization condition (5), and therefore must be 
discarded. The two roots +6 (A) + i|«,(A) | then 
remain, and the corresponding ¢(r) may be obtained 
essentially in the form 


0 (r) = Ae" cos (8r + 8), (18) 
where the numbers A and § remain undetermined in 
the approximation under consideration. In accord- 
ance with (9) and (12), we then arrive at the 
following general form of the radial distribution 
function for large distances between particles 


4 laa lr 3 0 
Sete ys ce eCOs Er 129) Toy 


This result corresponds to the known behavior of 
g(r), found from experiments on the scattering of 
x-rays in liquids: with increasing r the functior 
g(r) approaches unity with an oscillation which 
diminishes to zero. We wish to emphasize that 
expression (19) is true for all physically allowed 
values of X. Smallness of A (that is, smallness of 
the density) was not presupposed in the derivation 
of (19), and this distinguishes our result from the 
analogous results of other author#® . 

The function v(r) = g(r) - 1 is the ‘‘correlation 
function’”’ of statistical mechanics (see reterences 
6,7), used in the calculation of fluctuations in the 
density. As is well known, a very rapid decrease 
in v(r) with increasing r is required for the absence 
of correlation of the fluctuations in density in ad- 
joining macroscopic volumes. According to (19) 
this requirement will be met if all the |«, | are not 
zero and are sufficiently large. Moreover, the 
absence of correlation of the fluctuations in density 
in adjoining macroscopic volumes for a system in 
a state far from the limit of thermodynamic stability 
is rigidly derivable from Boltzmann’s principle 
(see Leontovich®) and is confirmed by experiments 
on the scattering of light in liquids and gases. 
Hence for such states all the | «_(A) | in (19) are 
different from zero and we may introduce an enu- 
meration of the roots Y,, of equation (16) in the 


order of the increasing magnitude of their imaginary 
parts: 


4 J. Kirkwood, J. Chem. Phys. 7, 919 (1939) 


5 M. Born and H. Green, Proc. Roy. Soc. A, 189, 455 
(1947) 


6M. A. Leontovich, Statistical Mechanics,State 
technical publishing house, 1944 


7 L.D. Landau and E. M. Lifshitz, Statistical 
Physics, State technical publishing house, 195] 
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O< [a A)|<laWI<las I<... 


This enumeration is preserved even in the case of 
very small | « a , and we shall hold to it continu- 


(20) 


ously below. Of course, for different values of A 
the enumeration of the roots ‘y, may be different. 


We note that for A + « ( that is, in the ideal gas 
approximation) we have |«,| + , as is clear 


from (16). 
3. INSTABILITY OF STATES WITH «, (A) =0 


We shall now show that states of the system for 
which «,=0 in (19) are thermodynamically abso- 
lutely unstable, that is, they do not correspond to a 
minimum free energy. As proof of this we need 
more than the single fact of the presence of corre- 
lation of the fluctuations in density in adjoining 
volumes. It is known, for example, that such 
correlations. occur in the vicinity of the critical 
point (see references ©? ), that is, in states which 
are of themselves stable. 

Let us suppose that for a certain value of A we 
have «,(A) =0, but «,(A) # 0. Since in the subse- 
quent estimates, due to their thermodynamic charac- 
ter, the behavior of v(r) at small distances will not 
be of consequence, we can neglect the exponential 
members in (19) and write 

Ay 4 
v(r) = — cos (Br + 4). (21) 
We note at once that v(r) is Green’s function for all 
space of the linear differential operator 


L (p) = Ag + Bie, 


where A is the Laplace operator. 

We now assume that the state of the system with 
correlation function (21) is thermodynamically 
stable, so that there exists an equilibrium density 
of free energy f, (i, 7)the self free energy for 


which is F=Sf,dV. Let f - ip be the de- 


viation of the equlibrium density of free energy from 
its own equilibrium value as a consequence of local 
fluctuations in density. Since in our case there is 
an evident correlation of the fluctuations in density 
in different regions, then, as is known from the 
general theory, the magnitude of f — f, will de- 
pend not only on the density itself, but also on the 
gradient of the density (see®-7). If is the 
relative density, then f - fo appears as a certain 
differential form in , and for small fluctuations 
this form will be quadratic: f - fg= K(¢,q). Let 
us use, further , the fundamental result of 
Leontovich, according to which the correlation 
function v(r) is Green’s function for all space of 


(22) 
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the Euler-Laplace operator L (4) = corresponding to 
the quadratic differential form K(f ,¢) (see®). 
Since we already know the function v(r ) and the 
operator L.(¢), then by (22) we can readily set up 
the quadratic form K(¢, ¢) and also f - lie . For 
the latter quantity we obtain 


f — fo= B (v9) — fie, (23) 


where B is a certain constant (with respect to ¢). 

Thus to the correlation function (21) there corres- 
ponds an expression of indeterminate sign for 
f-f,, and, consequently, Ags cannot be a minimum 
in the density of free energy. The state of the 
system with «, (A) = 0 is absolutely unstable, since 
a minimum free energy does not exist there. 


4. INCORRECTNESS OF THE PROBLEM OF THE 
DETERMINATION OF g(r) WITH THE 
REQUIREMENT OF NORMALIZATION 

IN EQ. (5) 


The results obtained above may be formulated in 
a way which affirms that the necessary condition 
for the stability of a homogeneous phase is the 
absence of purely real solutions of Eq. (16), that is, 
the condition 


[Im {71 (A)}|>O for ASO. (24) 
Correspondingly, the condition 
Im {1i()}=9 for ra>9, (25) 


is sufficient for the instability of the system. 

The question of the sufficiency of the first 
condition and the necessity of the second remains 
open, since it cannot be treated merely by 
investigation of the behavior of g(r) asr > ~. 
in spite of this, we confine ourselves to such an 
investigation, as we are at present compelled to do,, 


then the following circumstance is to be noted. The 
normalization condition (5) for the function g(r) 

is somewhat limited, being superimposed on the 
behavior of the solution of Eq. (3) for r+. It is 
unsatisfactory that this limitation admits, along 
with the stable solutions, solutions which are 
unstable (that is, physically unreasonable) in the 
sense indicated above. Actually any function (19) 
with arbitrary x (A) satisfies the condition (5), 

are zero. Hence we 


If, 


even if some or all of the « | 
may say that the problem of the solution of Eq. (3) 
with the supplementary requirement (5) has been set 
up incorrectly since its answers are not those of the 
corresponding physical problem. Of course, the 
question now arises as to whether it is actually 
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impossible to formulate the question of the solu- 
tion of Eq. (3) on a physical basis in such a way 
that physically unreasonable solutions may not oc- 
cur. 

In the works of Born and Green5, and of Kirkwood 
and his collaborators4»8 on the theory of liquids, | 
a more stringent requirement is introduced in place 
of the normalization condition (5), namely, the 
requirement of volume integrability of the function 


g(r) = 1: 


co 


| [g (1) — 1] dr < + 0, 


0 


(26) 


It is readily seen that this requirement is fulfilled 
only if | « il > 0 in (19), and, consequently, it 
permits the separation of the solutions correspond-  __ 
ing to stable states from those which are physi- i 
cally unreasonable. However, this requirement appears _ 
too strict, and for the purpose of distinguishing the 
stable solutions it would suffice to require the 
fulfillment of a less severe condition relative to the 
behavior of g(r) for r> oo. What is even more es- i 
sential is that it is not possible to prove this i 
condition physically without previous knowledge of , 
the solution of Eq. (3) in the form (19). Hence it 
is not suitable as an initial requirement on the 
solutions of Eq. (3) and as one capable of replacing 
condition (5). The latter is connected simply with 
the fact that the integrability requirement (26) does hi 
not arise immediately from the Gibbs canonical dis- | 
tribution, and hence is evidently supplementary-—- 
the above superposition approximation---restricted, 
superimposed on g(r). Cosidering the connection 
of the left part of condition (26) with the isothermal iN 
compressibility of the system, one finds ‘ 
co ii 
4r kT i} 
=\ lg tr) — hdr = a —aeTeny (27) ih 
0 


erroneously*. Relation (27) is obtained from the 
comparison of two well-known equations for the 
squares of the fluctuations in the numbers of 
particles in a certain volume CG: 


—— — kT i 
(ANay = No-a—aeT aay ° se 


(ANG)? 


x N | 
No! ae a ( ( {g (| 91 — el) (29) il 

@ (GG) i 
—1} dq, dqa}, 


* The incorrect exposition of this equation is 
toleratgd also by the author of the present paper in the 
-survey~. 

8 J. Kirkwood, E. Mann and B. Alder, J. Chem. Phys. 
18, 1040 (1950) 
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with the latter having been rewritten in the form 


co 
(ANG)? = No} t- = Et ae ge dr} (30) 

0 
The erroneousness of [tq. (27), accepted in many 
works as one of the basic equations of the theory 
of liquids, is evident. Equation (28) clearly does 
not hold in the presence of the correlation of the 
fluctuations in different regions (see Leontovich® ), 
and the exact Kq. (29) may be replaced by the ap- 
proximate [q.(30) only if the sufficiently rapid 
tendency of g(r) - ] to zero for r > « is known 
beforehand. [For example, for a hypothetical func- 
tion g(r) of form g(r)~-1 + Ar"e-*" the condition 
(26) will be fulfilled for any « > 0, but equations 
(28) and (27) will not hold for n > 0 and small «|. 
Hence iq. (26), which does not arise from the 
general laws of statistical mechanics, is unaccept- 
able as an initial supplementary requirement on the 
solution of Eq. (3). 

The actual solution of the question of the correct 
presentation of the problem for Eq. (3) lies in an 
altogether different direction and is connected 
with the validity of the transition to the limit 
N, V - «, which has already been accomplished in 
(3). At the basis of Eq. (3) lies the admission of 
(1), in particular the admission that the system 
under consideration is such that for removal to 
infinity of all walls bounding its volume V and the 
simultaneous preservation of its average density 
(N/ V)=1/v unchanged, we get asymptotically 
F (q) > 1. It is perfectly clear that a preliminary 
necessary condition for this must be the finiteness 
of the size of the walled layer of the system, where 
as a consequence of surface effects it is certain 
that F. (q) # 1. In the opposite case Eq. (3) is 


fered of physical meaning. 


5. ON THE SIZE OF THE WALLED LAYER OF 
THE SYSTEM 


Consider a molecular system of volume V and 
number of particles N, bounded, for example, by 
plane walls. Then let N and V increase without limit, 
keeping unchanged the relation ( V/N) = v and also 
the position of one of the walls. We consider the 
latter situated in the x Oy plane, and the system 
itself extending in the direction of the positive Oz 
axis. In the limit we obtain a semi-infinite system 
occupying the entire right half-space. We will as- 
sume the wall to be ideal, although the final results 
would not be altered as long as the potential of the 
interaction of the wall on the particles had a suf- 
ficiently rapid fall-off. Conditions (1) do not hold 
in the neighborhood of the wall, and it is clear from 
symmetry considerations that aC) = F(z). One may 
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readily satisfy oneself that in our system the 
partial distribution functions satisfy equations 
completely analogous to those of Bogoliubov~ , but 
in which the integration extends only over the right 
half-space. For example, for i (z) we obtain 


dF, (z) 331 
igi oe (31) 
4 d® (|\q —q' |) 
Be \ dz 2(q,q°) dqq’ = 0 
(z’>0) 


in which the coordinates of the point q may be set 
equal to (0,0,z). In order to obtain from this an 
approximate expression for F, (z), it is necessary 
to express i (q,q’) in terms of f (z). The super- 
position approximation, which we are following, 
corresponds to a relation between FE and ig of 
form 


F.(9,9') = Fy (z) Fi(z')g (lg—q')). (32) 


Actually, if we return to relations (1) and (2), we 
notice that, for example, F, (9.939" ) may be inter- 
preted as the binary distribution function for two 
particles for a given (and fixed) position of the third 
F,(%.959") = F,(q,.q’| q”)-Analogously g(|q- 9” |) 
may be interpreted as the unitary probability density 
of position of one of the particles for a given and 
maintained position of the second: g(|q-q”|) = 
F.(¢\ 97). [ We note that there is a similar univer- 
sally prevalent representation of the radial func- 
tion of the distribution g (|q|) =F, (q |0), 

ds ee cepead Ewe 
although according to the definition it is necessary 
to connect it not with fF, but with F, 
&(l|q-97| ) =F, (q, 9°); both points of view are 
equally valid |. Hence relation (2) may be written 
thus: 


Fy, (9, q' | q') 


(33) 
=Fiq@q|aAd'l@e")g(¢—q')). 


That which is given and fixed beforehand in our 
problem is the position not of the third particle, 
but of the wall, and (33) is physically transformed 
into (32). Thus, allowing (32), we remain within 
the framework of the superposition approximation 
and do not introduce new limitations on the partial 
distribution functions. 

Inserting (32) and (31), going over again to the 
dimensionless unit of length, and using relation (4), 
we easily integrate the resulting equation and ob- 
tain 


RT in F,(z) 


Xr 
+X | Elg—a'pFle)aq' =e. 
(z'>0) 


(34) 
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Since we are considering a homogeneous phase, 
we must require that A (z) > 1 for z> ~. This 
determines the constant of integration 


C= 2n{ E'(e) edp. 
0 
If, as above, we go over from g (r) and E(t) to u(r) 
and E(t) by means of relations (6) and (7), we ob- 
tain an equation for the determination of F 2) 


(35) 


In Fy (z) = — 22 | E (p) de += (36) 
0 
\ E(\q—4q' |) Fi(z') dq’. 


(2'>0) 


The last member may be simplified by introduction 
of cylindrical coordinates z * p» pin place of the 


cartesian coordinates q ‘= (x‘y,z’). Then 


(37) 


= On ( ( EWFPEaA eao| F, (2') dz" 


= 2-\ bs | E (|t}) tdi} F, (2')dz' 
= an K( z—2' |) F,(2') dz’, 


where the kernel K (z) is identical with the kernel 
K(z) in (10). Thus we have finally 


In F,(z) = —2d \ E (0) p2dp (38) 
0 
if i K (|z—2'|) F, (z') dz’. 
0 
Now let z > «. Setting 
F,(z) =1+ 4(z) (39) 


and reckoning |y(z) | <1, we readily simplify 
Eq. (38) and obtain 
v (y= AQ K(z—z2')9(2)de" (z >). (40) 
0 
This equation is identical with Eq. (i1); whence 
it follows that the function r {g (7)- 1) forr > & 


behaves like the function F(z) - 1 for z > %, a 
result of some importance for the theory of liquids. 


If, as above, we allow the intermolecular forces 
to have a finite radius of ;action, g, then, in precisely 
the same way as in Sec. (2), we find 


F,(z)=1+ S)A,e7!*!? cog (8,2 + én), (41) 


where «, (A) and B, (A) are the same as in (19), Ih 
while the numbers A, and 6 remain undetermined i 
and possibly different from the corresponding A, i 
and 6, in (19). Assuming the former enumeration | 
of the e (A) according to (20) to be correct, we f | 
see at once that the magnitude | «, ()) (2s is the | 
effective si f tl % i i 

ive size of the walled layer of the system, in | 
which is (z) is notably different from unity. The 
special case «, (A) =0 considered in (3) thus 
corresponds to an infinitely extended ‘‘superficial 
layer’’. 


We consider it necessary to remark, in order to 
avoid misunderstanding, that the periodic solution 
fe (z)~1 + A, cos (Bz + 5, ) appearing in (41) for 


x, (A) = 0 has no relation to the crystalline state. 


————————— 


ior of the solution of Eq. (3) for r > «. Since 

Eq. (3) relates only the spatial properties of a 
homogeneous phase and requires for its correctness 
the identity F, (q) = 1, this indicates that in the 
problem of a system bounded by a plane wall the 
preliminary condition must be F, (z) > 1 for z > ». 
Since, on the other hand, it appears that the behav- 
ior of F. (z) - 1 for z > in the problem of a sys- 
tem bounded by a wall is identical with the behav- 
ior of r{g(r) - 1] for r -> © in the problem of the 


unbounded system, we infer that the preliminary 
condition required for the correctness of Eq. (3) is 


that 


if 

6. CONCLUSION y 

(lq 

It is not difficult now to formulate the correct i 
requirement which must be satisfied by the behav— int 


— 


—————= 


sae” 


SSS 


\ 

) 
| 
1 


rfg(r)— 1-20 for roo. a) 


It must be emphasized that this inference is ob- 
tained merely from a single comparison of Eqs. (11) 
and (40) and does not require for its establishment 
preliminary knowledge of the solutions of (19) and 
(41). 

It is important to note that the nonfulfillment of 
the first of the conditions (1) necessarily brings 
with it the nonfulfillment of the second. Hence we 
may also say that the re quirement (42) is a require- 
ment that g(|q¢-q‘|)=4 (9,q’| ) (exactly, 
apart from terms which go to zero for N—> ). Non- 
fulfillment of condition (42) signifies, then, that 
g(lq- g’|)# & (q,q’). although g(r), as a solu- 
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tion of the formally stated problem concerning Eq. 
(3), that is, of the purely mathematical problem, 
may possibly exist. However, it is clear that such 
a solution lacks physical meaning. 

Thus we may say that the correctly presented 
mathematical problem of finding the radial distribu- 
tion function g(r) for a given intermolecular poten- 
tial O(r) and given thermodynamic parameters 7’ and 
\, adequate to its physical content, is included in 
the solution of the problem of the eigenvalues A 
and eigenfunctions g(r; A) of equation (3) under the 
additional requirement (42). The normalization 
requirement (5) is automatically fulfilled at the 
same time. 

The solutions g(r) considered above which 
correspond to thermodynamically absolutely un- 
stable states do not belong to eigenvalues A of 


the problem formulated in the indicated manner. 
The spectrum of eigenvalues \ now shows itself 
to be generally speaking, discontinuous, consist- 
ing of several continuous bands. The connection 
of this situation with the theory of phase transi- 
tions is evident. We will devote more attention to 
it in subsequent communications. 

In conclusion we wish to remark, in order to 
avoid misunderstanding, that the states of the 
system were qualified by us in all the above as 
stable in a limited sense, that is, such a state may 
in reality prove to be only metastable. Correspon- 
ingly, instability is everywhere understood abso- 
lutely. 


ee by Brother Simon Peter, F.S.C. 
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The Theory of Multiple Production 
of Particles at High Energy 


S. Z. BELEN‘KII 
P.N. Lebedev Institute of Physics, 
Academy of Sciences, USSR 
(Submitted to JETP editor, July 24, 1955) 
J. Exper. Theoret. Phys. USSR 28, 111-113 
(January, 1955) 


XPERIMENT AL data obtained to date allows us to 

assert that the “‘nuclear charge”’ is conserved in, 
all nuclear phenomena. In the investigation of 
phenomena of multiple production of nucleons at 
high energies! the conservation of the ‘nuclear 
charge’’ has been taken into account only for the 
assumption that particles and antiparticles are pro- 
duced in equal numbers. Actually, in the collisions 
of nucleons with nuclei there are several initial 
nucleons (not less than two).We consider here in 
more detail the influence of the‘ nuclear charge”’ 
conservation on the production of heavy particles 
at high energies*. 

Recent theoretical research has been carried 

out on the multiple production of particles, based 
on the methods of thermodynamics and hydrodynam- 
ics 3-5. In nucleon-nucleon or nucleon-nucleus 
collisions, a system is formed in which a high 
energy is concentrated in a very small region. 
Then this system expands very rapidly and when 
its size has become sufficiently large, it decays 
into separate particles. The stage of decomppsi- 
tion depends on the temperature kT of the system 
with kT m_c*, where m, is the 7-meson mass. 
The density of particles of different kinds is given 
by the equations 


*Schiff 2has indicated that it is necessary to take 
into account the existence of the initial nucleons in Ear 
Fermi theory of multiple pala however he himse 
has not done so. It will be remembered that, according 


i i te part- 
to Fermi, the decay of the system into separ, 
icles takes place at the temperature kT> Mc mere M 
is the nucleon mass. Therefore in the frame of the 
Fermi theory the influence of the initial nucleons is not 


essential. 
1 &, Fermi, Prog. Theor. Phys. 5, 570 (1950) 


2 1. Schiff, Phys. Rev. 85, 374 (1952) 

31D. Landau, Izv. Akad. Nauk. SSSR Ser. Fiz. 
51 (1953) 

41... Rozental and D.S. Chernavskii, Usp. Fiz. 


17, 


- Nauk 52, 185 (1954) 


5 1, Ia. Pomeranchuk, Doklady Akad. Nauk SSSR. 78, 
889 (1951) 
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(3) 


and Nyy are the densities of nucleons 


(4) 


mesons, y= y/kT where wis the chemical potential. 


The equilibrium condition with respect to pair 
production and pair annihilation will be yy +y gy 


= 0. Thus, if we denotey yn by y, then y ax will be 
equal to -y. 
We shall consider the case where z> 1 and y < z. 


In Eq. (4) we expand the denominator in a power 


series of exp {y- zVl+x2 }, perform the integra- 


tion and limit ourselves to the first term of the 


expansion, We obtain 


F* (z, y) =F" (z, 0)”, 


Ft (z,—y)= Fi (2, 0)” 


Now it is not difficult to establish the following 


relations 
NEN, 
sink Y= cosh Y— Nno Ny 
No ?’n Ny Nn 


Here NV, and Ny 9 are the total number of 7-mes- 
ons and of nucleons and antinucleons produced in 
the system with the condition that the initial 


nucleons are not included, N, is the number of 


initial nucleons, N,, and Ny are the total numbers 


of 7-mesons and of nucleons and antinucleons, 
existence of the initial nucleons is ' 


where the 


taken into account. Hence we obtain 


Ny! 


The number of nucleons Neo and the number ees 


(Noes V (nol Nays UN aNe) es 


of antinucleons are 


Now! Nam Ye [VON] Mea) WT NSE 


+N, / 1a 


Nay! Na =" [V (Nix Neal + (M0F Ne)? 


AN’ 


Np Nel: 
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We turn now to the energy of the nucleons and 
m-mesons. It is easy to see that the ratio of the 
total energy density B of the nucleons and the 
antinucleons to E_ , the energy density of the 
m- mesons is equal to: 


2 8 
Ey a Vv! + (Nx0 | Nn 0! (No / Na) Ey Exo: (8) 


where Es and £_ are the energy density of the 
nucleons and 7-mesons for N, = 0. Equation (8) 
gives the ratio of the energy taken away by the 
nucleons and the 7- mesons. 

Let the critical temperature Jj, at which the decay 
of the system into separate particles takes place, 
be equal to 1.2 me’. Then, according to a previous 
paper °, Eng 7b g = 0-3: Ue EN =0.13. Jt we 
take N) aN = 0.15, then Ey (oe = 0.42. If we 
suppose NOS =], then Ey/E,= 2.3. This means 
that, for V, = N,, the nucleons carry away about 
70% of the total energy. Thus the consideration of 
the initial nucleons gives a larger share of energy 
for the nucleons. This effect is particularly large 
for not too high energy values, i.e. when the 
numbe fof 7-mesons produced is small. Qualita- 
tively, the results obtained are in agreement with 


the experimental data obtained by Grigorov et al.” for 
energies of the order 101° to 101! eV. It is neces- 
sary however to emphasize that this theory repre- 
sents only a rough approximation for such energies. 
Equation (8) for the energy ratio contains two 
parameters: the temperature 7), of decay of the 
system into separate particles, and the ratio 
N /N,- Both parameters are unknown. It is pos- 
ahs. however, to form a quantity which does not 
depend on N. /N_ and the measurement of which 
would permit a direct determination of the decay 
temperature 7; of the system. It is not difficult 
to see that the energy attributed to each nucleon 
does not depend on the chemical potential,i.e.,on 
the number of initial nucleons. (This is correct if 
we use a relativistic Maxwell-Boltzmann distribu- 
tion instead of a Fermi distribution.) Let us 
consider now the following ratio of energies: the 
mean energy of the nucleons divided by the mean 
energy of the 7-mesons. We call it « with « = 
( EE \(n_/ny)- This quantity depends only on 
the decay temperature 7), . Table 1 gives the value 
of « computed from our previous paper © for dif- 
ferent temperatures Tis 


Collisions with nuclei can also produce heavier 
particles (the A-particles), possessing nucleon 
charges. These particles can be included in our 


© S. Z. Belenkii, Doklady Akad. Nauk SSSR 99, 523 
(1954) 


7 N. L. Grigorov and V. S. Murzin, Izv. Akad. Nauk 
SSSR, Ser. Fiz. 17, 21 (1953) 
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Table 1 


kT kT 
in units of in units of 


mic 
7 


mic 
7 


*This last value has been computed using a Fermi 
distribution for the nucleons and a Bose distribution for 
the 7- mesons. 


consideration. If we suppose that these particles, 
like the nucleons, have spin), we obtain in par- 
ticular that Eqs. (6) to (8) are still valid in the 
presence of A-particles, if we understand by Vy 
the sum of the numbers of nucleons, antinucleons, 
A- particles and anti- A- particles produced for 


No =0, and so on....In Table 2 we give the ratios 
Nw Ns Nae No Nia /N oN ay fe Awhere ay 

N AN 2 AN 2 A AN 
is the cetnow of A- particles ands athe number 
of anti- A-particles) for different values of N /N_. 
For this computation, gq has been taken equal to 
4 and M, (the A-particle mass) equal to 2200 mM. 


Table 2 


In Table 2 we see that the existence of initial 
nucleons modifies essentially the ratio between 
the numbers of A- particles and antinucleons pro- 
duced. For instance, for kT= 1.2m, ¢? and VN, = 0, 


the number of antinucleons produced is 2.3 times 
larger than the number of A- particles produced. 
But for Ny /N = 0.15 (which corresponds to 3 initial 
nucleons when 20 7- mesons are produced) the 
number of A-particles is already twice the number 
of antinucleons. If the spin of the A- particles is 
larger than 1/2 and particles are formed at T > T,, 
our quantitative relations are changed,but our 
qualitative deductions are still valid. 


Translated by L. Michel 
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Relativistic Corrections to the 


Two Body Problem 


V. N. TsyTovicu 
Moscow State University 
(Submitted to JETP editor July 21, 1954) 
J. Exper. Theoret. Phys. USSR 28, 113-115 
(January, 1955) 


R ECENTLY wide application has been made 
of the method of finding propagation func- 
tions in quantum electrodynamics by means of vari- 
ational derivatives at the sources +. This method, 
in particular, has been used for obtaining the rela- 
tivistically covariant equation of motion of electron 
and positron, interacting through the electromagnet- 


ic field? * It has been shown also 4, that the Sal- 
peter-Bethe ° type of equation contains corrections 


to the energy levels of the hydrogen atom whiclr are 
not contained in equations of the Berit 5 type. In 
the positronium atom these corrections have special 
importance since in this case, as distinguished from 
that of hydrogen, they have the same order of magni- 
tude as the vacuum (radiative ) corrections. 

In the present communication we wish to point 
out the principal significance of taking into ac- 
count the corrections due to the relativistic char- 
acter of the two bodies in the case of interaction of 
positronium with external fields. Before taking up 
this question, we consider the method of finding the 
energy of interaction between particles by means 
of the relativistic equation for bound states ?°°. 
In this equation there appears the interaction oper- 
ator /. 


(Fy Fy —il)y =0, (1) 


y 
+ 
ll 


2 CPzy A + BoM> c? + Oto, A, ay. 


Fe = CPi ay 4- BM, c? — ea, Ae (1) 


where My and M3 are mass operators. 
Let us assume that we have somehow solved Eq, 
(1) for instantaneous interaction, and are interested 


in the energy of interaction of the electron and the 


positron between themselves and with the external 
field, conditioned by the perturbation A/ in the 
quantity / appearing in (1), /=/,+ Al. To find 
the matrix elements of the perturbation energy we 
must determine the ‘‘scattering matrix for Al’’. 
For this it is sufficient to expand the wave func- 
tion, governed by Eq. (1) with the inclusion of AJ, 
in terms of the unperturbed wave functions [ gov- 
ered by (1) without A/]. It is more convenient, 
however, to deal with the solutions of the equa- 
tion of type (1) since the expansion of the Green’s 
‘function G of Eq. (1) in terms of the unperturbed 
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Go has an extremely simple appearance: 
G = G, + G,iAIG, + G, iAIG, iAIG, +... (2) 


The relativistically covariant equation (1) con- 
tains different times for the particles, ¢, and is 
so that if the external field is stationary we may 
go over to relative time ¢ = ¢, —¢, and common 
time J = (t, He t,)/2. The scattering matrix, de- 
scribing the scattering of bound systems from T 
= ~oo to] = +00 during adiabatically isolated in- 
teraction A/, equals 

s to =G(T=+0, T=—o). 


—3O, 


With the aid of S co, too we can find the 
transition amplitude from state n to state n’‘, in- 
duced by the perturbation A/. We will regard as 
the effective perturbation energy V that energy in 
the equation for instantaneous interaction. 


(E—H,—H2—V) 9 =—(AP—A®)K (Ne (3 
(where = W|, _ 9, H, and H, are Hamiltonians 
for the free electron and positron, K (r) is the 
potential of the instantaneous interaction, A 

and A_ are projection operators ), which leads to 
the same values of the scattering amplitudes as 

are obtained from S In the first approx- 
imation of perturbation theory, as can be shown, 
the matrix elements of the effective perturbation 
energy have the form 


4 ~ 
Ve — = \ Val (X1Xof) Aly, (X1Xof) ax, AX at, (4) 


where 


n= 9, (4) On Y =8,(— 2) 07; n= 4p lig. (5) 


Integration with respect to the relative time in (4) 


is easily performed with the aid of operator 0 (t) 
describing the causal development in relative time. 


Its properties will be considered in a separate com- 
munication. 

The energy of interaction between electron and 
positron which we have found by means of (4) ex- 
actly coincides with the energy found by Landau 
and Berestetskii © in the particular case of the 
absence of external field and with limitation to 
terms of order a 2. 

Let us consider now the interaction of the posi- 
tronium atom with the external electromagnetic 
field. We consider the case of weak fields when 
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the interaction with the external field can be treat- 


ed as a perturbation. 


We regard the external fields 


as constants, i. e., we regard the potentials as 
linear functions of the coordinates. If only terms 


that are linear in the 


field are retained, then the 


operator for interaction with the external field 


Nie has the form 


a v : 0 
iAl., =~ ea, A, (1) (— 2 of + i ot — Hy ) (6) 


3 h oO h oO H 
+ ey, Ay, (2) (— OO lean alihOk ane Ss 


The energy of interaction with the external field 


found by means of (6 
exactly coincides wi 


) in the first approximation 
th the energy found by us by 


the usual method in the first approximation of per- 
turbation theory. It is important, however, to em- 
phasize that by means of (6) corrections are ob- 
tained to this energy, connected with the rela- 


tivistic two body pro 


interaction of positronium with external fields. For 


blem and its influence on the 


n = 1 they have the magnitude 


9 


a? 


] = Eee , 
Ve Nes Soe att 0 (ey <6), — > ss et, (7) 


where s characterizes the spin states oF and 


[oz 


H, is the intensity o 


are Pauli matrices, a =e7/f cy = eh /2mc, 


f the magnetic field. This 


energy produces additional mixing of ortho and 
para states in positronium. 


Since the operator fo 
operator (6), interest 


r relative energy enters into 
exists in the question to 


what degree the corrections which have been 
found are related to the operator (7/i) (0/0t) 
and, consequently, with the different times of the 
particles. If the energy of interaction associated 


with the part of operator (6) containing(f/j; ) (d/ dt) 


is found separately, 


then exactly (7) is obtained. 


The corrections found in this manner are of 


principal interest, si 


nce they are all related to the 


different times of the particles. 
I wish to express my gratitude to Prof. A. A. 
Sokolov, M. M. Mirianashvili and Prof» D. D. 


Ivanenko for discussion of the question touched 


upon here. 


Translated by B. Leaf 
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*The difference between this equation and the Sal- 
peter-Bethe equation ° is connected with calculation of 
the specific exchange interaction between electron and 


positron determined by their virtual annihilation. 


Investigation of the Anisotropy of the 
Surface Resistance of Tin at 
Low Temperature 


M. S. KHAIKIN 
Institute for Physical Problems, 
Academy of Sciences USSR 
(Received by JETP editor, July 2, 1954) 
J. Exper. Theoret. Phys. USSR 28, 115-117 
(January 1955) 


R ESULTS of investigations of the anisotropy of 
the surface resistance of tin at helium temper - 
atures in normal and superconducting states are 
reported in the papers of Pippard !~*. In these 
studies the properties of the coaxial resonator (at 

a frequency of approximately 9400 mcs/sec) were 
experimentally investigated; the specimen under 
investigation serves as the internal conductor- 
cylindrical monocrystalline tin, 14 mm in length 

and 0.25 to approximately 1 mm in diameter, having 
a different angle of inclination of the major crystal- 
line axis relative to the axis of the specimen. The 
dependence, arrived at in reference 1, of the active 
surface conductivity (at normal state) on the angle 
0 is shown in Figure 1 (solid curve; vertical dashes-- 
Experimental points). A similar dependence of the 
reactive surface conductivity on the angle 6 as well 
as the penetration depth of the electromagnetic field 
calculated from it is arrived at in reference 1. These 
experiments led Pippard to a conclusion as to the 
non-tensorial character of the anisotropic effects 
noted. 

The principal significance of the above mentioned 
work is the necessity for careful and detailed con- 
sideration of these investigations as to the methods 
employed. As a first step it may be of interest to 
determine the experimental results one should ex- 
pect if we assign a normal tensorial character to 
the anisotropy of surface conductivity of tin at 
helium temperatures. This article deals with 
this important question. 

In the coaxial resonator the electrical oscillations 
may be produced along the axis ( usual electromag- 
netic wave) as well as in the perpendicular direc- 
tion. Keeping in mind the fundamental frequencies 
associated with these two types of resonance one 
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150 


o° 30° 50° 


Dependence of active surface conductivity of the 
samples on the angle @ . 1- As found in reference 1 
the vertical dashes indicate experimental points; 
2-f(0;2); 3-f(0; 1.4); 4-f(0; 1.14). The measured 
curves disclose the high order of their correspon- 
dence with the values obtained from the curves of 
reference 1. 


is led to consider the oscillation of a system with 
two degrees of freedom. In this case,the partial 
frequency of the transverse oscillation is one to 
two orders higher than that of the longitudinal 
oscillation (according to their real geometric di- 
mensions). If the resonator is constructed from an 
isotropic conductor, then there is no relation be- 
tween the transverse and longitudinal partial re- 
sonant frequencies, and they can be excited 
independently. If, on the other hand, the internal 
conductor of the resonator is anisotropic (0 # 0°, 
6 # 90°) then the separate resonances are related 
and the resonator may be excited as a coherent 
system. 

Let us examine the mechanism connecting the 
longitudinal and the transverse resonances of the 
coaxial resonator, allowing the longitudinal exter- 
nal electrical field to excite the low frequency 

resonance of the system. As a consequence of the 
anisotropic conductivity of the internal conductor 
of the resonator, the electric field will induce dis- 
placement current at an angle to the axis of the 
_Tesonator with a component of the displacement 
current perpendicular to the axis of the resonator 
(with sustained state of oscillation of the system, 
the current and the electrical excitation field will 
not be parallel to each other and to the axis of the 
resonator). Such forms of normal tensorial aniso- 
tropy lead to a relationship between the longitu- 
dinal and transverse resonances. There is no 
anisotropy evident and a relation between the 
resonances does not exist when 6 = 0; 0= 90°, 

_ for all intermediate orientations of the crystalline 
axis a correlation exists, passing through a 
maximum as 8 varies from 0° to 90°, and together 
with it the band width (damping) of the low frequen- 
_ cy response passes through a maximum and its 
own frequency passes through a minimum at that 


03 


same point. 

This qualitative conclusion agrees fully with 
observations of Pippard! as shown in the diagram. 
The active conductivity of the sample was calcu- 
lated as_ inversely proportional in magnitude to the 
band width of the resonator which, as is evident 
from the diagram, is maximum for the resonator 
with a sample having 9255 °. 

A qualitative estimate of the effect of these 
relations on the properties observed in low frequen- 
cy resonance may be quite simply carried out with 
respect to the dependence between the coupling 
and @. The coupling increases the band width of the 
resonance (i.e. the longitudinal resonance) due to 
additional losses caused by the transverse compo- 
nent of the displacement current; these losses are 
proportional to the square of the average transverse 
current along the periphery of the sample. This 


transverse component is the current which would 


have appeared on an infinite plane surface of the- 
same metal (with the same orientation of the crys- 
tal axis relative to the field, it is possible to 
consider the element {n the lateral surface of the 
sample). Dependence of this component of the cur- 
rent upon @ can be easily found, if we know the 


anisotropy 04/01 of the conductivity of the metal. 
In this manner, the function f( 6,0,,/o,) is deter- 
mined as proportional to the losses occuring at 
low frequencies (longitudinal resonance in con- 
nection with the transverse resonance). The agree 
ment between the forms of the function (f) with the 
dependence of %(@) in reference } (see diagram) 
is quite obvious. 

The effect on the longitudinal resonance due to 
the coupling with transverse resonance may be 
considered as a complex resistance which has been 
introduced as proportional to the resistance of the 
resonator to the transverse current, i-e. is propor- 
tional to the surface resistance of the sample. 
Therefore, it is evident that the active and reactive 
resistances introduced are in the same ratio as the 


active and reactive resistances of the resonator to 
the longitudinal currents, which means that the 
relative effect of the coupling on the value ob- 
served for the reactive resistance of the sample 
(calculated from the displacement of the natural 
frequency of the resonator) must be same as that 
for the value of the active resistance. This con- 
clusion is also in good agreement with the results 
presented by Pippard : 

Therefore, it appears possible that the conclu - 
sion concerning the non-tensorial nature of the 
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anisotropy of the surface conductivity of metal at 
low temperatures and the non-tensorial anisotropy 
of the penetration depth of the electromagnetic 
field in superconductor, as arrived at in references 
1-3, does not have sufficient experimental basis. 
The phenomena observed can be explained, at least 
qualitatively, on the basis of the above mentioned 
concept concerning the bond between the two 
fundamental oscillations of the coaxial resonator , 
with the aid of the usual tensorial! anisotropic con- 
ductivity. 

In any case, it should be most evident that there 
is a need for further and extensive investigations 
as to the anisotropy of surface conductivity at low 
temperatures before final conclusions as to its 
character can be formulated. 


Translated by A. Andrews 
15 
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The Problem of the Invalidity of One — 
Statistical Treatment of Quantum Mechanics 


G.P. DisHKANT 
Dnepropetrovsk State University 
(Submitted to JETP editor March 9, 1954) 
J. Exper. Theoret. Phys. USSR 28, 117 
(January, 1955) 


\\ Aas and Szilard | have proposed a proba- 
bility distribution in phase space of a quan- 
tum particle 


Fap)=2\ 4" (a—>] era (g a Sar, (1) 


satisfying the time-dependent equation 


a tm og man \| YI () 


h 
a v(q + >)| F (q; 9) e—Pandr. 
ihe 


Here q, p, m are coordinate, momentum and mass of 
of the particle; V(q), its potential energy; h, 
Plank’s constant; ¢, the time. 

In an extension of this work ? an interpretation 
of Eq. (2) has been given as the equation of a cer- 
tain stochastic process of change of coordinate and 
momentum of a particle, i. e., a statistical treat- 
ment of quantum mechanics. For the validity of 
such a treatment it is necessary, in the first place, 


that F(g;p), non-negative at a given moment of 
time, should remain non-negative at all later mo- 
ments, proof of which was given by Bartlett (see 
Moyal ). However, in a recent work ° it was cor- 
rectly shown that F in general does not preserve 
its sign with the passage of time. From this fol- 
lows the conclusion of the invalidity of the quan- 
tum mechanical treatment given by Moyal. 

It is necessary only to point out Bartlett’s error. 
Bartlett supposed that a quantum system possesses 
a cyclic coordinate @ (it is obvious that it is 
always possible formally to incorporate into a giv- 
en system an additional cyclic degree of freedom). 
He takes the general solution of the time-depend- 
ent equation for such a system in the form 


F(qs0) pe) ee ee ap nes (3) 


p. 


where g and w are the cyclic momentum and fre- 
quency; and F’ , certain constant functions. - 

It is clear that if F > 0 at a certain ¢ and arbi- 
trary @, it will still be > O at an arbitrary time. 
The error lies in the fact that the general solution 
of the time-dependent equation is 


Pq 07, 2) = pe ee eee (4) 


Pe 


Therefore Bartlett’s discussion necessarily applies 
only to a narrow class of solutions which actually 
preserve sign. 


Translated by B. Leaf 
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'E. Wigner, Phys. Rev. 40, 749 (1932) 
2J. Moyal, Proc. Cambr. Phil. Soc. 45, 99 (1949) 


°T. Takabayasi, Prog. Theor. Phys. 10, 121 (1953) 


The Fermi Theory of Multiple Particle 
Production in Nucleon Encounters 


I. L. ROZENTAL’ 

P.N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor, Sept. 7, 1954) 
J. Exper. Theoret. Phys. USSR 28, 118-120 
(January, 1955) 


| N calculating the statistical weights of 

various states, Fermi! applied the law of con- 
servation of energy in exact form, but the law of 
conservation of momentum only in approximate 
form. The purpose of the present work is the exact 
application of the law of conservation of momentum 
for two limiting cases: the non-relativistic limit 
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and the relativistic limit. 


es : ting over the i i 
The statistical weight S,, of a state for n parti- : Sut ar eenables swe obtain 


cles with zero spin is given by the expression Piet ri 
fare atid \ “exp {i[tx + ax*]} dx (4) in| 
S,= ( . y’ seo Apes 4 ti 
. 87° h QE, ; (1) i 
_ mls a(t +i) exp (— it? /4a} \ 
where V is the spatial volume and Q the volume in wee as! ; 
momentum space*. Our problem then reduces to the 
calculation of at Va+eea, peeusy fas ii 
dQ, dE, = W,,(E,). i 
F We substitute Eq. (4) in (3) and again integrate | 
We first calculate WV, (E,, ise ), taking into ac- over the angular variables in spherical coordinates: 
count that the total momentum P of the system is | 
different f siti (2ru)'e" [i + i) ]" é 
ulterent from zero. In the non-relativistic case we WEP ee oy oes 5 it 
can write Ore ee (27)8 ao P, (5) i 
co < n 
Weih. py. \ad.& ft Fae LN exp {— iT. 
n(£o, Po) i \ 5 € ine py #) (2) x \ Pp a tT} in 
co —c Wa fl bed 


= 
Ge 
eee Ses 
* 
oa 
8 
4 
oO 
> 
ao) 
~_ 
ce 
= 
ae Q 
a 
w 
a 
ae 
aes 
—— 
Q 
a 
OLS 


(2Qren)°!2 (2-1) e Pe Nel Ga TT 


' es s nis [2/o(7 — 1) —1]}! an |/ | 

wit 

x? (%s +, pa) Pe) I BRD ye EP a This equation can easily be generalized to the case : 
in which the particles possess different masses 

where T is the total kinetic energy of the system. ih Me 4 
Making use of the integral representation of the W, (Ea, Ps) = (2n)°f2 (M1) 6) 1 


& function, we write Eq. (2) in the form [¥en —1)—1]! 


; 


co 3/ 
it yoda tia) dt 3 Ups =. ey /2 
Bee) x8 tity ds (3) = (| 
Wi, (Lo, Po) (27)4 i. ; Pe ee oS 
foe) co p2 Pia) | 
3 od 3 id ; “1 ld pe Sa) 
= \ phi pet eis 7.” \ Saige tai |r Yine we ee 7 
—co —oo 
a 00 ? Further, we compute the function V, (E 0’ E, ) for NN 
D i; : le ! . . . . | 
x \ exp {— iP, t4} dt, Xx \5\ exp {i [=e + 72?y the relativistic limit. By analogy to (3) we can ii 
—co x0 ; write i 
n r Co il 
+ Top y+ 2P.|\ dp. apy Gp z | : W,, (£0, Po) = Ga \ exp {— l£ ot} dt, (7) i 
J = | 
i 
oo ih 
We evaluate the integral x \ exp (— iP, 2} dty i 
Se 2 \ a 
fy = \U) exp {2 | + rang + tary + Pel © Ss 
Ln ree) 2Qu : " 
=o x \ exp {—tPoy 3} dvs \ exp —— Pu Ta} 
ae —oo 


< dp dp ytP; . 


Ce ————— 
x az, \\\ exp i[t |/ pi + Pat P: 
Beginning with spherical coordinates and integra- a8 
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n 
+ Top y+ tspy + Tapz)} 4p ,4P ytP-| ; 


We now evaluate /, , the integral contained in 
square brackets: 


i = ye exp {i [tx + 1, | x |]}} dx (8) 


= — 221 xtexp fila + 2)a} 
elo 
—exp {i (t;— 7) x}] as| 


2? a 7 
=——[8, ep) Oe); 


5‘, is the derivative of the 5, function. Finally, 
Ip = — 8rit,/ (t? — 23); (9) 
After substituting in Eq. (7) and integration over 
the angle variables, we get 
(— 8ri)” 
We (Eo, Po) = iOS | exp {— i£q1} +? (10) 
xexp {—iP),} 
x dx;\ (3, et 


We introduce the new variables y= 7, + x, z=7, -x 
and carry out the calculation at the point y = x = 0, 
obtaining the following after some simple transfor- 
mations: 


ntl (Es Sa Ps ee 


Wa (Zo, Po) = on—2 Po 


(11) 


n r n—r 

tar (Eo Po) (Eo Pe) 
x > Chin + r—2)!(2n —r —2)! 
r=0 


FE, + Po E,— Po | 
(epe4 Te ese! 


We now consider some applications of the 
formulas just developed. Frequently the phenome- 
na which accompany particle collisions are 
studied in the center of mass coordinate system. 
In this case we must set PF, = 0. Then we have 


3 2 —]l 
(Quis) ata ise 021, 1) 


12 
Wy Ex) = Fe @—) AT A 
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in the limiting non-relativistic case, while in the 
limiting relativistic case we have 


n—1 = , 
LA essa ar (+) En —* (13) 
(n—1) [2 C’ [3n —2— (n— 2r)?] 
* 2 ce r—1) !(2n—2—1)! (n odd) 
(ia Sy 
x { ast CY [38n — 2 — (n — 2r)?] 
lores (n + r—1)!(2n—r—)! 
Cul ) 
Tis e a 
Pian — 1)! @/an — 2) 1) (n even) 


An important characteristic of the collision is 
the probability w, (E), p) that one particular 
particle, created in a collision in which n parti- 
cles are formed with a total energy £,, has a mo- 
mentum in the range p, p+dp. If we limit ourselves 
to statistical factors alone, then, omitting the 
multiplying factor (V / 872% 3)", we can write the 
probability in the form 


- / 
wy (Es, p)dp = 4npto, ,[(T—F-), pap (44) 
(non-relativistic case) and 


Wy (Ep, P) dp i Arp?W,__4 [(£5— p), Pp) dp (14’) 


(relativistic case). 


Making use of Eqs. (5) and (11) we obtain 


Arc (2rtu)*/2 (n—2) p? 
(n —1)'!* [8/2 (n —2)—1]! 


Wn (Ey, P) a (13) 


2 TLS] 2 (n—2) —1 
o b= np | ) vip 


(2(n— 1) ee 


(non-relativistic case). 
If the particles have different masses, 


@, (Eo, p) = 


4c (270) '!2 ee Byers 


i: Un—4 ee 
[°/2 (a —2) —1] ! 


HbA. hee 


2 ar. 0 SRG 
Sat eee a 
{ 2 rae eee) her. 


Finally, 
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Tw 2 
tw, (Ey, p)dp =2n(-5-)" [Ey (Ey—2p)"-*p 


n=! 


(17> 
Sy Cha BT Eo — 2" 
eae ee eon — F 4) ! 

E eae 

>| (pea IR Se 0 14 


(relativistic case) 

It should be observed that after the completion 
of the present work, the paper of Lepore and Stuart2 
appeared in which similar problems were investiga- 
ted. 


oo by R. T. Beyer 
ui 


VR. Fermi, Prog. Theor. Phys. 5, 570 (1950) 

- J. V. Lepore and R. N. Stuart, Phys. Rev. 94, 1724 
(1954) 

* If the particles are identical, then the right side of 
Eq. (1) reduces to n! 


The Fermi Distribution at Absolute Zero, 
Taking into Account the Interaction of 
Electrons with Zero Point Vibrations 

of the Lattice 


V. L. BoncH-BRUEVICH 
Moscow Electrotechnical Institute of Communication 
(Submitted to JETP editor October 6, 1954) 
J. Exper. Theoret. Phys. USSR 28, 121-122 
(January, 1955) 


"HE method of Green’s function developed in con- 
nection with problems of relativistic quantum 
field theory! can also be used in a number of other 
problems. In particular, the investigation of the 
distribution function for an electron gas which takes 
‘into account the interaction of the electrons with 
phonons is of considerable interest. 
The Green’s function is 
Boar (8 I) = BHT (DV) SP) 
Here S denotes the S matrix, x= {x, Xo }, s, s’ are 
spin indices, W(x) is the wave function of the e- 
lectronic field in the representation of the inter- 
action. The Green's function (1), being decomposed 
into an arbitrary complete set of functions @) (x) 
ONG (y) characterizes the electron distribution for 
CIS AD and the hole distribution for % > Yq? in 
_ the terms of the parameter X. 
The S matrix is given by the usual expression 
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S=Texp{i\L (axl, (2) 


where L is the Lagrangian of the interaction (in a 
system of units in which % = c = 1, c = speed of 
sound). For a system of electrons interacting with 
acoustic vibrations 2, 


L = {gb; (x) (x) + (4) 9 (4); 9 = 9A (*)/ 0%, (3) 


where g is a coupling constant and p(x) is the 
“‘external charge density’’, 


it 


a a 


‘af 
\ TA [b; exp {ifx —i|f| xo} (4) 


+6; exp {—ifx +i |f| Xo}], 


bt, b, are the Bose operators of ‘‘creation’’ and 
‘annihilation’? of phonons. 

Integration over f is confined to the Debye limiting 
value of f). The equation for the Green's 
function can easily be found (for example, by the 
method given by Anderson? ). It has the form 


Gy 5 (4, y) = iK, 5 (%,9) (9) 
seb ig\ dzK, AX, z) Gs 5. (z, y) a(z) 


* \ dz dx'K, 1 ( 2) AE en (Z, x") Gong, (2, 9)- 


Here the summation is carried out over the iterated 
spin indices; 


a (2) =i| F(z, 2’) 0 (2')d2’. (6) 


The functions K,,‘ (x,y) and F (x,y) are the pro- 
pagation functions of the “‘free’’ electron and 
phonon fields; FE is the analog of the mass opera- 


tor 
AE ee) (7) 


8a (z’) 
de (z) 


= —ig\ dz dx” F (2', 2) Gygn (2, £”) 


x [BGG (x", x) / 8a (2’)]- 


We have for the functions K,,’ and F (under the 
condition of complete degeneracy of the electron 
gas) 


K.5,(% 9) = ST Ys, OD) $5, W}>o (8) 


exp {i (p, X — y)—ipo (Xo — Vo)} 
Po —(p? | 2m) 


i 
=, 5, ey \ an) apo 
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F(x, 9) = <T{9 (x) 9 W)}o (9) 
ses \@ ENF exp @(f, x—y)— A/F] -| xo yol} 
(The curve L runs from -« below the real axis, 
intersects it at the point py=/@ and goes above 
the axis to +o; EF @= Pep/ 2m is the Fermi energy). 

In the theory of weak coupling it is customary 
to carry out an expansion in powers of the constant 
g. It is essential, however, that one decompose 
not the Green’s function itself (this, generally 
speaking, is not admissible) but the equation for 
it, i.e., the matrix AE. Expanding AE= AE 
+ gAE + g2AE)+ ..., we obtain 


AW) Nya) — ip wae, 
IMJESTP es MY = (Ul AB (10) 


== — IP (x', 2) Kyr,« (2, X)- 


Equation (5) can easily be determined from this 
expression: 


ay 
Gyr gn (Corny) = Byte \ AP (11) 
‘ ip exp {(p, X — Y) —!ppo (Xo— Yo)} 
1° Po (pi/2m) + ig? (P, Po)’ 
where 
f(D, Po) = | K(x) F(x) exp i px —ipexy} dx (12) 


(we note that f is a purely imaginary function). 
The energy spectrum of the electron which inter- 

acts with the zero point vibrations of the lattice 

is given by the expression 


2 * 
WD) gy 1S Ps Pad (13) 


where p% is the root of the equation 
Pe ie 
Po— a + ig’t (P; Po) = 9. 


Computing the integral of (12) and integrating 
over py in (13) (for X9> yg) we obtain the energy 
spectrum and the hole distribution function in 
terms of the momentum ®(p). Denoting by P @ the 
limiting momentum, we get the approximation 
below, with accuracy to small quantities of order 


m/D@: 


®(p)=9, Pp <P, 


1 
2¢2m2 te 
o=|t+ 2 ln paar ry’ 


(14) 


ae) stan (1 aie Za) + arctan ( — f\_s| (15) 


pA fo | ‘ 
3 4p4 le ty a 


where 


2e°m"| 2 7 
P= Pes ee mea TaTOn 


; (16) 
2Pe 
_ f0 fot foPe + Po 
3Po fg —2F. Pa + We 
4 ] fg +2 arctg (t+ 2") 
ee. : ADs 3 — Pe 
/ Hy wT 
+ arctg | 41 ———) — — ? 
me \ Dal =) 
ap? Sarees |e 
LAWN: 2m ® 7p 3 Pio (17) 


fe Fi + 2fop + 2p? 


4 
Weurxss 
+ —- In -————__ , 47 In (1 to | 
3 Ff — 2fop + 2p? aS i Ap? | 


8 p° ti if ™ 
se 52 art (1 at 2) + arctg (1 — Zs) es , 


These formulas are applicable for m « p <E@+%4m 
(i.e., in particular, close to the Fermi surface 
P=pq@)- Thus, because of the interaction with 
phonons, the Fermi distribution at absolute zero is 
somewhat broken up. Suitable calculations, asso- 
ciated with the application of the Green's function 
to the determination of distribution functions will 
be published in a separate paper. 

Deep gratitude is expressed to N. N. Bogoliubov 
for discussion of the results and for his valuable 
advice. 


Translated by R. T. Beyer 
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1 J. Schwinger, Proc. Nat. Acad. Sci. 37, 452 (1951) 
2 A. Salam, Prog. Theor. Phys. 9, 550 (1953) 


3 J. Anderson, Phys. Rev. 94, 703 (1954) 
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On the Paper of V. I. Karpman, ‘‘ The 
Problem of the Connection Between the 
Method of Regularization and the Theory of 
Particles with Arbitrary Spin ’’ 2 


Iu. A [APPA 
Leningrad State University 

(Submitted to JETP editor January 23, 1954) 

J. Exper. Theoret. Phys. USSR 28, 123-124 

(January, 1955) 

HE work of Karpman referred to in the titleis 

devoted to a criticisin of our note ‘‘The connec- 
tion between the theory of regularization and the 
theory of particles with arbitrary spin ’’2. 
Karpman stated in his work that our results are 
in error. This letter is written to show that this 
statement of Karpman’s is fundamentally the re- 
sult of a misunderstanding. It was shown in refer- 
ence 2 that the invariant 6 - function introduced 
into the determination of the transformation re- 
lation of the second quantization for the fields 
described by the relativistically invariant equa- 
tions in the case of finite size, satisfies a num- 
ber of conditions, for each part of which there 
are conditions of regularization introduced by 
Pauli and Villers. This fact, the establishment 
of which is the basic result of the note2, was not 
disproved ,but rather confirmed in Karpman’s com- 
ment. It may be presumed that this circum- 
stance has a well-known physical interest in that 
the theory of particles having a mass spectrum 
represents, up to now, the only case in the 
theory of quantized fields, for which it has been 
shown that the ‘‘regularization’’ condition is ob- 
tained as a consequence of a certain conception 
of the properties of particles (the consequence 
of the idea that particles have a mass spectrum). 
In this sense the condition of regularization is 
obtained here more naturally, from the physical 
viewpoint, than in the theory with higher order 
~ derivatives,or even in thetheory of “‘ compensa- 
tion”’ fields. This was precisely the point we 
made. 

Karpman! showed that the adjustable relation, 
in spite of the presence of the regularization 
condition mentioned, following from the same 
structure of theory, contains certain divergent 
terms. However,this fact does not to any degree 
contradict the presence of a regularization con- 

. dition in the case of particles with a mass spec- 
trum. By the word “‘ regularization’ in reference 


ly. I. Karpman, Di .ady Akad. Nauk SSSR 89, 257 
(1958) 


21u, A. lappa, Doklady Akad. Nauk SSSR 86, 51 
(1952) 


2 was implied only the presence of a number of 
regularization conditions. In order to be able to 
consider a concrete expression for physical quan- 
tities, it is necessary to solve all complex prob- 
lems of normalization and regularization for par- 
ticles with a mass spectrum. Reference 2 was 
not by any means designed to do this, as is evi- i 
dent from the nature of the note itself. The au- 
thor regrets that there is an incorrect statement 
in the article, namely: “‘. . . analysis of the 
function C(x) is characterized by an expansion of 
the function A, into a series of terms vanishing as 
x 0° ~» 0, and, in this manner, the functionC (x) itself 
is regularized . . . . ’’, which can lead to an 
error relative to the meaning of the term “‘regu- 
larization’’. All of Karpman’s criticisms arise 
at this point. 

It follows that the results of our earlier work 
relate not only to the establishment of the exist- 
ence of proper regularization in the theory of par- { 
ticles with a mass spectrum, but to a new deri- 
vation of the adjustment relations of second ! 
quantization in that theory. These adjustment re- 
lations, brought out in reference 2, are a simpler w 
method than was used previously by Pauli; the | 
result is a little different from that of Pauli. This . 
difference is connected with the circumstance . 
that in reference 2 the adjustment relations are | 
subject to the natural requirement that they be the 
same in equations of the first order as in higher 
order equations, which requirement the wave func- 
tion satisfies. In Karpman’s work, nothing was 
said about this circumstance, which seems 
strange, inasmuch as to obtain the conditions of 
regularization of the adjustment relations in i 
reference l, it is necessary to go over to the | 
viewpoint given in our work ” with certain differ- 
ences indicated above. It is also not clear, 
granting the basic results of our work, and its con- 
sequences, why Karpman did not mention this. in 
the text of his work, taking notice only of the 
apparently erroneous results, and that in a foot- 
note. 

In conclusion, we present the derivation of Eq. 9 
of reference 2, determining the operator F in the 
adjustment relations of the second quantization 
for a particle with mass spectrum. Let the equa- 
tion for the eigenvalues of the matrix L° have the 
form: 


Loy = pO. (1) 
Then, using the Condition S *L'S#, = L’, 


3W. Pauli, Relativistic Theory of Elementary Particles 
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we get 


LE SUO) = SU (2) 


a (2’) 


or, since it is possible to put 


tan, /VPR (erence, — © 
Sei Re aad WV p* pre 


Equation (3) has the form of an equation which 

is used to determine the eigenvalues and eigen- 

functions of the matrix Le The quantities 
%,=,V p*p, would be, correspondingly, the 

roots of the characteristic equation that can be 

constructed by means of the matrix L”p,. 

We will keep in mind the fact, established 

by Gel’fand and [aglom, that to each value -+, 

there corresponds a value Se the spectrum 


of the matrix 7» ; and consequently to each 


ap rV p ies must correspond a 
— ~V pp, in the spectrum of the matrix 
Lp, . Accordingly, the minimal polynom- 
ial of the matrix EMD. should have the 
form: 
—_ ous r 
A(x) = [[0?—-r;7"p,) 4) 
i=] 
or 
A (x) = %° + aap*p, 25724 (5) 


» + Ag5_ 9 Ge cleioe (p*2 y: 


To derive the formula determining the operator 
F, we can then repeat, with appropriate changes, 
the derivation of the formula that determines the 
form of the ‘‘ associated matrix ’’. We will make 
the initial assumption that null eigenvalues are 
missing. We consider the expression (x, x) 
of the formula 
Ae) == AG) 


4A— X 


B(x, xX) = (6) 
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After dividing in Eq. (6) we obtain 
@(k, x) = eae FAS Ne (ie) asp”, ) y2s—8 4. (7) 


ene be afi aap pe et ab Galle te (Pp) aed 


The matrix L*p, has as a root the minimal 
polynomial s 
A(L*p,) =A Lp pHs: (3) 


According to Eqs. (6) and (8) we have 


(LYp, + %) @ (x, —L*p,) = A(%), (9} 


That is, (see reference 2,Eq. (8) ) one can obtain 


P= @ (x, == Lp 5) (10) 


or 


F = (—L"p,)1 + x (= Lp, (11) 


+(x? + asp*p,) (—L*p,)>+-.-, 


. Shiver i ai Gap py nee Sf are, DEA GEN ord E. 


It is easily seen that when there is an n - fold 
zero eigenvalue, Eq. (9) is solved by use of the 
operator F1=(LUp,)"F 

The operator F could be investigated in rela- 
tion to the completion of the theorem of Pauli for 
the adjustment relations of the second quantiza- 
tion, which theorem is obtained by its help. The 
author hopes to return to a consideration of this 
question. It might be remarked that at present in 
the work of both Soviet (for example, see refer- 
ence 3) and foreign (Bhaba, le Coutre ) authors, 
there are several points of view on the problem of 
second quantization of the field of particles with 
amass spectrum, so that the physical content of 
the corresponding problems is far from clear. 


Teen else by D. Williams 
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The Surface Tension of Liquid He? in the 
Temperature Range 0.93 - 3.34 °K 


K.N. Zinov’EvA 
Institute of Physical Problems, 
Academy of Sciences, USSR 
(Submitted to JETP editor October 4, 1954) 
J. Exper. Theoret. Phys. USSR 28, 125 (1955) 


|) (SE Ses of the surface tension of liq- 
uid He? have been carried out by the method of 


liquid rise in capillaries. Three capillaries were 
used in this research, each of length 2cm, and with 
diameters 0.360 mm, 0.224mm and 0.188 mm. The 
capillaries were carefully tested for uniform bore. 
The calibration of the capillaries was carried out 
within 1% by the usual method-- filling with mer- 
cury and measuring the length and weight of the 
mercury column. The capillaries were embedded 
in a glass test tube of 6mm diameter and 30 mm 
length, at the end of which a resistance thermom- 
eter of phosphor bronze wire, diameter 40y, was 
sealed in with platinum lead wires. The test tube 
was connected to a German silver tube of internal 
diameter 1.44 mm through a copper-glass connec- 
tion. The He® , whose purity was determined by 
mass spectrographic methods to be not less than 
99.8%, was condensed along this tube, which 
leads across the trap of a Dewar into the test tube. 
This test tube was placed in the helium bath, 
which was constructed in similar fashion to that 
described by Peshkov!. This bath consisted of 
two Dewars placed one within the other. Temper- 
ature reduction was obtained by pumping. 

Observation of the liquid level in the capillaries 
and in the test tube was made by means of a cath- 
etometer which permitted measurement to within 
0.01 mm. Actually the dispersion of the individual 
measurements at one temperature was large in 
several cases. Since the observation of the 
meniscus was carried out through seven glass 
layers, the form of the meniscus in the capillaries 
was not entirely clear, and the sight setting was 
made on some mean position of the interface. 
Distortions due to inhomogeneitis in the glass 
were detected by special measurements in which 
a straight edge of height 6.5 mm and with markings 
at each half millimeter was located inside the test 
tube in one of the experiments. The absolute 
error of the various measurements did not exceed 
0.05 mm. 

The coefficient of surface tension was computed 
by the equation 


a =p gerh/2. 
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The density values of liquid He? were taken from 
Grilly, Hammel and Sydoriak 2. The results of the 


three experiments, averaged at each temperature 


a dynes/cm 


for all three capillaries, are shown in the figure. 

At very low temperatures, the mean error of measure- 
ment amounted to +5%, with the maximum error 
+7% The maximum spread of the individual 
measurements is shown by the arrow on the graph. 

The temperature of the liquid He? was determined 
by the resistance thermometer, which was first 
calibrated by the vapor pressure of Ht3 (given by 
Abraham, Osborne and Weinstock3 ) and separately 
in He 4 (Mond Laboratory scale) with accuracy 
within 0.01°K. Both scales agreed within the 
limits of error. Measurements of the surface ten- 
sion of He4 were carried out as a check on the 
method. Our results agreed well with the accepted 
values 45, 

Comparison of the surface tension of He3 and 
He4 shows that the character of the temperature 
dependence of « in the region of investigation is 
the same in each case, but the curve for He3 is 
displaced to the left by the difference in the 
critical temperatures (5.2° and 3.34 °K), and has 
the smaller slope. For T=1, the surface tension 
of He? is 2% times less than for He . 


Translated by R. T. Beyer 
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Rotation of Helium II at High Speeds 


E. L. ANDRONIKASHVILI ANDI. P. KAVERKIN 
Institute for Physical Problems, Academy of Sciences, 
USSR 

Instituteof Physics, Academy of Sciences, 
Georgian SSR 
(Submitted to JETP editor October 4, 1954) 
J. Exper. Theoret. Phys. USSR 28, 126-127 
(January, 1955) 


1. I N uniform rotation a viscous liquid forms 
a parabolic meniscus whose depth de- 
pends only on the angular velocity and the radius 
r of the container 


h=Prw?/2g, (1) 


where h is the depth of the meniscus and g is the 
acceleration due to gravity. 

Since the superfluid component cannot perform 
motion in which curl V_ # 0 (as is proved by Lan- 
dau’s theory !), He II must be regarded as the only 
liquid whose meniscus depends on the density of 
its normal component, or, in the final analysis, on 
its temperature. Actually, in this case, the 
force which acts radially on a volume element of 
the liquid depends upon the density ( of the norm- 
al component, while the force of gravity acting 
upon the same volume element is proportional to 
(the density of the liquid as a whole). Therefore, 
the depth of the meniscus for He II must be ex- 
pressed by the formula 


ee EO (2) 
e 2 ‘ 
2. We devised the following experiment to test 
this assumption”. A cylindrical plastic vessel, 
having an inner diameter of 27 mm and height . 
70 mm was turned on a lathe and then carefully pol- 
ished. The base of the vessel was reinforced in 
a miniature ball bearing and ball thrust bearing 
pressed intoacorresponding holder. (The glass 
and its base were regarded as a unit since it was 
turned from one piece of material, and the posi- 
tion of any component in the chuck of the lathe 
did not change during the entire machining pro- 
cess.) The apparatus was placed inside a helium 
dewar. Liquid helium was ladled into the con- 
tainer, after which it was rotated by means of a 
mechanical drive connected to a motor. The ex- 
periments covered the velocity range from 0.5 to 
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596 (1941) 


2k. L. Andronikashvili, Dissertation, Inst. Phys. 
Problems, Academy of Sciences, USSR (1948) 
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5 rev/sec, which, for the given radius, corresponds 
to 4 to 40 cm/sec for the tangental velocity of the 
glass. The depth of the meniscus was measured 
by a cathetometer and its shape was recorded with 
photographic equipment. 

In this velocity range the depth of the meniscus 
was independent of the temperature and did not 
depart from the meniscus depth of normal liquids. 
This fact suggests that the expected phenomenon 
was not observed because of a transition through 
the critical velocity. Osborne? obtained similar 
results later and independently by carrying out a 
similar experiment for the velocity internal 35 to 
70 cm/sec. 

However, careful examination of the shape of 
meniscus enabled us to observe certain details 
not noted by Osborne. These details suggest that, 
even in the region of transcritical velocity, He II 
behaves very differently than a normal liquid. 

Thus it was established that the meniscus 
which corresponds to speeds of rotation of 5 
rev/sec has a conical recess at its center (Fig. 1) 
which is not found in normal liquids, including 
He [. Two cases were noted in which the men- 
iscus was in a short time transformed into a vor- 
tex which extended to the edge of the container. 
However, it was not possible to record these on 
film. Also, we did not succeed in defining the 
precise conditions which led to the onset of such 
a vortex. Consequently, the vortices were not re- 
producible. Also not entirely normal was the pro- 
cess of untwisting , in which the peripheral part 
of the liquid was carried quickly along by the vessel 
and rose up, while the center part of the liquid con- 
tinued to remain plane for about 120 sec. In the 
untwisting , the central part of the liquid had a 
conical meniscus which was maintained on the 
surface of the He II for 30 sec (Fig. 2). 

3. All these facts suggest that in the critical 
region the superfluid condition is distorted, but 
does not vanish as such. Therefore, for a further 
study of this phenomenon, it was important to 
choose an experiment in which one of the charac- 
teristic properties of the superfluid would be dis- 
played visibly. We chose the fountain effect for 
this purpose. 

The experiment was carried out with the ar- 
rangement described above, with this difference, 
that a glass capillary, of length 148 mm and in- 
ternal diameter 1.2 mm, was fastened along the 
axis of the cylinder. The lower part of the cap- 
illary was packed with iron oxide rouge. The 
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Dependence of the quantities in the thermomechanical effect 


on the rotational velocity at different temperatures * 


10.5 | 120 {17.2 
10.8 | 105 {15.5 


* n = number of revolutions/sec; h = height of fountain of He, in mm of mercury. 


Fig. 2. Meniscus of Rotating Helium I] in 
Fig. 1. Meniscus of Rotating Helium II the ‘‘Untwisting’’ process 
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capillary was rotated with the vessel. 

Upon immersing the apparatus in liquid helium, 

a beam of light was directed on the rouge plug. As 
aresult, a difference in level was established be- 
tween the liquid in the capillary and in the con- 
tainer. This difference was measured by a cath- 
etometer. Then the container was rotated. Under 
these conditions there was a lowering of the level 
of He II in the capillary by an amount which, in the 
limits of error of the experiment, did not differ 

from the displacement of the central part of the men- 
iscus which was brought about by the rotation. 
This experiment covered the velocity range from 
0.25 to 22 rev/sec and was repeated at different 
temperatures. The light intensity (which supplied 
the heat ) was chosen separately in each case. As 
is evident from the table, the dependence of the 
thermomechanical effect on the rotational velocity 
is not observed up to velocities of 16 rev/sec, 
which corresponds to tangential speeds of 136 cm/ 
sec. 

In another experiment, this same capillary, rigid- 
ly fixed independently of the vessel, was displaced 
along its radius, thus playing the role of a stirrer. 
However, even in this case, the total rise of He II 
in the capillary changed insignificantly for a vel- 
ocity change of 160 cm/sec. 

From these experiments it follows that, in the 
transition through the critical velocity, the super- 
fluid phenomenon not only does not disappear but 
that the quantitative characteristics, such as the 
thermomechanical effect and the quantity p/p 


connected with it, remain unchanged, and inde- 
pendent of the velocity of rotation, within the lim- 
its of error of measurement, up to very large veloc- 
ities. It is thus possible to confirm that in the 
region of critical velocity the superfluid component 
maintains motion for which curl V, differs from 
zero. 


Translated by R. T. Beyer 
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Collisions of Fast Nucleons with Nuclei 


Ei. L. FEINBERG 
P. N. Lebedev Institute of Physics, 
Academy of Sciences, USSR 
(Submitted to JETP editor October 5, 1954) 
J. Exper. Theoret. Phys. USSR 28, 241-242 
(February, 1955) 


N the investigations of collisions of nucleons 
and mesons ( with energies of the order 10° 
+ 10'? ev) with nuclei one occasionally finds the 
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entire process with its attendant generation of new 
mesons (and possibly new aucleon pairs ) repre- 
sented as a cascade process within the nucleus or, 
in any case, as a process of successive collisions 
of the incident particle within the nucleus; the e- 
mission of new formed particles and nucleons being 
produced by the nucleons situated along the col- 


lision path. Occasionally, detailed calculations 
are exhibited which are based on the fact that 
after the collision, the primary particle and its 
products move through small angles relative to the 
initial direction of motion of the particle?. 
Nevertheless one cannot forget that, because of 
the wave properties of the particles, this view may 
be internally inconsistent. Let us consider, for 
example, the collision of two nucleons which pro- 
duces in one event v mesons, each with a mass p 
and energy «. If the collision cross section is of 
the order of 7/ pri where % = ¢ = 1, in the following) 
then the mean impact parameter is 1/p, the mo- 
mentum q | in the perpendicular direction, which 
is transferred to the nucleon by emission, has the 
order of y and the energy carried away by these 
nucleons should be, on the average, comparatively 
small. Consequently, if we consider the momentum 
q| in the longitudinal direction, which is trans- 


ferred to the nucleon by emission, we can write 


9), = V B— M—V (E— ev? — M? cos 0 y (1) 
—vVe — py? cos Os 
Mve vu? 


DE(E— ve) | 2 


4 ; 
ae (Grr (E — ve) + 6%, ve). 


Here 6, and 0, are the emergent angles of the 
nucleon and the mesons, and are considered small; 
in addition, all particles are assumed relativistic. 
Further considerations depend upon the emergent 
angles of the particles. Thus for example, 

a) one occasionally assumes that 


Ou~ou~M/E. (2) 


It is easily seen that in this case, with suf- 


ficiently high energies, the quantity ) can become 
quite small. Thus the effective extent of space 


within which the process occurs equals, according 
to the uncertainty relation, 1/q, and can become 


substantially greater than the extent of the core of 
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one nucleon. More precisely, it is sufficient that 
q(t /u)< 4. (3) 


Furthermore, if 9) (A! jp) <1, (4) 
then this effective region elongates to a distance 
greater than the dimension of the entire nucleus. 

In these cases one cannot consider the collision of 
the incident nucleon and the generation of pro- 
ducts as a collision with one nucleon in the nucleus 
It is necessary to treat it as a process of simul- 
taneous interaction within a “‘tube”’ or ‘‘channel’’ 
which has a cross section of 7/p? and which is 

cut out in the nucleus by the incident nucleon. 

From Eqs. (1) - (4) one can easily obtain the 
conditions for the existence of such a collective 
interaction. Two cases are possible: 1) wv «E 
and 2) 71 ~ E~ E — ve. For both cases, con- 
dition (3) has the form, after substitution of Eq. (2) 
into Eq. (1) and then Eq. (1) into Eq. (3): 

M? 1 

Pie hig ae E> MH ~5.10%eV (3’) 
[here one requires 5 
For condition (4), the threshold energy is multi- 
plied by A!/3. [f the emergent angles are smal- 
ler than M/E, then the picture of successive col- 
lisions becomes inapplicable even earlier. If 

b) the nucleons scatter with angles greater 
than Ou ~J/M/E (isotropic in the center of mass 
system of both nucleons) then one finds 


q ~M, 9 (An) >1, (5) 


and the picture of successive collisions can be re- 


tained. 
c) To the degree to which the impact parameter 


equals, in the mean, 1/p and q| ~ p, then there is 


greater probability that the scattering angle of the 
nucleon is Ou ~ »/M. Then the decisive role 


is played by the emergent angle of the meson, oe 
If it equals V M/E (this occurs, for example, in 
the case of isotropic emission of mesons in the 
center of mass system), then, as is plausible, the 
main role is played by the last term in Eq. (1): 


qi ~1].(Mve / E). 


The picture of successive collisions is useful if 
the meson energy is not very small, that is, if 


ve > 2(u/ M)E. (6) 
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If the mesons are emitted isotropically in the sys- 
tem of rest of the incident nucleon then 0 ~ M/E 
and we again revert to ¢ase (a) and condition (3). 
In this sense, only with a special mechanism of 
meson emission can we say that, in the realm of 
energies FE >5 x 10% ev, successive collisions of 


a nucleon with different nucleons occur. The pre- 
ceding considerations lose their force when 


E 2 1012 + 1038 ev, where the Fermi-Iandau 


2 . 
process“ becomes operative. 


qoepalaied by A. Skumanich 
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Improvement of the Quality of a Cavity 
Resonator By Means of Regeneration 


N. G. Basov, V. G. VESELAGO AND 
M. E. ZHABATINSKI 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor November 4, 1954) 


J. Exper. Theoret. Phys. USSR 28, 242 (February, 1955) 


N connection with the possibility of con- 

structing a molecular oscillator!+2 there arises 
the question of substantially improving the quality 
of cavity resonators. One possibility which can be 
utilized for this purpose is the construction of a 
superconducting type of cavity resonator®. An- 
other is the adoption of the well known low fre- 
quency radio method of regeneration*, 

In experiments performed by us, a cavity reso- 


nator with a Q value of 4 x 104 was employed. 
This resonator was connected in a positive feed- 


back loop with a microwave amplifier. By gradually 
increasing the gain modulus, the effective Q of the 

resonator increased and reached the value 3 x 10°. 

This value was maintained for several hours; while 
a Q of 5 x 106 could be maintained for only 10 - 20 

minutes. The Q values were measured with the help 
of a quartz frequency standard. 

Further increase in the quality is restricted by 
the lack of stability in the amplifier system, which 
results from fluctuations in the gain modulus and, 
in particular, the phase shift. 
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The apparatus could have been changed so that 
with such periodic influences on the gain modulus 
one could employ the method of interrupted genera- 
tion - - a scheme analogous to classical superre- 
generation. 

A substantial improvement of the quality, with- 
out the utilization of superregeneration, can be ob- 
tained with the employment of negative feedback 
coupling. As is well known, the gain modulus and 
phase shift of the amplifier is determined by the 
fundamental parameters of the feedback loop. Thus 
a superimposed negative feedback can provide the 
necessary stable scheme. 
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The Neutron Subshell in the Region of the 
Transuranic Elements 


S. T. Larin AND N. N. KOLESNIKOV 
Moscow State University 
(Submitted to JETP editor September 30, 1954) 
J. Exper. Theoret. Phys. USSR 28, 243 
(February, 1955) 


A Teresent the existence of neutron or proton 
shells or subshells in the region N > 126 and 

Z > 82 is not reliably established. There have 

been only a few scattered indications of the pos- 

sibility of existence of weak subshells at Z = 961, 

N = 148? and Z = 923. 

New data on the properties of isotopes of the 
transuranic elements, including the recently dis- 
covered elements 99 and 100 allows us to look into 
this question anew. The greatest interest in this 
respect is provided by the data on energies of a- 
decay. Using the experimental results of very re- 
cent papers*~® as well as of earlier papers®’!°, we 
constructed a diagram showing the dependence of 
the energy of the a- decay on the mass number A in 
the manner of the diagram of Seaborg et al!°. Us- 
ing the known f- decay energies of the nuclei 
99754 4 and Bk?°° ® and the a- decay energy of the 
nucleus 100?°4, we calculated from the energy of 
the a- decay energy of 99754, which is also indi-- 
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cated on the accompanying diagram. Points per-— 
taining to the same element are connected by solid 
lines; points corresponding to nuclei with an equal 
number of neutrons are connected by dotted lines. 


Dependence of a-decay energy E, upon 
the Mass Number A 


An examination of the diagram shows that for the 
element curium (Z = 96) a very slight decrease of 
a- decay energy takes place only for the light- 
weight isotopes; for the heavier isotopes (Cm242_ 
Cm?43 and Cm?4*) such is not observed. At the 
same time near NV = 150 to 152 there is clearly vis- 
ible a lowering of the a- decay energy with a sub- 
sequent increase; analogous to this, although on a 
smaller scale, are the jumps observed on a similar 
diagram near N = 12610. This is demonstrated most 
clearly by the considerable increase of a- decay 
enerey of the nuclei with N = 154, eapecially for 
Cf?°?, and also for 99253 and 100254. 

In connection with this we note that, according 
to the latest data®’!!, the nucleus Cf252, proved 
to have a considerably lessened stability with re- 
spect to spontaneous fission, along with the 
above mentioned reduced stability with respect to 
a- decay. 

Examination of lg Tas a function of the a- decay 
energy (the diagram of which is not shown here ) 
indicates that the a- decays of nuclei Cf252, 
99253 and 100254 are relatively more probable 
than for other neighboring nuclei; it is natural to 
connect this behavior with some increase of the 
radii of these nuclei after the subshell has been 
filled at N = 150 (or 152) 10-12, 

The above facts point to the existence of a 
neutron subshell at N = 150 (or 152). According to 


the usual scheme of Mayer-Jensen, the following 
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sequence of levels (for the neutrons ) could cor- 


respond to such a subshell: 


+ Tas), log 88)» Thar), 48[r59°-- 


or 


ae Tis), | a6 6g), 4s, dds), 6g), lise alge 
We express our gratitude to Prof. D. D. lvanenko 
for valuable suggestions and discussions. 


Note during proof reading: After this communica- 
tion was sent to press, we learned of a paper?®, 
the authors of which, on the basis of a- decay energy 
values ( among others also those of Cf 248 pub- 
lished for the first time ) come to the conclusion 
that a subshell exists at N = 152. In view of this 
paper, the second of our level sequences above 
should be considered the more probable one. 


Translated by M. G. Jacobson 
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The Problem of Spontaneous Fission 
and Beta-Stability 


N. N. KOLESNIKOV AND S. I. LARKIN 
Moscow State University 
(Submitted to JETP editor September 30, 1954) 
J. Exper. Theoret. Phys. USSR 28, 244-245 
(February, 1955) 


ik HE probability of fission of nuclei depends 

on the effective height of the potential bar- 
rier (that is, on the critical fission energy ) and 
also on its width. Inasmuch as the critical fission 
energy, according to the theory of fission, is a 
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Dependence of lg 7(7— in years) on Z2/ A 


function of the parameter F = (Z?/A), it can be ex- 
pected that the probability of fission also will de- 


pend on this Gana It was indicated by Seaborg 
and others”? that the relationship between the 


logarithm of the probability of spontaneous fis- 

sion (or lg 7) and Z?/4 is nearly linear. However, 
further and more detailed investigation. showed that 
such a relationship is at least not accurate. First, 


1 


the uneven nuclei, which have a relatively low 
probability of spontaneous fission (in comparison 
with the even-even nuclei) do not fit into this 


general relationship. Second, and this is especially 


important, there is observed a maximum of stabil- 
ity with respect to spontaneous fission among the 
isotopes of a given element. 

We wish to call attention to the fact that the 
maximum stability with respect to spontaneous fis- 
sion fairly accurately coincides with the maximum 
of B-stability for the isotopes of a given element. 
We can convince ourselves of this, for instance, 
by examining the curve expressing lg 7as a func- 
tion of Z?/ A (see accompanying figure). The ex- 
perimental values for the lifetimes with respect to 


spontaneous fission 7 are taken from the literature*4>5, 


On the accompanying figure, points pertaining to 
isotopes of any one element are connected by solid 
lines. The curves obtained in this way sharply 
deviate from the linear relationship of Seaborg (the 


dash-dot line on the figure ); they reach a maximum 
at some value of A and fall off both in the region 


of the lighter as well as of the heavier isotopes of 
the element. The latter fact is unexpected from 
the point of view of elementary fission theory. 


eS Ss = 


Se ee 


= 
=e 
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Especially sharp bends of such curves are ob- 
served for the heavy isotpes of U and Cf. The 
maxima of the curves pertaining to single elements 
all lie almost on a straight line (the dotted line of 
the figure), and the values of Z?/A corresponding 
to these maxima coincide very well with the val- 
ues of Z2/A*. The values of A* are taken from a 
stability curve, constructed from data on B- dis- 
integration® and correspond to such A’s, at which 
maximum f- stability is obtained for the isotopes of 
a given element. (The values of A* are indicated 
on the figure by little arrows. ) Note that in the 
case of thorium it is difficult to come to a definite 
conclusion at present, because of insufficient data, 


one of which is unreliable (Th?°°). 
The dependence of lg 7 on Z and A can be ex- 
pressed by an empirical formula: 


18 Tyears = — 4:85(Z*/A*) + 191 —0.063(A — AXP. (1) 


The last term is added to make the formula appli- 
cable for nuclei which are not at the maximum of 
stability. Let us note that in the interval of mass 
numbers A under consideration, the values for A* 
are given by the approximate relationship: 

At 2.5 Z45. (2) 
Substitution of Eq. (2) into Eq. (1) shows that when 
A = A*, lg7T is approximately proportional to 
Z(|lg7~ Z). This conclusion is confirmed also by 
a direct examination of the dependence of lg 7 
upon Z. 

A possible reason for the considerable deviations 
from the simple relationship of Seaborg above 
described is the incorrect form of the formula for 
the binding energy and hence also for the parameter 
Z?/A. One of the most important factors, influ- 
encing the above described deviations, is the dif- 
ferent susceptibility to deformation of the various 
nuclei4, [t appears reasonable to consider that 
nuclei which are close to the B- stability curve 
and possess a greater binding energy with respect 
to other isobars, are less subject to deformation. 
On the contrary, nuclei which are located far away 
from the stability curve, and which have a lower 
binding energy, are more deformed. This deforma- 
tion makes the crossing of the potential barrier 
easier. Such an explanation appears the nearer to 
the truth in view of the fact that the lower excited 
levels of the nuclei which are near the B- stability 
curve are elevated with respect to the levels of 
other isobars. 

It is possible that some deviations from the re- 
lationship given by formula (1) in special cases are 
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connected with the different deformations of the 
proton configuration (and also neutron configuration ) 
inside the nuclei. The lower probability of spon- 
taneous fission for uneven nuclei with respect to 
even-even nuclei® can apparently be explained in a 
similar manner, assuming their lower susceptibility 
to deformation. An assumption of this kind has al- 
ready been made for the explanation of the differ- 
ences in isotopic shifts between even and uneven 
isotopes. 

For a series of valuable remarks and discussion 
of the problems of this paper, we express our grati- 
tude to Professor D. D. Ivanenko. 


Translated by M. G. Jacobson 
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On the Paper of G. M. Avak’iants 
** The Theory of the Transfer Equation 
in Strong Electric Fields. ’’ 1 
I. M. TSIDIL’KOVsK AND F. G. Bass 
Dagestan Branch of the Academy of Sciences 
of the USSR Makhachkala 
(Submitted to JETP editor July 12, 1954) 
J. Exper. Theoret. Phys. USSR 28, 245 
(February, 1955) 


dee necessity for a theoretical investigation 

of the properties of semi-conductors placed 

in strong electric fields has existed for a long time. 
The dependence of the electric conductivity ob- 
tained by Davydov?, as is known, is not confirmed 
by experiment for many semi-conductors. 

G. M. Avak’iants undertook the task of looking 
into the phenomena of transference in semi-conduc- 
tors in which the electron gas is strongly heated. 
It should be noted that while investigation of galvar 
omagnetic phenomena is undoubtedly of interest, 
the same cannot be said of thermoelectric and of 
thermo- and photomagnetic effects. More than that, 
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the problem of investigation of these phenomena in 
a strong electric field appears to us one thought up 
especially for this occasion. In order to heat up the 
electron gas under conditions when primary current 
is absent, the author had to introduce artificially 
a strong electric field perpendicular to the primary 
temperature gradient (in the presence of a magnetic 
field in the direction of the latter). This immedi- 
ately leads to a contradiction in the calculation of 
the electronic component of thermoconductivity, for 
instance. The calculation was carried out, as usual, 
with the assumption of absence of electric current 
in the specimen (j =0). While doing this, however, 
the author did not account for the fact that a strong 
current is required in the semi-conductor in order 
to heat the electron gas. 

Furthermore, in all formulas obtained, there 
enters a quantity y”, which is dependent upon 
the electric and magnetic fields E and H, and, in 
the presence of a temperature gradient, also upon 
the coordinates r. Nevertheless, the calculations of 
x” is carried out under the assumption that the 
symmetrical part of the distribution function f 
does not depend on the magnetic field or on the 
coordinates, and the solution of Davydov is used 
for this case. We do not agree with Avak’iants, who 
states that “‘there is no necessity ’’ for solving 


the equations of Davydov in the case in which ‘> 
depends on E, H andr. From the formulas of 


Davydov? it follows that for not very small mag- 
netic fields (or small H at sufficiently low temper- 
atures ) the dependence of I. upon H cannot be 
neglected. 

In calculating f,, Avak’iants also neglects a 
term which accounts for the entrance of electrons 
into the zone of conductivity (or to local levels). 
This is justified only in those cases in which the 
concentration of electrons (holes) differs but 
little from the equilibrium condition. But, in a 
kinetic equation, under conditions where the semi- 
conductor is in astrong electric field, not only the 
usual thermal ionization, but also the ionization by 
the field must be accounted for. Neglect of the 
terms expressing the ionization by the field, is, in 
our opinion, one of the basic causes of the disa- 
greement between theory and experiment. 

Thus, the papers of Avak’iants cannot interpret 
experimental results (for instance, the Pool* ef- 
fect) and do not contribute, as it appears to us, 
anything new to the problem of behavior of semi- 
conductors in strong electric fields. 


Translated by M. G. Jacobson 
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* Translator’s note: Probably misprint; correct refer- 
ence probably is to Suhl effect. 


1 : 
G. M. Avak’iants, J. Exper. Theoret. Phys. USSR 26 
562, 668 (1954) yy 


2 
B. Y. Davydov, J. Exper. Theoret. Phys. USSR 6, 471 
(1936) i % 


3 i 
B. Y. Davydov, J. Exper. Theoret. Phys. USSR 7, 1069 
(937) : y 


The Velocity of the Wave Front in 
onlinear Electrodynamics 


L. G. [AKOVLEV 
Moscow State University ] 
(Submitted to JETP editor June 3, 1954) i 
J. Exper. Theoret. Phys. USSR 28, 246-248 | 
(February, 1955) 


‘N papers by Blokhintsev! and Blokhintsev and 

Orlov’, it is shown that for nonlinear electro- 
dynamics and mesodynamics, the propagation of a 
signal (defined as the surface of a weak dis- 
continuity in the field strength) can take place 
with a velocity greater than the velocity of light 
in the vacuum*. Both papers are based on the 
method of characteristics of systems of partial dif- 
ferential equations, going into detail in the case of 
plane waves. In view of the importance of this 
question, it is interesting to investigate it further 


and to simplify the method. 
Sommerfeld? has investigated the velocity of the 


signal and of the wave front (the group and phase 
velocities** ) in Maxwell-Lorentz linear electro- 
dynamics. He showed that, in linear electrodynam- i 
ics, the velocity of the front is always ( inde- 
pendent of the medium) equal to the velocity of 
light in the vacuum***. This result is particularly 
easy to get by making use of a method pointed out 
by Levi-Civita. We shall apply the same method 
to nonlinear electrodynamics, since the equation 


for the velocity of the wave front can be derived 
CK 


simply and intuitively 
As is well known, the equations of electrody- 
namics are gotten by the use of the variational 
principle from a Lagrangian depending on the first I 
and second invariants of the field, that is, 


L=L(K, 1), 
where 


KS (EH, i2= (Ey 


First let us investigate the use of a plane wave. 


Let E=E,(, , H = Hy(2, ¢), Ey =E,=H,=H,= 
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Then the basic equations of the field take the form 


OK OK 0H OE < 

RH pa GE + oy + op =O (1) 
ob OH _ 
Of On 


(the trivial equations JE dz =0 etc., are not writ- 

ten down ), Above and in what follows we take the 

velocity of light ¢ = 1, 

_ @LI0Kal 
OL/ckK 


_ Liar 


_ e2Ljak? 
»TS OL/OK 


ELC = 


In the case now under consideration, B = y = 0. 
Let the plane z = vt be the surface of weak 
continuity of E, and H, moving with velocity v. 
Denoting by ® the change in the value of any 
quantity ® on going through the surface of dis- 

continuity, we have 


[E] = 0, [H] =0, [0£/0z] = e=£0, ! 


Nm 
~ 


(dH|dz] =h=+0. 


According to the method we are adopting, we must 
form the differences on crossing the surface of 
discontinuity for each of the equations, 


OE OE 
E(z + Az, t+At)=EG, t)+ =-Az +P At, 3) 
z ot 
: H 0H 
T(z + Az, tet) EZ, + So he +a At, 


and then form the same differences for crossing 
the surface for each of Eqs. (1), where Az 
=vAt. Using Eqs. (2), we get the following 


formulas for substitution into Eqs. (1): 


ot Gece Oe Kore 
This gives 
a[OK/oz|(H— Fp) +h—ev=0, e=Ahv, (4) 


where [0K/0z] = Ee — Hh. 
Solving Eq. (4) we find the velocity of the front 
(that of the surface of weak discontinuity ), 


eFH+ V4 + a (E2 — 7) 
1+ aF2 


where 0K/dz = 0 (that is, E? — H? = f(t), or in 
particular,E? — H? =0), we get from Eq. (4) 


(5) 


C1, 2a 


V,o= +1. 


(6) 
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The velocity of a plane wave front is equal to the 
velocity of light in the vacuum in the following 
cases: 


1) a=0, B = 0; i-e., for Lagrangians of the form 
L =const-K + f(I?); (7) 


2) B— H?= f(t) (i.e. OK/dz = 0). (8) 
It is easy to show that for constants EF = Ey and 

Hy =H, and for variable E, =eandH, =A, if 

ey het “hind ~ 0) and ife=h =0 

on the surface of discontinuity of the derivatives 

JE /dz and OH, /dz, then the surface (the wave 

front of 6h) is propagated with the velocity 


—yEH+Vy(E— H%)—1 
Leth yerwiy eee ) (9) 


If one assumes that the principle of superposition 
is valid for weak disturbances of the field, then any 
plane wave €, h, propagated in a constant field 
Eo My Cbs sla H; e <E, h <H) and perpendicular 
to the constant field, breaks up into two linear 
polarized rays ¢€,, h, ande, h,, each of which moves 
with velocities (5) and (9)*, respectively. 

In the general case of the presence of all the 
components of the field strength, the present method 
[ by using an equation of the form of Eq. (3) for 
each component | allows one easily to derive the 
following set of equations from the basic equations 
of the field: 

Se+ @h, + Thy = 0, 
Te + Dh, + Oh, = 9, 
Re— Th, —Sit, =, 


(10) 


[eo #= [Se] 


n= ee: |+o: 
sy (Oke A) 
Aen) Ot IN PS eae le) TEE 
— (E,E,+ 8 (E,H,+E,H,) + yH,H,} v, 
D= (0E,F, + B(E,H, + EyH,) +H, Hy} © 
+ {a (E,H,— EyHy)—B(E,— E2 — H2 + HP) 


i ¥ (£,H, — E,71,)} U— aH Hy 


+8 (E,Ay+ EyH,) =—E Ey? 
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tS (aE. + 28E.H, + yH® + 1)v® +42 (cE, 
—B(E,E, —H,Hy)—yEyH,} 0 
— all} + DOE gi Vey A: 
TS {aE,E, + B(EyH, + E,Hy) + yHyH,} v + oE,H, 
— B(E,E, — HH,) — vE,H,; 
Stas (aEY + 2BE,H, + yHy, +1)v? 
+2 {—oF,H, +8(E,E,—H,H,) + yE,Hy} 2 
— aH’, + 28E,.H, — yE* +1, 
R= cE? + 2BE.H, + yH? +1. 


Equations (10) are homogeneous with respect to 


é hes hy. Therefore, 


sy tu HU 
1D EO he (): 
R—T—S 


Expanding the determinant, we get 


R(@? — 1D) + S(T — SD) + T(SH— TM) =0. (A4) 


Substitution of the expressions for R, ®, etc. into 
Eq. (11), leads to the equation for the velocity of 
the front [see Eq. (10) of Ref. 2]. Clearly, if 
E=E,,H=H,, E, =E, =H, =H, =0, then Eq. 
(11) [just as Eq. (10) of Ref. 2] is unsuitable, for 
then e = 0,4, = 0, S=T=0, R=1, and Eqs. (10) 
- reduce to I] = 0, ® =0, which give Eq. (5). Use of 
Eq. (11) would give ©? — IID = 0 which leads to 


incorrect values of v. 

From the derived Eqs. (5) and (9), it is seen that 
nonlinear equations, generally speaking, give a 
velocity tor the propagation of the wave front which 
is greater than the velocity of light in the vacuum 
(for a given choice of the Lagrangian). However, 
this leaves open the question of whether such a pos- 
sibility really exists. We note that for a nonlinear 
Lagrangian, quantum electrodynamics gives a wave 
front velocity for a plane wave, which is not greater 
than the vacuum velocity of light. 

Analogously, one can get an expression for the 
propagation velocity of a wave front in scalar or 
pseudoscalar mesodynamics. The field equation 


for d= (x, t)is 
o”- 4 -ad’*d”—adgrg + 20g GH 


+ BO(h’2- #) + yo =0 ll 


Here | 
| 

DOG 8 OG meen” 07L/ 0K” d°L/dK Ol | 

Poss Oe Oe ce) pe eee i 
Me ot OL/0K OL /OK 1 
a?L/al? | 

Y= OL OK @ | 


1 1. 1 
ies of Re 2 J7=— 2 il 
a tae ae | 


Making use of [¢] =0, [¢1=[¢] =0, [47] 
=$,,, #0 and the equations H| 


b’(x+ Ax, t+ At)=¢'(x, t)+ Gh” Avt ft, | 


° ° e ee hy 
plx + Ax, t+ At) = dls, t)+P’°Axv+ PAt, , 
we get, by the same method, 

y 

(1+ ad?) v+ + 2add’v+ag’? -1=0. i 

i 

From this, iI 
va 

‘ pe ede cee. 2 hE e i} 

yl - adhd + lak) le aeons I 

wi 

i 

which follows from the formulas in Ref. 1. “ 

All the results can be achieved by forming the i) 
differences of the divergence of the energy-mo- ¥ 
mentum tensor across the surface of the disconti- ‘i 
nuity. y 

The author thanks Prof. D. D. Ivanenko for f 
pointing out the importance of the problem and for il 
advice during the investigation. ft 


frensiated by E. Saletan 


* The question of the change of velocity of propagation 
of light in nonlinear electrodynamics was first investi- | 
gated by Svirski [e.g., see Ref. 3, M. S. Svirski, Vestn. 1 
(Moscow State University ) 3, 43 (1951) ]. 


** Tt should be noted that there is a difference in if 
terminology in Refs. 2 and 4le.g., see Ref, 2, 
D. I. Blokhintsev and V. V. Orlov, J. Exper. Theoret. ! 
Phys. USSR 25, 513 (1953) and Ref. 4, A. Sommerfeld, | 
Ann. d. Phys. 44, 177 (1914) |: in Ref. 4, the velocity i 
of the signal means the actual group velocity, whereas i 
in Ref. 2, it means the wave front velocity. 


*** Sommerfeld showed that it is impossible to verify 
experimentally the result that only ‘‘forerunners”’ of 
extremely weak intensities travel at the vacuum velo- 
city. However, ie nea photoelements and ampli- 
fiers, it is possible that one can construct an experiment, 
for instance, to detect weak light pulses traveling with- 
out refraction through a plane pratrel plate or prism, 
One can make use of the fact that the “‘ ’? are 
unpolarized by a polarizer. 


*#*** See Eq. (10) in Ref. 2 [e.g., D. I. Blokhintsev 


forerunners 
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and V. V. Orlov, J. Exper. Theoret. Phys. USSR 25, 
513 (1953) | 


* This situation was considered in a discussion with 


V. I. Skobelkin. 

1D. 1. Blokhintsev, Doklady Akad. Nauk SSSR 82, 553 
(1952) 

21D. I. Blokhintsev and V. V. Orlov, J. Exper. Theoret. 
Phys. USSR 25, 513 (1953) 


3M. S. Svirski, Vestn. (Moscow State University) 3, 43 
(1951) 


4A. Sommerfeld, Ann. d. Phys. 44, 177 (1914) 


The Problem of Obtaining a Metastable 
Modification of Thallium 


E. I. ABAULINA ANDN. V. ZAVARITSKII 
Institute for Physical Problems, 
Academy of Sciences, USSR 
(Submitted to JETP editor September 27, 1954) 
J. Exper. Theoret. Phys. USSR 28, 230 (February, 1955) 
AN explanation as to the role played by the crys- 
tal lattice in the phenomenon of superconduct- 

ivity may be found in various studies of the 
crystalline modification of one or another of the 
substances at low temperatures. In three well- 
known metals, thallium, titanium and zirconium, 
the a- modification exhibits superconductivity but 
B- modification has not been investigated at low 
temperatures. 

One of the methods yielding a high temperature 
modification in metastable form is that of sudden 
quenching. This method of quenching pure sub- 
stances has been treated by Sekito }. In this 
work an x-ray investigation was made of the 
modification of thallium (prepared by Kal’baum) 
which had received rapid cooling of the metal in 
ice water. As is known, at 235°C, thallium 
undergoes allotropical changes in which the density 


due to hexagonal close packing changes to that of a 
body centered cubic? . Due to this quenching 


the sample now exhibits a face centered lattice 
structure. 

We have undertaken a low temperature study of 
the metastable modification of thallium (99.98% 
pure). The desired quenching may be achieved by 
several methods: 

1. Thallium melted in a glass tube over a 
Bunsen-burner and plunged into ice water (method 
of reference 1). 

2. To avoid crystallization of melted thallium 
in the a- modification, stable at 0°C, the sample 
before quenching is slowly cooled in the oven from 
melting temperature (303 °C) to 290°C. The 
sample is prepared by melting thallium in thin 
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walled capillary tubes having a wall thickness of 
0.1 mm. 

3. For very rapid quenching the melted thallium 
is poured out under vacuum on a copper surface 
cooled to the temperature of liquid air. 

Immediately after the preparation of the sample, 
x-ray analysis followed. It appears that x-ray 
analysis does not reveal any difference between 
the quenched sample and that of ordinary thallium. 
This likewise applies to the measured magnetic 
moment of the samples at the liquid temperature of 
helium. In all samples, in quenched as well as 
in unquenched, the transition to the superconduct- 
ing state was observed at 2.38-2.4°K. The 
marked absence of hysteresis (less than 1%) and 
the abrupt transition from superconductivity to the 
normal state is evidence of the absence of impuri- 
ties occluded in the sample. 

Analysis of the results of these methods shows 
that not one of the above methods lends itself to 
producing the thallium in metastable modification 
as in contrast of the statements found in reference 
1. Thus the question of quenching pure thallium is 
left open. 

The authors wish to thank A. I. Shal’nikov for 
his continued interest in this work and‘also his 
laboratory assistant N. V. Belov at the Institute 
of Crystallography for interpreting the x-ray 
analysis of the samples. 


Jranaicies by A. Andrews 


1S. Sekito, Z. Krist 74, 189 (1930) 
2H. Lipsona, A. R. Stoks. Nature 148, 437 (1941) 


Possible Methods of Obtainin Acti 
ctive 
Molecules for a Molecular Oscilletee 


N. G. Basov anp A.M PROKHOROV 
P.N. Lebedev Institute of Physics, 
Academy of Sciences, USSR 
(Submitted to JETP editor November 1, 1954) 
J. Exper. Theoret. Phys. USSR 28, 
249-250 (February, 1955) 


A? was shown in reference 1, one must use 
molecular beams in order to make a spectro- 
scope with high resolving power. In this reference 
the possibility of constructing a molecular oscil- 
lator was investigated. Active molecules needed 
for self-excitation in the molecular oscillator were 
to be obtained by deflecting the molecular beam 
through inhomogeneous electric or magnetic fields. 
This method of obtaining active molecules has 


already been employed in the construction of a 
molecvlar oscillator 2 
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There is yet another way of obtaining active 
molecules, namely, pre-exposure of the molecular 
beam to auxiliary high frequency fields which 
induce resonance transitions between different 
levels of the molecules. In Fig. 1 and Fig. 2 we 
illustrate the possible variants which utilize an 
exciting irradiation of frequency v,,, for populat- 
ing the upper level in order to obtain a scheme of 
self-excitation with the frequency v,- 


} 
V 


E2 
Vex 
Fl 
Fig. 1 
Jd 
Vv 
ex 
/ 
Vv 
g 
B 
Fig. 2 


In one case, illustrated by Fig. 1, active 
molecules in level ] are obtained at the expense 
of molecules in level 3 through transitions induced by 
the high frequency field. If the high frequency 
field possesses sufficient energy, so that the ef- 
fect nears saturation, then the number of active 
molecules equals 


Ye (Ns — Ni) + Ni — No, (1) 


where N, is the number in the ith level. 


The number of active molecules in level 1 in- 
creases with an increase of the energy difference 
between the first and third level relative to the 
energy difference between the first and the second 
levels. One must consider that the number of 
molecules in the levels is determined, in the case 
of thermodynamic equilibrium, by the Boltzman 
factor. 


(2) 


iia HIRI 
N;~e 2 ; 


where £ is the energy of the ith level and T is 
the absolute temperature of the molecular beam. 
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These considerations are valid for the case 
illustrated in Fig. 2. Here, however, instead of an 
increase of the number of molecules in level 1, we 
have a decrease of the number in level 2. The 
number of active molecules equals, in this case , 


72 (No — Ns) + Ny — Ny. (3) 

The method presented herein can be used, for 
example, in the following cases. . 

1) Level 1 and 2 appear as neighboring rotational 
levels belonging to one and the same vibrational 
state of the molecule, with level 3 belonging to a 
neighboring vibrational state. In this case the 
rotational quantum number of this level (level 3) 
differs from that of level ] and 2 by AJ=0,+1. 

It is convenient to use the transitions between 
the vibrational levels for which AJ = +1, since 
this case does not impose too strict a requirement 
for the exciting irradiation to be monochromatic. 
Since transitions between vibrational levels fall 
in the infra-red region of the spectrum for most 
molecules, the exciting irradiation must belong to 
this frequency range. However, infra-red thermal 
sources in existence at the present time have in- 
sufficient power to produce a saturation effect. 

2) Levels 1,2, and 8 are rotational levels of 
the molecule with asymmetric rotational momentum. 

3) Levels 1 and 2 are hyperfine structures 
belonging to a given rotational state, and level 3 
is a hyperfine level of a neighboring rotational 
level. 

4) Levels ] and 2 are specified by an inversion 
doublet belonging to a rotational level, and level 
3 is one of the inversion levels of a neighboring 
rotational state. 


The method presented here can be used to obtain a 


sufficient number of active molecules for the 
purpose of constructing a low frequency molecular 
oscillator. 


Translated by A. Skumanich 
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1N.G. Basov and A. M. Prokhoroyv,J. Exper. Theoret. 
Phys. USSR 27, 282 (1954) 

2C.N. Townes et al, Phys. Rev. 95, 282 (1954) 


Luminescence of Organic Scintillators 


IM Rozman 
(Submitted to JETP editor September 8, 1954) 
J. Exper. Theoret. Phys. 28, 251-252 (February, 1955) 


1 i pce a number of attempts in this direction, 
so far no satisfactory explanation has been of- 
fered for the low light energy output of organic 
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scintillators irradiated by slow electrons, «- parti- 
cles and other slow charged particles!"3. In seek- 
ing a new approach to the problem, we have 
investigated the influence of the temperature and 
the nature of the surrounding gaseous medium on 
the scintillation output. 

Below we give the results of our study of the 
luminescence output of plastic scintillators, 
prepared by polymerization of a 1.5% solution of 
1,1,4,4- tetraphenyl-1, 3- butadiene in purified 
styrene (polymerization at high temperature and 
high pressure in the absence of a catalyzer and 
plasticizer). The scintillator was excited either 
by y-rays from Co®® source or by «- particles 
from polonium. The luminosity was determined 
according to the mean current output of a FEIu-19 
photomultiplier. The light was conducted from the 
scintillator to the photocathode of the multiplier by 
means of a polymethylmetacrylate rod, 280 mm 
long, enclosed in a textolite tube. With this 
arrangement the temperature of the photomultiplier 
remained virtually constant during the tests. 


TABLE 


Temperature dependence of the persist- 
ent luminescence (afterglow) of a plas- 
tic scintillator 


Photomultiplier current 15 sec 


| 
peepee: | 


ture after end of excitation 
by y-rays | by«- particles 

115 | 1.8 E 
—121 | 6.0 o) 
371) 10.0 ¥ 

-150 7 1.7 
—167 19 7 e 
—188 yap) 13.2 
y 
13 

i 

12 
i 
19 


ty -50 100  -180 #{°C) 


Fig. 1. Temperature dependence of 
the luminous intensity, i; of a plastic 
scintillator: 1- excited by y-rays 
from a Co®Y source; Sexcsted by, 
«-particles from a polonium source. 
Curves adjusted to coincide at 00°C. 


Our data on the temperature dependence of 
luminescence for plastic scintillators Fig. 1, dif- 
fer from those in scientific literature 74 , partic- 
ularly in that we observed a decrease in lumines- 
cence at lower temperatures. This decrease is 


accompanied by the appearance of a persistent 
luminescence (afterglow), the initial intensity of 
which increases, as the temperature at which the 
scintillator is excited is reduced (see Table 
above). The attenuation of the persistent lumines- 
cence (afterglow) at three different temperatures, 
plotted to a semilogarithmic scale, is shown in 
Fig. 2. It will readily be seen that the attenuation 
law in the given time interval is not exponential®’® 
and that the extinction time is long. 


Time (min) 


Fig. 2. Attenuation of persistent 
luminescence (afterglow) of a plastic 
scintillator, irradiated for 2 minutes 
by y-rays from a Co®9 source at 

the following temperatures: 


P1200 oye 74. ers een ce 


Time (min) 


Fig. 3. Thermoluminescence of a 
plastic scintillator, excited at about 
-190°C by y-rays from a Co 60 
source for 4 min (1), 2 min (2) and 

by «- particles from a polonium 
source for 2 min (3). Indicated times 
are from beginning of heating , 
[following extinction]. 


In some of our experiments the scintillator was 


rapidly heated after extinction of the afterglow: 
further light emission -thermoluminescence - was 


observed. The results of one such experiment are 
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shown in Fig. 3. The luminous intensity in Figs. 
2 and 3 and in the table is given in the same units. 
The short term [initial response} luminescence at 
0°C with the scintillator excited by «- particles or 
‘Y-tays amounts to about 2500 such units. 

The experimental results not only prove the 
existence of persistent luminescence (afterglow) 
and thermoluminescence for organic plastic scintil- 
lators excited at low temperatures by ionizing 
radiation, but also demonstrate that there are 
quantitative differences in the nature of the luminos- 
ity effects with «-as against y- excitation. With 
«- excitation the decrease in short-term lumines- 
cence begins at a lower temperature than with y- 
excitation and the afterglow intensity is apprecia- 
bly lower. Thermoluminescence with «- particle 
excitation is relatively weak, particularly if we 
take into account the fact that the energy absorbed 
by the plastic scintillator with «- excitation 
exceeded the energy input with y-ray excitation 
by a factor of 10. A possible reason for the dif- 
ference is appreciable local heating of the scintil- 
lator in the «- particle track. 

In any case it is obvious that temperature effects 
must be duly taken into account in any attempt to 
explain the dependence of the scintillation output 
on the speed and charge of the exciting particles. 


Translated by E. Rosen 
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1 J.B. Birks, Scintillation Counters,London, 1953 


28°C. Curran, Luminescence and the Scintillation 
Counter, London, 1953. 


3G. F. Wright, Phys. Rev 91, 1282 (1953) 
4 Survey in Nucleonics 10, 32 (No. 3, 1952) 


5 y. A. Levshin, Photoluminescence of Liquid and 
Solid Subtances, Moscow, 1951 


6 V. A. Iastrebov, J. Exper. Theoret. Phys. USSR 21, 
164 (1981); Dodlady Akad. Nauk SSSR 90, 1015 (1953) 


F - Centers in Silver Halide Crystals 


P. V. MEIKLIAR 
(Submitted to JETP editor September 16, 1954) 
. J. Exper. Theoret. Phys. USSR 28, 
252-253 (February, 1954) 


Half-width in eV 


| a recently published article Grenishin! asserts _ 
that the absorption bands of AgBr at A = 420-430 
my (studied first by the writer in collaboration with 
Putseiko” and subsequently by the writer?’ alone) | 
are in no way connected with the presence, inthe __ 
silver halide crystals, of F-centers, similar to the 
F-centers found in the halides of alkali metals. By | 
way of proof Grenishin cites the presumed temper- | 
ature independence of the half-width of the absorp- 
tion bands and the absence of vacant lattice sites _ 
in silver halides. | 


The first statement is erroneous: Grenishin used _ 
data taken from our report on experiments in which 
the temperature was varied only in a narrow interval. 
Experiments carried out by the writer in collabora- 
tion with Shimanskii 5 showed that when the | 
temperature of AgBr is changed from 90-100°C to 
350°C the half-width increases, on the average, by © 
a factor of 1.6-1.7 and in the case of heating to | 
408 °C, by a factor of 1.8-1.9. Heating of an AgCl f 
crystal also leads to a 1.6-fold increase in the half- ( 
width of the absorption band. This is clearly il- \s 
lustrated by the data listed in the table below*. ¢ 

It will be seen from the table that the variation _ if 
of the half-width of the F-center absorption band 
with the temperature is of the same order as for the 
halides of alkali metals®. i 

As for the second statement, it is true that no i 
vacant halide ion sites (such as occur in alkali i 
metal halides) are formed by the mechanism of 
Schottky in silver halides. However, this is no 
proof that F- centers cannot form by the mechanism 
of de Boer. The writer has suggested a possible 
mechanism of the formation of F - centers in silver 
halides. By virtue of the close packing of the crys- | 
tal lattice and the partially homeopolar nature of the | 
bonds there is a certain probability of the transfer © 
of an electron from the halide ion to the one of the 
six neighboring silver ions, with the subsequent 
escape of a halide atom and the formation of an F- center 
in its place. The activation energy for the process 
is approximately 0.15 eV. Due to the low value 
of this activation energy the F -center absorption | 
band overlaps the intrinsic absorption band. With | 
different ratios of the intensity of the two bands, | 


See ee 


Crystals i 
Tempera- AgBr : 
ture in OC 3 AgCl 
Ne 1 Ne 2 Ni 3 Nu A Nw 5 Ne 6 
90 Ome 0.42 0,24 0.46 OR25 0.34 ORZ2 
350 — ().60 0.44 Ware Ou35 OF 57, 0.35 
408 0.47 0.76 = ().87 0.42 oe a 
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the apparent maximum of the F - center absorption 
band may be displaced to some extent. Some 
investigators fail to take this circumstance into 
account and hence place an erroneous interpreta- 
tion on the relative shift of the /’- center absorp- 
tion band for different silver halide crystals, as 
contrasted with the invariable position of the F - 
center peak for alkali metal halides, although it is 
known that for the latter the F'- center band is well 
separated from the intrinsic absorption band. 

It is shown in Grenishin’s article that the F - 
center absorption increases with the ripening time 
of the emulsion. This was also shown in my com- 
munication °. 


Translated by E. Rosen 
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On the Resonance-Fluorescence of Atoms 


MN. ALENTSEV, V. V. ANTONOV-ROMANOVSKII, 
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Academy of Sciences USSR 
Physical Institute of the Academy of Sciences, 
Byelorussian SSR 
(Submitted to JETP editor November 25, 1954) 
J. Exper. Theoret. Phys. USSR 28, 
253-254 (February, 1955) 


OX of the present authors! recently investi- 
gated the statistical relation of the radiation 
absorbed and the radiation emitted by a system, 
consisting of atoms with two energy levels. It 
was shown that the radiation output of such a 
system may vary, depending on the density of the 
exciting radiation. This deduction applies to the 
total output, i.e., to the ratio of the total energy 
emitted to the total energy absorbed. 

In the present communication we propose to ap- 
ply the suggested method to calculating the 
luminescence output of such a system, for 
example, to the resonance fluorescence of atoms. 


According to the definition given by Vavilov 2, 
luminescence is understood to mean the excess of 
the radiation over temperature radiation, having a 
finite duration which exceeds the period of light 
oscillations, This definition corresponds to the 
experimental conditions under which luminescence 
output is normally measured. It will be recalled 
that any radiation detector does not register the 
background of ‘“‘black body’’ radiation, correspon- 
ding to its temperature (since it is in equilibrium 
with this background), and reacts only to the ex- 
cess radiation over and above this background. 

It follows that in determining the exciting light- 
energy absorbed by the body as well as the light 
energy radiated by the luminescent body, we 
measure only the excess above the heat radiation. 

Taking this factor into account we obtain the 
following expression for the output of photolumi- 
nescence in place of Iq. (15) of reference 41: 


_ (A+ Buy) ng — Bugny 

ie GBs =, ) aie (1) 
The symbols are as given by Stepanov! : s is 
the energy density of the exciting light, An, is 
the number of spontaneous transitions, accompa- 
nied by radiation, from the upper level*per unit 
time, un. is the number of transitions from this 
level, torced by heat radiation, the density of 
which, for the frequency v=(E, _ Ey )/h, equals 
uy: Fhe resultant forced radiation is characterized by a 
certain duration, since it continues after the cessa- 
tion of excitation until the number of molecules in 
the higher excited state drops to the number con- 
sistent with thermodynamic equilibrium. Hence 
the (A+Bu))n, term represents the total number 
of quanta released per unit time. A certain number 
of these quanta is not recorded by the detector 
since it serves to compensate the number of quan- 
ta of black-body radiation absorbed by the system. 
This number per unit time is Buon Hence in 
determining the luminescence energy this term 
must be substracted from the numerator. 

In the denominator of Eq. (1) we also have 

only the excess of radiation (absorbed in this 
case) over the black-body radiation background. 
As in reference 1], the forced emission under the 
influence of the exciting radiation is regarded 
here as equivalent to a reduction of the absorption. 


In reference |] it was shown that with constant 
excitation 


ie Mies A+ B(u+s)+d, 
Ne B (uy, +s) + d,exp {hv/kT} (2) 


Substituting (2) in (1), we find that the quantum 
output of fluorescence is 
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4 
4 + (d,/A) [1 — exp {— hv/kT} ~ (3) 


q= 


The principal deduction to be drawn from the 
above is that q is independent of the density s 
of the exciting light, in which respect it differs 
from the quantum output of the total radiation. 
The latter is a monotonic function of s, tending 
to unity as s —»0 and to the magnitude of g 
when s 

For d,=0, i.e. in the absence of radiationless 
transitions, we obtain the trivial result g=1. 
The output q also equals unity when the temper- 
ature is so high (flame temperatures) or the 
transition frequency v so low ( radio fre- 
quency region) that exp {—Av/kT } virtually 
equals unity. In physical terms, this means that 


=> COs 


under such conditions the presence of external 
radiation does not disturb the energy distribu- 
tion between the levels, and consequently the 
number of quenchings equals the number of exci- 
tations, i.e.,no heat is lost (radiated). 

Under the conditions commonly obtained in 
luminescence experiments the value of exp {—Av/ 
kT } is approximately zero-and, therefore, accor- 


ding to (3), 
q = A/(A + 4,). (4) 


Translated by M. Rosen 
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Self-Neufralizing Light Meter with 
Adjustable Red Boundary 


M. S. KHAIKIN AND E£.. I. ABAULINA 


Institute for Physical Problems, 
Academy of Sciences, USSR 


(Submitted to JETP editor June 29, 1954) 
J. Exper. Theoret. Phys. USSR 28, 254-256 
(February, 1955) 


ES photoelectric meter is the most sen- 

sitive instrument for measuring the lumi- 

nous flux}; therefore, work on its perfection or the 
extension of its application presents practical 
interest. This article is devoted to experiments on 
the design of a photometer with controilable spec- 
tral characteristics. Such an instrument could com- 
bine the functions of a light receiver and spectro- 
meter. The first experiment in this direction was 
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carried out by Kudriavtseva’”. 

In order to control the red boundary of spectral 
sensitivity of the photometer, an additional electrode, 
a screen, was installed near the photocathode of 
the meter. The retarding field, created between the 
screen and the photocathode permitted the selec- 
tion of the photoelectrons, passing through the 
screen into a sensitive zone of the meter, accord- 
ing to their speeds. In order that such a separation 
of photoelectrons be effective, it is necessary that 
the electrons not lose the speeds obtained under the 
photoelectric effect on the path from the photo- 
cathode to the screen (in absence of the restrain- 
ing field), i.e., that the distance between the 
screen and photocathode shall be of the order of 
the free path length of the electrons in the gas in 
the meter. For this purpose the distance from the 
screen to photocathode should be made very small, 
or about 50 p, and the argon gas should be used to 
fill the meter; in argon the mean free path is a maxi- 
mum for electrons with velocity 0.3 - 1.5V°. As 
the neutralizing component of the mixture methylal 
was used in 10% strength; the pressure of the 
mixture in the meter was 80 mm of mercury. 

The meter had a cylindrical shape. A thin wall 
tube, 15 mm in diameter, of non-corrosive steel 
served as the cathode. The slits (12 x 8 mm) were 
cut on the opposite sides of the tube. One slit was 
used for illumination,and another was covered by a 
screen, behind which the cylindrical aluminum pho- 
to-cathode was attached to the insulation support. 
The aluminum was of a type having a red boundary 
for the photoelectric effect of about 3500 A (3.6 
ev). The screen was made of 20 micron tungsten 
foil by means of anodie etching under a thin rolled 
copper screen, pressed to the foil surface. In such 
a manner a copy of the copper screen was impressed 
on the tungsten foil, the cells of which were 
0.33 x 0.25 mm and the transparency about 60% . 


The tungsten metal was selected for preparation of 
the screen on account of its high energy yield. It 
served the purpose of lowering the uncontrollable 
photoeffect from the screen surface under illumina- 
tion by the light under investigation. A steel 
cathode tube was subjected to chlorinization for the 
same purpose. 

The complete meter represented a separate ap- 
paratus suitable for long work 1. The anode and 
cathode of the meter were connected in the usual 
manner in a standard measuring system. The 
voltage given between the photocathode and screen 
(connected with the cathode of the meter) was sup- 
plied from a potentiometer, fed by dry cells. 


ee ae 


= 


= = 
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A quartz lamp served as the light source for an 
examination of the meter during experiments. For 
the separation of required spectral bands Shott’s 
light filters Wg 1, 3, 6 and 7 were used, and 
therefore the spectral characteristics of the meter, 
given below, are only approximate. 

The meter has an energy plateau of about 100v 
(near 1050v), while the dark background amounts 
to 100 impulses per minute — (independently of the 
voltage between the photcathode and screen). 

During the operation of the meter with initial 
illumination, the general background, interfering 
with the measurements, is composed of dark back- 
ground and uncontrollable photoeffect from the 
screen and inner surface of the cathode. Therefore 
the region of the meter operation from the short 
wavelength side is determined by the red boundary 
of the photo-effect of the screen and cathode mate- 
rials. On the long wavelength side it is determined 
by the red boundary of the photocathode. The light 
of a quartz lamp passing through the filter Wg 7 
(boundary of the transparency 2600 Aor 4.9 ev) 
created a background apparently equal to the 
photocathode effect; consequently,the measurements 
of spectral characteristics of the meter were made 
mainly with the filters Wg 7 and the more “‘red’’ 

Wg 6 (with boundary of transparency at 2800 A or 
4.5 ev). 


Fig. 1 


On Figure lis shown the number of meter impulses, 
reduced by general background (in relative units ) 
and the voltage added between the photocathode 
and screen affected by the light which passed through 
the filters Wg 7 (upper curve) and Wg 6 (lower 
curve ). The experimental points were obtained 
during a few tests with the illumination varying from 
three to four times. Figure 1 also shows that the 
photoelectrons, excited by the light passing 
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through the filter Wg 7, were slowed down by the re- 
tarding field of 1.0 v and by the light passing through 
the filter Wg 6 by a field of 0.6 v. The Figures, 

and also the boundary of transparency of the filters 
(see above), lead one to the conclusion that the 
amount of the energy yield from the photocathode 
(3.9 ev) exceeds the amount of the energy yield 

of the aluminum sample, used for preparation of the 
photocathode by 0.3 ev. This difference should 

be related to the difference of potentials at con- 
tacts (between aluminum photocathode and tungsten 
screen ), which creates an additional retarding 


field of 0.3 v. 


Fig. 2 


From Figure 1 it is also seen that the retarding 
field changes the spectral characteristics of the 
meter. This is still better illustrated in Fig. 2 , 
where the points of a solid line were obtained from 
the curve for Wg 7 (Figure 1) by means of re- 
computation with the approximate consideration of 
the spectral characteristics of the light filter Wg 7. 


The dotted line on Figure 2 was obtained in the 
same manner for the filter Wg 6. Gradual lowering 
of the spectral sensitivity of the meter seems to be 
explained by non-uniformity of the retarding field. 
Figure 3 illustrates the construction of the 
orientating relation (solid line) of the red boundary 
of light sensitivity of the meter to the magnitude of 
the restraining field ( without account of the po- 
tential difference at contacts). The light passing 
filter Wg 7 is conditionally related to the wave 


length 2650 A and that passing Wg 6 to 2900 A 


(At this wavelength the transparency of the 
filters is about 20%) The dotted straight lines 


were drawn through the pair of experimental 

points (ordinates corresponding to the impulse 
numbers without background ) related to each 
retarding field and were extended to their inter- 
section with the abscissa. The intersection 

points are used as the orientating values of the 

red boundary of the meter for the given value of re- 
tarding field for construction of the solid line. The 
ordinate of this curve is the value of retarding field 


(right scale). The point (3500 A+ 0.3 v) char- 
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photoelectrons on the path from the photocathode 
to the screen. 


According to available published data only one 
attempt was made to create a meter with a 


are uncertain, inasmuch as the observed effect of 


of measurements. Moreover, this meter generally 
could not serve as a stable measuring instrument, 
because it was operated exclusively in a vacuum 


possibility of construction of a self-neutralizing 
light meter with regulated red boundary and pos- 


temporary photometer ?!. 


A. I. Shal’nikov for his valuable advice and at- 
tention to the work. 


Translated by N. P. Setchkin 


Fig. 3 3 
S. F.Rodionov aM. S, Khaikin and A. |. Shal’nikov, 
acterizes the aluminum photocathode in the ab- J. Exper. Theoret. Phys. USSR 28, 223 (1955); Sov. 


sence of the screen and the difference of potentials | Phys. 1 64 (1955) 
. . or, ie 2 
at contact appearing under this condition. ' V. M Kudriavtseva, J. Exper. Theoret. Phys. USSR 
It is necessary to note that the sensitivity of the 5, 557 (1939) 
meter with the screen is substantially smaller (by Foe ae Kollat, Usp. Fiz. Nauk 15, 128 
more than an order of magnitude ) than the sensi- (1935) 


tivity of the conventional photometer with open 


19] 


controllable screen? However the results of this work 


the screen action lay within the limits of precision 


in- 


stallation. The present work proves the experimental 


sessing all the operating characteristics of the con- 


The authors express their gratitude to Professor 


Translator’s note: General principles of the light meter 


photocathode. The reason for this seems to be due are also given by Radionov in J. Exper. Theoret. Phys. 


to the dispersion of considerable amounts of the USSR 10, 294 (1940). 
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